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Heisenberg Hamiltonian

1D spin chain with periodic boundaries

H = J
N∑
j=1

Sj · Sj+1

Ground state

• classical: spins oriented antiparallel (Néel State)

• qm: Néel State is not the ground state, not even an eigenstate!

H = J
∑
j

(
Sz
j S

z
j+1 +

1

2
(S−j S+

j+1 + S+
j S−j+1)

)

• ground state of antiferromagnet shows quantum flactuations
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The Spin-1
2 Chain

• S−j S+
j+1 causes spinflip

S−j S+
j+1

∣∣∣∣↑↓ . . . ↑
j
↓ . . .

〉
=

∣∣∣∣↑↓ . . . ↓
j
↑ . . .

〉
• exact solution via Bethe Ansatz

• groundstate: linear combination of states with half of the spins up

• energy spectrum is gapless
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Outline

• Consider arbitrary s

• Path Integral of spin fields n(x , τ)

• Field Theory because ξ >> a at low temperature

ξ :correlation length, a: lattice constant

 just long length scales are interesting

• Map on non linear sigma model + topological term

• Difference between integer and half integer s
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Repetition

• Partition Function:

Z =

∫
D[n]δ(n2 − 1)e−S[n]

• Coherent states:

Spin : SU(2)/U(1) ' S2

|n〉 = e−iθm·S |s,−s〉

〈n|S |n〉 = −sn, |n| = 1

• Euclidean Action:
S [n] =

∫ β

0

dτ
(
〈n| d

dτ
|n〉︸ ︷︷ ︸

Berry Phase =−isF

+ 〈n|H |n〉
)

•• Heisenberg Hamiltonian:

〈n|H |n〉 = J
∑
j

〈n|Sj · Sj+1 |n〉 = Js2
∑
j

n(j) · n(j + 1)
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Action of QM Heisenberg Antiferromagnet

S [n] = −is
N∑
j=1

β∫
0

dτ A(n(j)) · ∂τn(j) +

β∫
0

dτ Js2
N∑
j=1

n(j) · n(j + 1)

with ∇× A = n ⇒
∫

Γ
A · dn =

∫
F

(
∇× A

)
· n df = F

• Field Theory for n(x , τ) with x = aj

ξ >> a a→ 0

• assume short range Néel order  staggering of the spins

n(j)→ (−1)jn(j)−−−−−−−−−−→
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Berry Phase

−is
N∑
j=1

β∫
0

dτ A(n(j)) · ∂τn(j)

→ −is
N∑
j=1

β∫
0

dτ A((−1)jn(j)) · ∂τ (−1)jn(j)

= −is
N∑
j=1

(−1)j
β∫

0

dτ A(n(j)) · ∂τn(j)

N∑
j=1

(−1)jA(n(j)) · ∂τn(j) =

N/2∑
j=1

[
A(n(2j)) · ∂τn(2j)− A(n(2j − 1)) · ∂τn(2j − 1)

]
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A(n(2j)) · ∂τn(2j)− A(n(2j − 1)) · ∂τn(2j − 1)

n(2j)−n(2j−1)=δn(2j)  small variation

= δ
(
A(n(2j)) · ∂τn(2j)

)
= δ

(
Aα∂τnα

)
= (∂βAα)δnβ∂τnα + Aα∂τδnα

= (∂αAβ)∂τnβδnα − ∂τAαδnα

=
(
∂αAβ − ∂βAα

)
∂τnβδnα

=
((
δαµδβν − δανδβµ

)
∂µAν

)
∂τnβδnα

=
(
εγαβεγµν∂µAν

)
∂τnβδnα εγµν∂µAν = (∇× A)γ = nγ

= εγαβnγ∂τnβδnα

= −
(
n× ∂τn

)
· δn
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Action of the staggered spin field n

S [n] = is

N/2∑
j=1

β∫
0

dτ δn(2j) ·
(
n(2j)× ∂τn(2j)

)
− Js2

β∫
0

dτ
N∑
j=1

n(j) · n(j + 1)

• divide n into slow and fast fluctuating part

• n(j) =
√

1− a2l2j mj + (−1)ja lj

• constraint: mj · lj = 0 and m2
j = 1

• expansions in orders of a:

•
√

1− a2l2j = 1− 1
2
a2l2j +O(a4)

• mj+1 = mj + a∂xmj + a2

2
∂2
xmj +O(a3)

• alj+1 = alj + a2∂x lj +O(a3)
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Berry Phase:

δn(2j) ·
(
n(2j)× ∂τn(2j)

)
= a(∂xm2j + 2l2j) · (m2j × ∂τm2j)

δn(2j) = n(2j)− n(2j − 1)

=
√

1− a2l22jm2j −
√

1− a2l22j−1m2j−1 + a(l2j + l2j−1)

= m2j −m2j + a∂xm2j + 2al2j +O(a2)

= a(∂xm2j + 2l2j) +O(a2)

n(2j) =
√

1− a2l22jm2j + al2j = m2j +O(a)

⇒ n(2j)× ∂τn(2j) = m2j × ∂τm2j +O(a)
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Interaction term:

n(j) =
√

1− a2l2j mj + (−1)jalj ≈
(

1− a2

2
l2j

)
mj + (−1)jalj

n(j + 1) ≈
(

1− a2

2
l2j

)
mj + a∂xmj +

a2

2
∂2
xmj + a(−1)j+1(lj + a∂x lj)

n(j) · n(j + 1)

≈
(

1− a2

2
l2j

)2

m2
j + a2(−1)j lj · ∂xmj +

a2

2
mj · ∂2

xmj − a2l2j − (−1)ja2mj · ∂x lj

≈ 1− a2l2j +
a2

2
mj · ∂2

xmj + a2(−1)j(lj · ∂xmj −mj · ∂x lj)− a2l2j

≈ a2

2
mj · ∂2

xmj − 2a2l2j

∂x (mj ·lj )=0 ⇒ lj ·∂xmj=−mj ·∂x lj

∑N
j=1(−1)j lj ·∂xmj =

∑ N
2
j=1(l2j ·∂xm2j−l2j−1·∂xm2j−1) = a

∑ N
2
j=1 ∂x (l2j−1·∂xm2j−1)
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Limit a→ 0

Action S [m, l]:

is

N/2∑
j=1

a

β∫
0

dτ (∂xm2j + 2l2j) · (m2j × ∂τm2j)− Js2

β∫
0

dτ
N∑
j=1

[a2

2
mj · ∂2

xmj − 2a2l2j
]

a→ 0 :
N∑
j=1

a→
∫
dx ←

N/2∑
j=1

2a

S [m, l] = is

β∫
0

dτ

∫
dx

(
1

2
∂xm + l

)
· (m× ∂τm)− aJs2

2

β∫
0

dτ

∫
dx
[
m · ∂2

xm− 4l2
]

=

β∫
0

dτ

∫
dx

[
i
s

2
m · (∂τm× ∂xm) +

aJs2

2
(∂xm)2 + is l · (m× ∂τm) + 2aJs2l2

]
m = m(x , τ) and l = l(x , τ)
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Integration over l

Integrate out the fast flactuating part l in partition function

Z =

∫
D[m]D[l]δ(m2 − 1)δ(m · l)e−S[m,l]

=

∫
D[m]δ(m2 − 1)e−S1[m]

∫
D[l]δ(m · l)e

∫
dτdx[−is l·(m×∂τm)−2aJs2l2]

=

∫
D[m]δ(m2 − 1)e−S1[m]

∫
D[l]δ(m · l)e

∫
dτdx[− 1

2 B l2+l·b]

B := 4aJs2 b := −is(m× ∂τm)
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Integration over l

∫
D[l]δ(m · l)e

∫
dτdx[− 1

2 B l2+l·b]
B:=4aJs2 b:=−is(m×∂τm)

=

∫ ∏
j

∏
k

d3lj,k

 δ(mj,k · lj,k) e
∑

j a
∑

k δτ[− 1
2 B l2+lj,k ·bj,k ]

=
∏
j

∏
k

∫
d2lj,k e−

1
2 aδτB l2+aδτ lj,k ·bj,k

=
∏
j

∏
k

2π

aδτB
e

1
2 aδτ

1
B b2

j,k

= C e−
∫
dτdx (∂τm)2

8aJ

in the last step use: (m× ∂τm)2 = (∂τm)2
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Non Linear Sigma Model

S [m] =

β∫
0

dτ

∫
dx

[
aJs2

2
(∂xm)2 +

1

8aJ
(∂τm)2 + i

s

2
m · (∂τm× ∂xm)

]

=

∫
dτdx

1

2g

(
vs(∂xm)2 +

1

vs
(∂τm)2

)
+ i

s

2

∫
dτdx m · (∂τm× ∂xm)

where g = 2
s and vs = 2aJs

Rescaling: vs τ = y , 1
vs
∂τ = ∂y

S [m] =

∫
dx2 1

2g

(
(∂xm)2 + (∂ym)2

)
+ i

s

2

∫
dx2 m · (∂ym× ∂xm)

= Non linear Sigma model + Topological term
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Topological term

i
s

2

∫
dx2 m · (∂ym× ∂xm)

= i2πs
1

8π

∫
dx2 εijm · (∂im× ∂jm)

= i2πs Q

• Q ∈ Z

• Winding number of spin field

e−i2πs Q =

1 s integer

(−1)Q s half integer
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Haldane’s conjecture

• Integer spin

• NLσM without topological term

• finite correlation length

• Gap in energy spectrum

• Half integer spin

• NLσM with topological term

• Gapless energy spectrum

• Bethe Ansatz proves this for s = 1
2
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