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Heisenberg Hamiltonian
1D spin chain with periodic boundaries
N
H=JYS;-Sjn

Ground state
e classical: spins oriented antiparallel (Néel State)

e gm: Néel State is not the ground state, not even an eigenstate!

H= JZ (577 + 5 (5 Sty +5571))

e ground state of antiferromagnet shows quantum flactuations
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The Spin—% Chain

S, S\, causes spinflip

S 5

N---N--->=’N---H--->
J

Jj

exact solution via Bethe Ansatz

groundstate: linear combination of states with half of the spins up

e energy spectrum is gapless
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Outline

e Consider arbitrary s
o Path Integral of spin fields n(x, 7)
o Field Theory because £ >> a at low temperature
£ :correlation length, a: lattice constant
~ just long length scales are interesting
e Map on non linear sigma model + topological term
e Difference between integer and half integer s
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Repetition
e Partition Function:
7= / Dln]d(n? — 1)e~°M!
e Coherent states:

Spin : SU(2)/U(1) ~ S?

n) = 7™ s, —s)

(n[Sn) = —sn, |n|=1

e Euclidean Action:

S[n]:/oﬁdr((n|%|n>+(n|H|n))

Berry Phase =—isF

e Heisenberg Hamiltonian:

(n[Hn)=JY (n|S;-Sjs1ln) = Js* Y n(j)-n(j+1)
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Action of QM Heisenberg Antiferromagnet

S[n] = —ISZ/dTA n(j)) Tn(/)—i-/dr JS2ZI‘I(] n(j+1)

Jlo

with VxA=n = [ A-dn=[(VxA)-ndf=F

e Field Theory for n(x,7) with x = aj

E>>a~a—0

e assume short range Néel order ~~ staggering of the spins

HH%HHH&H%HHHH&HH

H \\\\: \\\\\\1* i’ l/// ;;; / n(j) — (=1)n(j) %\\\\\\\ t /!/H///////f M \\\\\\\\\
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Berry Phase

B

N
_,'SZ/dT A(n(j)) - d,n()j)

Jj=17

N B
5 —;SZ/dT A((~1)n(j)) - 0-(~ 1 n(j)

N 0 A
= Y1) [ dr AWm()) - 0.n()

N N/2

> (1Y AMG)) - 0-n()) = 3 [A((21)) - 0.n(2)) — A(2) — 1)) - 0-n(2) ~ 1]
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A(n(2))) - 9,n(2)) — A(n(2) — 1)) - (2 — 1)
n(2j)—n(2j—1)=6n(2j) ~ small variation

= 5(A(M(2)) - 9-n(2))

= 5(Aa87.na)

= (08Aa)0ng0rng + Ay0-0n4

= (0,Ag)0:ngdng — 0-An0ng

= (9aAs — 90 ) Ornsdna

= ((5%5[3” - 5w5ﬂu)auAy>aTnﬁ5na

= (swgewaﬂAu)aTnBana Oy = (V x A), = 1,

= €ya8Ny0rngdn,

= —(n X BTn) -0n
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Action of the staggered spin field n

N/2
S[n]—lsZ/dT(Sn 2j) - (n(2f) x 0,n(2j)) — Js* /dT n(j) -n(+1)
J=179 Jj=1
al
e divide n into slow and fast fluctuating part "f
]

n(j)=,/1- a2|13 m; + (—1Yal;

constraint: m; - I; = 0 and mJ2. =1

e expansions in orders of a:
o \/1—2ak =1- 321+ O(a")
® mj; =m;+ aaxmj + §8fmj + 0(33)
° a|j+1 = alj + azax[,' + 0(33)
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Berry Phase:

on(2)) - (n(2)) x 0;n(2))) = a(dxmy; + 2l;) - (my; x O, my;)

on(2j) = n(2j)—n(2j 1)
= 4/1— a2I§jm2j — /1 a2I§j_1m2j_1 + a(lyj + bj—1)
= myj — my; + adkmy; + 2aly; + (9(32)
= a(0xmy; + 2ly;) + O(a?)
n(2j) = /1- a2|§jm2j + aby; = my; + O(a)
= n(2) x 9:n(2j) = my x Iymy; + O(a)
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Interaction term:

-
<
~

Il

. 2 .
\/1— a2 m;+ (-1)al; =~ (1 - a—lf) m; + (—1Yal;

a

n(j+1) = (1—2 >mj+aaxmj+ Z02m; + a(—1Y " (I; + a0, ;)

n(j) -n(j +1)

2 2
a .
~ (1— ?I12> mf—i—a (—1Y1; - Oem; + 5 mj-8fmj—azlj2—(—1)"azmj~8xlj
2
a ,
~ 1-— 32|J2 + ?mj . 6)2<m, + 82(—1)J(|j : axmj —m;- axlj) - azf
~ a—2m- - 02m; — 22°1
~ 2 J x " gl

3x(mj'|j)=0 = |j'3xmj=—mj~axlj

, N N
S (1Yl 0um = 302 (lyj-Oxmaj—lyj1-0xmzj—1) = a 302, Ox(lyj—1-0xmazj—1)
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Limita— 0

Action S[m,I]:
N2 B

=1 3} j=1

N/2

a—0: Za—>/dx<—223

B N 5
iSZ a/dT (6‘Xm2j + 2|2j) . (mgj X 6Tm2j) — J52 / dr Z [%mj . Gfmj — 232'12]
0

B
5[m7l]:is/d7'/dx (%@m—i—l) (m x &rm) —ﬁ/df/dx m 92m — 4|2]
0

0

m=m(x,7) and | = I(x, T)
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Integration over |

Integrate out the fast flactuating part | in partition function

Z

/D[m]D[I](S(m2 —1)8(m - 1)e Sl

/D[m]é(m2 _ 1)6_51['“] /D[I](S(m i |)efd-rdx[—isl-(m><6Tm)—2aJ52|2]
= /D[m]é(m2 —1)eSim] /D[I](S(m . |)efd'rdx[—%Bl2+l~b]

B :=4aJs® b:=—is(m x 0,m)
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Integration over |

/ DI (m - 1)e o[58 +1] Bim4als® b= is(mx 0. m)

3 . S7[—L1BPH; b,
- / TITT e hn | 0mjk-1j4) €22 T AE ]
ik
_ HH/dzl,ke—%a(sfslhraéﬂj,k-bj,k
- Js
= I 577
a57'B

or
Ce™ Jdrdx! 83)

in the last step use: (m x 9, m)? = (9, m)?
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Non Linear Sigma Model

B
Sim] = /dT/dx [isz(a m)? + %((‘me tism-(0,m x axm)]
= /drdx = ( vs(0em)? + Vis(aTm)2> + i% /dex m - (0,m x J,m)
where g = % and v, = 2aJs
Rescaling: ve 7 =y, %87 =0,

S[m] = /dX2 % ((0xm)? + (Oym)?) + i% /dx2 m - (0, m x O,m)

Non linear Sigma model + Topological term
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Topological term

ig /dx2 m- (9, m x O,m)

i2ws 8i7r /dx2 gjm - (9;m x g;m)

= 27sQ

e Q€Z

e Winding number of spin field
i Q _ 1 s integer

(—l)Q s half integer
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Haldane's conjecture

e Integer spin
e NLoM without topological term
o finite correlation length
e Gap in energy spectrum
e Half integer spin
e NLoM with topological term
o Gapless energy spectrum

e Bethe Ansatz proves this for s = %
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