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Coherent state recap

Coherent states |φ〉 are eigenvectors of anniliation operators ai

ai |φ〉 = φi |φ〉

Representation by number states:

|φ〉 = e

∑
α

φαa
†
α

|0〉

Closure relation ∫ ∏
α

dφ∗αdφα
2πi

e
−

∑
α

φ∗
αφα

|0〉 〈0|

Trace of an Operator

trA =

∫ ∏
α

dφ∗αdφα
2πi

e
−

∑
α

φ∗
αφα

〈φ|A |φ〉
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Path integral for bosonic particles

Same procedure as used in the feynman path integral:

e−
i
h
H∆t = e−

ε
h
H . . . e−

ε
h
H︸ ︷︷ ︸

M -times

, ε =
∆t

M

Notation: φi = φ0, φf = φM , φk = {φα,k}α∈N, a = {aα}α∈N

U(φf , tf , φi, ti) = 〈φM | e−
iε
~ H∆te−

iε
~ H∆t · · · e−

iε
~ H∆t |φ0〉

= lim
M→∞

∫ (M−1∏
k=1

∏
α

dφ∗α,kdφα,k

2πi

)
e
−

M−1∑
k=1

∑
α

φ∗
α,kφα,k

×
M∏
k=1

〈φk| e−
iε
~ H(a†,a) |φk−1〉
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Path integral for bosonic particles
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∑
α

φ∗
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= lim
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∫ (M−1∏
k=1

∏
α

dφ∗α,kdφα,k

2πi

)

× e
−

M−1∑
k=1

∑
α

φ∗
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M∑
k=1

[∑
α

φ∗
α,kφα,k−1− iε

~ H(φ∗
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M→∞

∫ (M−1∏
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∏
α

dφ∗α,kdφα,k
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Path integral for bosonic particles

Merging sums

S(M,φ∗, φ) =
∑
α

φ∗α,Mφα,M−1 −
iε

~
H(φ∗M , φM−1)

+ iε

M−1∑
k=1

[
i
∑
α

φ∗α,k
(φα,k − φα,k−1)

ε
− 1

~
H(φ∗k, φk−1)

]

Continuum notation:

M→∞−−−−→
∑
α

φ∗α(tf )φα(tf ) +
i

~

tf∫
ti

dt

[
i~
∑
α

φ∗α(t)
∂φα(t)

∂t
−H(φ∗(t), φ(t))

]
︸ ︷︷ ︸

L(φ∗(t),φ(t))
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Path integral for bosonic particles

.
Continuum Formulation
..

.

U(φf , tf , φi, ti) =

φ(tf )=φf∫
φ(ti)=φi

D
[
φ∗(t)φ(t)

]
exp

(
−
∑
α

φα(tf )
∗φα(tf )

)

× exp

(
i

~

tf∫
ti

dt

[
i~
∑
α

φ∗α(t)
∂φα(t)

∂t
−H

(
φ∗(t), φ(t)

)])

.
Measure
..

.

D
[
φ∗(t)φ(t)

]
= lim

M→∞

∫ M−1∏
k=1

∏
α

dφ∗α,kdφα,k

2πi
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Comparison U(ξf , tf , ξi, ti)

Many particles, coherent states

φ(tf )=φf∫
φ(ti)=φi

D
[
φ∗(t)φ(t)

]
exp

(
−
∑
α

φα(tf )
∗φα(tf )

)

× exp

(
i

~

tf∫
ti

dt

[
i~
∑
α

φ∗α(t)
∂φα(t)

∂t
−H

(
φ∗(t), φ(t)

)])

Single particle, x, p representation∫ q(tf )=qf

q(ti)=qi

D [p]D [q] exp

 i

~

∫ tf

ti

dt′ pq̇ −H(p, q)︸ ︷︷ ︸
L


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Partition function with path integrals

Grand canonical ensemble:

Z = tr
(
e−β(H−µN)

)
=

∫ (∏
α

dφ∗αdφα
2πi

)
e
−

∑
α

φ∗
αφα

〈φ| e−β(H−µN) |φ〉

New hamiltonian: Ĥ = H − µN , substitution t = −iτ

⇒ U = e−
i
~ Ĥ∆t

⇒ 〈φ| e−β(H−µN) |φ〉 = U
(
φ,−iβ~ = τf , φ, 0 = τi

)
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Partition function with path integrals

Notation: ε = β
M , φα,M = φα,0 = φα, N =

∑
α
a†αaα

〈φ| e−β(H−µN) |φ〉 = lim
M→∞

∫ (M−1∏
k=1

∏
α

dφ∗αdφα
2πi

)
e
−

M−1∑
k=1

∑
α

φ∗
α,kφα,k

×
M∏
k=1

〈φk| e−ε
(
H(a†,a)−µN

)
|φk−1〉

↪→
M∏
k=1

〈φk| : e−ε
(
H(a†,a)−µN

)
: +O(ε2) |φk−1〉

↪→ e

M∑
k=1

∑
α

φ∗
α,kφα,k−1

e
−ε

M∑
k=1

[
H(φ∗

k,φk−1)−µ
∑
α

φ∗
α,kφα,k−1

]
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Partition function with path integrals

Z = lim
M→∞

∫ ( M∏
k=1

∏
α

dφ∗αdφα
2πi

)
e
−

M∑
k=1

∑
α

φ∗
α,kφα,k

× e
−ε

M∑
k=1

(
H(φ∗

k,φk−1)−(1+µ)
∑
α

φ∗
α,kφα,k−1

)

−
M∑
k=1

∑
α

φ∗α,kφα,k −
M∑
k=1

(
εH(φ∗k, φk−1)− (1 + εµ)

∑
α

φ∗α,kφα,k−1

)

= −ε
M∑
k=1

[
H(φ∗k, φk−1) +

∑
α

φ∗α,k

(
φα,k − φα,k−1

ε
− µφα,k−1

)]

M→∞−−−−→ −
β∫

0

dτ

[
H
(
φ∗(τ), φ(τ)

)
+
∑
α

φ∗α(τ)
(
∂τ − µ

)
φα(τ)

]
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Partition function with path integrals

.
Discrete and continous notation
..

.

Z = lim
M→∞

∫ M∏
k=1

∏
α

dφ∗αdφα
2πi

× e
−ε

M∑
k=1

[
H(φ∗

k,φk−1)+
∑
α

φ∗
α,k

(
φα,k−φα,k−1

ε
−µφα,k−1

)]

=

∫
φα(β)=φα(0)

D
[
φ∗(τ)φ(τ)

]
e
−

β∫
0

dτ

[
H
(
φ∗(τ),φ(τ)

)
+
∑
α

φ∗
α(τ)
(
∂τ−µ

)
φα(τ)

]
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Minkowski and Euclidean action

Substitution t = −iτ ⇒ (∆t)2 → −(∆τ)2

Z =

∫
φα(β)=φα(0)

D
[
φ∗(τ)φ(τ)

]
e
−

β∫
0

dτ

[
Ĥ
(
φ∗(τ),φ(τ)

)
+
∑
α

φ∗
α(τ)

∂φα(τ)
∂τ

]

U(...) =

φ(tf )=φf∫
φ(ti)=φi

D
[
φ∗(t)φ(t)

]
e
−

∑
α

φα(tf )
∗φα(tf )

× e

i
~

tf∫
ti

dt

[
i~

∑
α

φ∗
α(t)

∂φα(t)
∂t

−H(φ∗(t),φ(t))

]
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Partition function of non interacting bosons

Hamiltonian:

H =
∑
α

εαa
†
αaα

Grand canonical ensemble

Z = lim
M→∞

∏
α

∫ M∏
k=1

dφ∗αdφα
2πi

e
− β

M

M∑
k=1

[
εαφ∗

α,kφα,k−1+φ∗
α,k

(
M

φα,k−φα,k−1
β

−µφα,k−1

)]

↪→ e
−

M∑
k=1

[(
β
M

(εα−µ)−1
)
φ∗
α,kφα,k−1+φ∗

α,kφα,k

]
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−
M∑
k=1

[( β
M

(εα − µ)− 1
)
φ∗α,kφα,k−1 + φ∗α,kφα,k

]
= −φ∗

αS
(α)φα

φα =



φα,1
φα,2
...

...

φα,M


, S(α) =



1 0 · · · · · · 0 −a
−a 1 0 0

0 −a 1
...

... 0
. . .

. . . 0
...

... −a 1 0
0 · · · · · · 0 −a 1



a = 1− β

M
(εα − µ)
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Multidimensional gaussian integral

∫ M∏
k=1

dφ∗αdφα
2πi

e−φ∗
αS(α)φα =

∫ M∏
k=1

dφ∗αdφα
2πi

e−φ∗
αUU†S(α)UU†φα

=

∫ M∏
k=1

dφ̃∗αdφ̃α
2πi

e−φ̃∗
αD(α)φ̃α

=

∫ M∏
k=1

dφ̃∗αdφ̃α
2πi

e
−

M∑
k=1

dkφ
∗
α,kφα,k

Change of variables: φα = φα,1 + iφα,2, jacobian determant equals 2i

=

∫ M∏
k=1

dφ̃α,1dφ̃α,2
π

e
−

M∑
k=1

dk

(
φ2
α,1+φ2

α,2

)
=

1

πM

M∏
k=1

√
π

dk

√
π

dk
=

1

detSα
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Determinant

detSα =
∑
P

εi1,i2,...,iMS
α
1,i1S

α
2,i2 · · ·S

α
M,iM

= 1 + ε2,3,4,...M,1︸ ︷︷ ︸
(−1)M−1

(−a)M



1 0 · · · · · · 0 −a
−a 1 0 0

0 −a 1
...

... 0
. . .

. . . 0
...

... −a 1 0
0 · · · · · · 0 −a 1


Fabian Single (Hauptseminar ITP III) Bosonic path integral 17 / 23



Determinant

detSα =
∑
P

εi1,i2,...,iMS
α
1,i1S

α
2,i2 · · ·S

α
M,iM

= 1 + ε2,3,4,...M,1︸ ︷︷ ︸
(−1)M−1
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1− β

M
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1− β

M
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Result

Z = lim
M→∞

∏
α

1

|Sα|

=
∏
α

1

1− e−β(εα−µ)

Now: Use thermodynamik relations: Z = e−βΩ, ∂Ω
∂µ = −N

〈N〉 =
∑
α

1

eβ(εα−µ) − 1

Or... do it the hard way...
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Thermal averages

Thermal average of an operator A:

〈A〉 =
∑

α 〈ψα| e−β(H−µN)A |ψα〉∑
α 〈ψα| e−β(H−µN) |ψα〉

With Nγ = a†γaγ , ⇒ N =
∑

αNα

〈Nγ〉 =
1

Z

∏
α

∫
dφ∗α,Mdφα,M

2πi

dφ∗α,0dφα,0

2πi
e−φ∗

α,Mφα,M−φ∗
α,0φα,0

〈φM | e−β(H−µN) |φ0〉 〈φ0| a†γaγ |φM 〉︸ ︷︷ ︸
φ∗
γ,0φγ,Me

φ∗α,0φα,M
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Thermal averages

〈Nγ〉 =
1

Z
lim

M→∞

∏
α

∫ M∏
k=0

dφ∗α,kdφα,k

2πi
e−φ∗

α,Mφα,M−φ∗
α,0φα,0+φ∗

α,0φα,M

φ∗γ,0φγ,M

M∏
k=1

〈φk| : e−β(H−µN) : +O(ε)2 |φk−1〉

=
1

Z
lim

M→∞

∏
α

∫ M∏
k=0

dφ∗α,kdφα,k

2πi
φ∗γ,0φγ,Me

φ∗
αSαφα

= lim
M→∞

∫ M∏
k=0

dφ∗
γ,kdφγ,k

2πi φ∗γ,0φγ,Me
φ∗

γS
γφγ

∫ M∏
k=1

dφ∗
γ,kdφγ,k

2πi eφ
∗
γS

γφγ
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Thermal averages

〈Nγ〉 = lim
M→∞

∫ M∏
k=0

dφ∗
γ,kdφγ,k

2πi φ∗γ,0φγ,Me
φ∗

γS
γφγ

∫ M∏
k=1

dφ∗
γ,kdφγ,k

2πi eφ
∗
γS

γφγ

= lim
M→∞

∂2

∂J∗
M∂J0

∫ M∏
k=0

dφ∗
γ,kdφγ,k

2πi eφ
∗
γS

γφγ+J∗φγ+φ∗
γJ

∫ M∏
k=1

dφ∗
γ,kdφγ,k

2πi eφ
∗
γS

γφγ

∣∣∣∣∣
J∗=J=0

= lim
M→∞

∂2

∂J∗
M∂J0

|Sγ | 1

|Sγ |
eJ

∗
(
Sγ
)−1

J

∣∣∣∣∣
J∗=J=0

= lim
M→∞

(
Sγ
)−1

0,M
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Thermal averages

aα = 1− β

M

(
εα − µ

)

〈Nγ〉 = lim
M→∞

(
Sγ
)−1

0,M
= lim

M→∞

aM−1
γ

1− aMγ
= lim

M→∞

1

a1−M
γ − aγ

= lim
M→∞

1[
1− β

M

(
εα − µ

)]M−1

− 1

=
1

eβ(H−µ) − 1
= nγ
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Conclusion

.
Take home message
..

.

Coherent states are suitable to develop a path integral formalism

for many particle systems.

U(φf , tf , φi, ti) =

φ(tf )=φf∫
φ(ti)=φi

D
[
φ∗(t)φ(t)

]
e
−

∑
α

φα(tf )
∗φα(tf )

× e

i
~

tf∫
ti

dt

[
i~

∑
α

φ∗
α(t)

∂φα(t)
∂t

−H
(
φ∗(t),φ(t)

)]
A complex time enables us to express the partition function with

the time evolution operator.

Z =

∫
φα(β)=φα(0)

D
[
φ∗(τ)φ(τ)

]
e
−

β∫
0

dτ

[
H
(
φ∗(τ),φ(τ)

)
+
∑
α

φ∗
α(τ)
(
∂τ−µ

)
φα(τ)

]
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