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Agenda

@ From Schrédinger to Feynman
© Hands-on example: Free particle
© Semiclassical approach

@ Harmonic Oscillator

@ Connection to statistical physics

@ Conclusion

Michael Kopp (Hauptseminar PI III) Path integral



Time evolution

Schrodinger equation

ihd; [¢) = H |¢)

Formal solution (time independent H)

o(0) = e (41 ) 1w(o)

———
U(t)
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Time evolution

Schrodinger equation

ihd; [¢) = H |¢)

Formal solution (time independent H)

(o) = exp (%) [ aalo) tlwio)
R
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Time evolution

Schrodinger equation

ihd; [¢) = H |¢)

Formal solution (time independent H) position representation

(o 160) = (ol exp () [ aala) tlwio)
————
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Time evolution

Schrodinger equation

ihd; [¢) = H [¢)
Formal solution (time independent H) position representation
tH '
(o 160) = (ol exp () [ aala) tlwio)
—_———
U(t)

Matrix elements (qr|exp (£)[¢;)  Propagation (¢;,0) = (g, t)

i
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Small steps

e Hard/impossible to solve
e Small steps; At =t/N

() o ()]
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Small steps

e Hard/impossible to solve
e Small steps; At =t/N

() o ()]

@ Ordering: p left of ¢

AtH AtT AtV

H=T{p) +V(g)=ein =eir eirn +O(A)

AtH

& et = eAitTH : +O(At2)

AtH AtH
=T+V = :
ih + ih
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Small steps

e Hard/impossible to solve
e Small steps; At =t/N

o (5) = [ (5]

@ Ordering: p left of ¢

AtH AtT AtV

H=T{p)+V(g) =eir =eir eir + O(At2)

AtH

o e = et +O(At?)

(5) (5

Michael Kopp (Hauptseminar PI III) Path integral




Small steps

e Hard/impossible to solve
e Small steps; At =t/N

oo (1)< o (4]

o Ordering: p left of ¢

H=T{p)+V(g) = e =e e +O(AL)

AtH

& e ih —=: eAitTH . +O(At2)

T2+ TV + VT +V2AT? + 2TV +V? if [T, V] #0
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Small steps
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Small steps

tH tH
(qr|exp < ) lqi) ~ (qy] : exp (m) s i)
gl AtHY AtHY AtH g
= (gl Lrexp | == ) lrexp { — : rexp (== ) ¢l

1=/dqn/dpn!qn> (qn| pn) (Pn] n=1,...,N with qo = ¢, qn = qr
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Small steps

tH tH
(qr|exp < > lqi) ~ (qy] : exp <1h> s i)
i1 AtHY AtHY AtH g
= (gl Lrexp | == ) lrexp { — : rexp (== ) ¢l

1=/dqn/dpn!qn> (qn| pn) (Pn] n=1,...,N with qo = ¢, qn = qr

Ordering pays off:

(pn| exp <A1;T> = exp <At€;p")) (pn|
exp (Afv> ) = layesp (S22
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Small steps

tH tH
(qr|exp < > lqi) ~ (qy] : exp <1h> s i)
i1 AtHY AtHY AtH g
= (gl Lrexp | == ) lrexp { — : rexp (== ) ¢l

1=/dqn/dpn!qn> (qn| pn) (Pn] n=1,...,N with qo = ¢, qn = qr

Ordering pays off:

(pn| exp <A1;T> = exp <At€;p")) (pn|
exp (Afv> ) = layesp (S22

(q| p) =
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Path integral

tH dp1 dpn
esp (S )l = [[ann--dgws [ 500 O
N—1
At dn+1 — Q4n
X exp <i [V(qn) + T (ppt1) — pn+1+1At]>
n=0
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Path integral

tH dpi  dpn
<qf|exp< h) |Qz>—/dQ1 dgn—1 57 9mh
g
1

dn+1 — Q4n
X exp ( : [V(Qn) +T(pny1) — an“AtD
n=0

N — oo {qn} — q(t') fdt’ . Ar = @, T(pny1) = T(p(t)), ...
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Path integral

tH dpi  dpn
— i)~ [ dqy---d .
(qf|exp ( ih) |gi) / aN-1 [ g
A Y

X exp ( [V(Qn) + T (pp+1) — ananA;qn])

n=0

N = oo {an} = q(t'), ALY — [t 3F = 4, T(pas1) = T(p(1), ...
e Notation
o Fast fluctuation of phase = cancellation
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Path integral

tH dpi  dpn
<qf|exp< h> i) —/dfh dgn—1 57 9mh
N-1
At dn+1 — Q4n
X exp <i [V(Qn) + T (ppt1) — pn+1+1At]>
n=0

N = 00: {gn} = q(t'), ALY = [dt, 3 = ¢, T(pns1) = T(p(t), ...

V+T-pj=H-—pi=(pjd—L)—pg
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Path integral

tH dpr  dpn
<Qf\eXp< h) lqi) ~ /dq1 dgn—1 5% 5%
At dn+1 — @
X exp (.— [V(qn) + T(pnt1) _pn+1%:|>
1 o t
N — 00t {gn} = q(t'), At — [dt', 3L — ¢, T(pnt1) — T(p(t)), . ..

V+T-pj=H—pj=(pg—L)—

qa(t)=qy i [t ..
/ D[p] D [q] exp ﬁ/dtpq—H(p,q)
0 \q,—/

9(0)=q; ¥
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Kinetic energy quadratic in p

a(t)=qy i [t
/ D[q] exp (—— / dt’V(Q))
q(0)=g¢; h Jo

A, N

></dp1_”dpzvex | iAt Pr dn o1
onh 2nh ¥ h om PV At
—_———

Dlp]

/ dz e = Vir (Fresnel)

qt)=ay _ i . ' N \ N2
/q(o):qi Dq]exp (ES[QO , Dlg] = lim (it27rh> dgi - --dgy_1
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Path integral — intuition
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/
t;\*“vfl

Path integral

t/



Free particle

2

t p [ om \1/2 im N2
e (g ) 00 = () o0 (00— o)
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Semiclassical approach — fast oscillations

(U@ a) = | " Do (fsla)

(0)=aq:
o (lassical physics: h — 0
@ Change in path g = fast oscillations = cancellations
e Exception: Stationary action: S = 0 = constructive interference
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Semiclassical approach — fast oscillations

q(t)=qy

0Ol = [~ Dlgjep 550

(0)=q;
o (lassical physics: h — 0

@ Change in path g = fast oscillations = cancellations
e Exception: Stationary action: S = 0 = constructive interference

Stationary phase approximation

/dxe_f("”) = /dre_f(§+7") A /dre_f(g)_éf”(g)r2
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Semiclassical approach — fast oscillations

vl = 1" Do (1)

(0)=q;
o (lassical physics: h — 0

@ Change in path g = fast oscillations = cancellations
e Exception: Stationary action: S = 0 = constructive interference

Stationary phase approximation

/dxe_f("”) = /dre_f(§+7") A /dre_f(g)_éf”(g)r2

[Pulee = [Dpere ~ [pipje-ra-ierer
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Semiclassical approach — fast oscillations

vl = 1" Do (1)

(0)=q;
o (lassical physics: h — 0

@ Change in path g = fast oscillations = cancellations
e Exception: Stationary action: S = 0 = constructive interference

Stationary phase approximation

/dxe_f("”) = /dre_f(5+7") A /dre_f(g)_éf”(g)r2
[Pulee = [Dpere ~ [pipje-ra-ierer

2 —1/2
5T(t) = e_F[d det id—F
27 dx(t)ox(t)
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Harmonic oscillator

q(t)=qy it 1
(qr| U®) |lai) = / D [q] exp </ dt' =mg® — mw2q2>
q(0)=q; h Jo 2 2
Stationary phase appreximatien computation
o Classical paths: ¢.(t') = Asinwt’ + Bcoswt’ — Slq.].
@ Vicinity of classical path:
Slge + 7] = Slge] + fy dt' r(t') [-=1[02 + w?] r(t)
—_———
o Gaussian functional integral: det A =[], a; (with A¢; = gLiqﬁi)
¢;i(t") = sin(nnt’/t) and a; = 2 [n?7?/t? — w?] x 1 — (wt)

m2n2
o Product of eigenvalues: z/sinz = [[32,(1 — 22 /7*n?)~?

m
2
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Harmonic oscillator

at)=as Y LS T S
(@U@ ) = / Dlglexp (- / at' tmi? = Lmag
q(0)=q; h Jo 2 2

Stationary phase appreximatien computation
o Classical paths: ¢.(t') = Asinwt’ + Bcoswt’ — Slq.].
@ Vicinity of classical path:
m
Sla +r] = Sla] + fy d¢' r(¢') (=005 + @ r(t)
—_———
o Gaussian functional integral: det A =[], a; (with A¢; = a;¢;)

¢;i(t") = sin(nnt’/t) and a; = 2 [n?7?/t? — w?] x 1 — ()2

m2n2

o Product of eigenvalues: z/sinz = [[32,(1 — 22 /7*n?)~?

(qr|U(t) |as) = (#)1/2 exp {;ﬁ ([%—2 + g2 cotwt — 20i4; )}

2mihsin wt sin wt

from det... from S[qc]
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Energy spectrum

(on () foton ()10 S ()

1/2 _ 9 12 a2
_ /dq’( mw ) exp[ 2imwq’? sin (wt/Q)]

2mihsin wt h sin(wt)
_ 1 _ [eiwt/Z _ e—iwt/2] -1 _ e—iwt/2
2i sin(wt/2) 1 — e iwt

_ § e—lwtn 1wt2 _ § :efw(n—f—
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Energy spectrum

(on () foton ()10 S ()

1/2 _ 9 12 a2
_ /dq’( mw ) exp[ 2imwq’? sin (wt/Q)]

2mihsin wt h sin(wt)
_ 1 _ [eiwt/Z _ e—iwt/2] -1 _ e—iwt/2
2i sin(wt/2) 1 — e iwt
_ Ze—lwtn 141.)752 _ Zefw(n—i—
1
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Wick Rotation

~q(Bh)=x 1 [Bh 1 2
7 = /d;(; / Dlglexp | —= / dr —m (dq) +Vi(q)
. Jq(0)=z h Jo 2 dr










Wick Rotation

Convergence: t+— —irT

Statistical physics: ¥ — 3

it —
e nt oy e PH

(qr|exp <tH> 6) = Z = /dq (q| exp (—=BH) |g)
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Conclusion

e Operator — integral formalism via small steps and 1 = [ dq |q) (q|

e Understand “ [ D [g]” as o< limy_y0o [dgr - - dgn

~1/2
@ Advanced computation e TlEl det (% %)

Michael Kopp (Hauptseminar PI III) Path integral



Conclusion

e Operator — integral formalism via small steps and 1 = [ dq |q) (q|
@ Understand “ [ D [q]” as « limy_o0 [ dgi - - - dgn

~1/2
@ Advanced computation e TlEl det (% %)
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Conclusion

e Operator — integral formalism via small steps and 1 = f dq|q) (q|
e Understand “ [ D [g]” as o< limy_y0o [dgr - - dgn

. » —1/2
e Advanced computation e~ F €] det (ﬁ %)
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Conclusion

e Operator — integral formalism via small steps and 1 = f dq|q) (q|
e Understand “ [ D [g]” as o< limy_y0o [dgr - - dgn

~1/2
@ Advanced computation e TlEl det (% %)
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Conclusion

e Operator — integral formalism via small steps and 1 = f dq|q) (q|
e Understand “ [ D [g]” as o< limy_y0o [dgr - - dgn

—-1/2
e Advanced computation e~ €] det (%—M(f;;;(t/))

o Altland, Simons: Condensed Matter Field Theory
o Negele, Orland: Quantum Many-particle Systems

o Rajaraman: Solitons and Instantons
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Conclusion

e Operator — integral formalism via small steps and 1 = f dq|q) (q|
e Understand “ [ D [g]” as o< limy_y0o [dgr - - dgn

—-1/2
e Advanced computation e~ €] det (%—595(?)26};(#))

o Altland, Simons: Condensed Matter Field Theory
o Negele, Orland: Quantum Many-particle Systems

o Rajaraman: Solitons and Instantons
7
74
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