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Path integral for bosonic particles

Same procedure as used in the feynman path integral:

2 € € At
eiﬁHAt:efﬁH...efﬁH, €= —
D e — M

M-times
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Path integral for bosonic particles
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Path integral for bosonic particles
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Path integral for bosonic particles
Merging sums

S(M,¢*, ) Z%M%M 1 — —H (S, drr-1)

M-1
o,k — Yo,k— 1 *
viey ing;k—(‘b ™
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Path integral for bosonic particles
Merging sums

S(M,6",6) = 3 G asbani-1 = 3 H(Gheson1-1

M-1
+iey [mem - ;sz,m_l)]

k=1 «

Continuum notation:

ty
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Path integral for bosonic particles

Continuum Formulation

d(ts)=0r
Ulog,ty, diti) = / D[¢*(t)p(1)] eXp( Z% (tr) %(tf))
o(ti)=oi

Xexp<7 [mqu p20ell) <¢*<t>,¢><t>)D

i

Measure
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D[5*(1)6(1)] = Jim_ / [T I o

=1 «
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Comparison U (&, L7, &, t;)

e Many particles, coherent states

d(ty)=ds
D[¢*(t)¢(t) eXp ( Z¢a tf Qba(tf))

d(ts) =i

o Single particle, x, p representation

a(ty)=ar it
/ D[p] D [q] exp h/ dt'pg — H(p, q)
q(ti)=q; t; —

L
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Partition function with path integrals

Grand canonical ensemble:

Z =tr (efB(Hf’*N)>

doidde \ —2 ¢ada _B(H—
:/<H¢§m~(z> )e (g PN g
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Partition function with path integrals

Grand canonical ensemble:

Z =tr (efB(Hf’*N)>
dotdps \ — 2 ¢a0a _B(H—
-/ (H(Zd)> I (PN |g)
- i
New hamiltonian: H = H — uN, substitution t = —i7

= U = efﬁ.ﬁAt

= (¢ e PN |g) = U (¢, —iph = 77,,0 = 73)
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Partition function with path integrals

Notation: € = %, Ga,M = Pa,0 = Pa, N = Za&aa
«

M—o0 27

M-—1
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k=1 «

M
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Partition function with path integrals
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Partition function with path integrals
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Minkowski and Euclidean action
Substitution t = —i7 = (At)? — —(A7)?

B
— [dr|H o*(1),0(T (bj;Tiad)o;_(T)
;o / D[gb*(TWT)]Bg [ (6 ()6(r) + 62.(1) % ]

ba(8)=0¢a(0)

i 5 falty) dalty)
« - ty) dalty
viy= [ D@
¢(ti)_¢z
bt Odrer(t)
i [hz 61.(1) 2220 _ (4 (1), (1))
Xe
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Partition function of non interacting bosons

Hamiltonian:

H = Z eaal‘aa
(0%
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Partition function of non interacting bosons
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Multidimensional gaussian integral

211 21

M M
/ ddgdda o BES @ o _ / H dogdda —RUUTSOUUT b
k=1

k=1
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Multidimensional gaussian integral

M M
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Change of variables: ¢, = ¢q,1 + i0q,2, jacobian determant equals 2:

~ ~ M
-/ [[ eadnn = Ztlhreta) L pp [7F 1
N bal ™ oM Pt di \ di ~ det S«
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Determinant

a o ) « «a
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Determinant
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Determinant

o § . . [¢4 o Qo
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Result

Now: Use thermodynamik relations: Z = e=5%, % =—N
M= s
< > o 65(50‘_“) -1

«

Or... do it the hard way...
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Thermal averages

Thermal average of an operator A:

A — 2 (tal e PHHN Ay
A SRR

With N, = ala,, = N =3, N,
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Thermal averages

Thermal average of an operator A:

4y S lal P A )
) = S e B [

With N, = ala,, = N =3 N,

21

* A *
<N,y> _ l / dé(y,]\,,[d@a.ﬂ,[ d¢o¢,0d¢)a,0 67@;4\[@0“”_(15;0(;5&70
Z II 27 j
a

(dar] e PH=N 60) (ol alay |dnr)
———

¢, 0P~ Med}z*o%“M
7,097,
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Thermal averages

1

doy, kd¢ak . . .
NY == 1 a —¢> MPa, M=, 0Pa,0F¢,, 0Pa, M
oo = g T T

M
7 o0y [ (@5l e PN - £0(€) |¢11)
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1
d¢ k ¢a k * go
~zm 11/ ] H “gm hetuae
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Thermal averages

M- e\ do
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f H 21
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Thermal averages

I ﬁ 487, 4 6557y

271 " O(b’Y7Me

(N,) = lim
vy M—o0 f IMI d¢'yk ¢'y,k (}5*57(}57

21

M dgr \dby ke gk St J*
2 f H 4/2167”’Y ¢ Pt ¢’Y+¢’Y
= lim

M—o00 6JM<9J0

27rz
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Thermal averages

I 1]_”[ g2 ydy k.

211 " O(b’y,Me

(N,) = lim

D557 Py

M=o0 f ﬁ d¢wk dpy i ¢*57¢7

21

M

4931001 SV 4% bt 1T

82 f H 27

= lim

Moo DT5,0J0 M
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i 0* 57 1
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Thermal averages

GM-1
1
N,y = Jim (ST)7) = lim L = fim
(No) = Hm (5o Moso 1 — al M A o
T M ; Y I
[1—M(ea—,u)} -1
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Conclusion

Take home message

o Coherent states are suitable to develop a path integral formalism
for many particle systems.

o(tr)=ds
=2 9alts) dalty)
U(¢f7tf,¢i,ti) = / [¢ (t)q5( )] a Pa(ts) dalty

o(ti)=¢: fdt[zhzcb*(t)a%(t) H(¢*(t>v¢<t>)}
x e

7
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@ A complex time enables us to express the partition function with
the time evolution operator.

B
— [dr | H(¢*(7),0(7) ) +32 ¢ (T) (0r —1) da(7)
| plememe s Freral sanl=e)
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