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Time evolution

Schrödinger equation
i~∂t |ψ〉 = H |ψ〉

Formal solution (time independent H)

|ψ(t)〉 = exp

(
tH

i~

)
︸ ︷︷ ︸

U(t)

|ψ(0)〉

Matrix elements 〈qf | exp
(
tH
i~
)
|qi〉 Propagation (qi, 0) → (qf , t)
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Time evolution

Schrödinger equation
i~∂t |ψ〉 = H |ψ〉
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Small steps

Hard/impossible to solve

Small steps; ∆t = t/N

exp

(
tH

i~

)
=

[
exp

(
∆tH

i~

)]N

Ordering: p left of q

H = T (p) + V (q) ⇒ e
∆tH

i~ = e
∆tT
i~ e

∆tV
i~ +O(∆t2)

⇔ e
∆tH

i~ =: e
∆tH

i~ : +O(∆t2)

∆tH

i~
= T + V =:

∆tH

i~
:

Michael Kopp (Hauptseminar PI III) Path integral



Small steps

Hard/impossible to solve

Small steps; ∆t = t/N

exp

(
tH

i~

)
=

[
exp

(
∆tH

i~

)]N

Ordering: p left of q

H = T (p) + V (q) ⇒ e
∆tH

i~ = e
∆tT
i~ e

∆tV
i~ +O(∆t2)

⇔ e
∆tH

i~ =: e
∆tH

i~ : +O(∆t2)

∆tH

i~
= T + V =:

∆tH

i~
:

Michael Kopp (Hauptseminar PI III) Path integral



Small steps

Hard/impossible to solve

Small steps; ∆t = t/N

exp

(
tH

i~

)
=

[
exp

(
∆tH

i~

)]N

Ordering: p left of q

H = T (p) + V (q) ⇒ e
∆tH

i~ = e
∆tT
i~ e

∆tV
i~ +O(∆t2)

⇔ e
∆tH

i~ =: e
∆tH

i~ : +O(∆t2)

(
∆tH

i~

)2
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∆tH

i~
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Small steps

〈qf | exp
(
tH

i~

)
|qi〉 ' 〈qf | : exp

(
tH

i~

)
: |qi〉

= 〈qf | : exp
(
∆tH

i~

)
: : exp

(
∆tH

i~

)
: · · · : exp

(
∆tH

i~

)
: |qi〉

1 =

∫
dqn

∫
dpn |qn〉 〈qn| pn〉 〈pn| n = 1, . . . , N with q0 = qi, qN = qf

Ordering pays o�:

〈pn| exp

(
∆tT̂

i~

)
= exp

(
∆tT (pn)

i~

)
〈pn|

exp

(
∆tV̂

i~

)
|qn〉 = |qn〉 exp

(
∆tV (qn)

i~

)
〈q| p〉 = 1√

2π~
e

ipq
~ =

1√
2π~

e
−pq
i~
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Path integral

〈qf | exp
(
tH

i~

)
|qi〉 '

∫
dq1 · · · dqN−1

∫
dp1
2π~

· · · dpN
2π~

× exp

(
∆t

i~

N−1∑
n=0

[
V (qn) + T (pn+1)− pn+1

qn+1 − qn
∆t

])

N → ∞: {qn} → q(t′), ∆t
∑

→
∫
dt′ , ∆q

∆t → q̇, T (pn+1) → T (p(t′)), . . .

V + T − pq̇ = H − pq̇ = (pq̇ − L)− pq̇

.
Hamilton formulation of the path integral
..

.

∫ q(t)=qf

q(0)=qi

D [p]D [q] exp

 i

~

∫ t

0
dt′ pq̇ −H(p, q)︸ ︷︷ ︸

L


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Path integral
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Kinetic energy quadratic in p

∫ q(t)=qf

q(0)=qi

D [q] exp

(
− i

~

∫ t

0
dt′V (q)

)

×
∫

dp1
2π~

· · · dpN
2π~︸ ︷︷ ︸

D[p]

exp

(
− i∆t

~

N∑
n=1

p2n
2m

− pn
qn − qn−1

∆t︸ ︷︷ ︸
1

2m
(pn−m∆q

∆t
)2− 1

2
m(∆q

∆t )
2

)

∫
dx eix

2
=

√
iπ (Fresnel)

.
Lagrangian form of the path integral
..

.

∫ q(t)=qf

q(0)=qi

D̃ [q] exp

(
i

~
S[q]

)
, D̃ [q] = lim

N→∞

(
Nm

it2π~

)N/2

dq1 · · · dqN−1
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Path integral � intuition

0
t′

q

t

qi

qf

t′
1 t′

2
t′N−1
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Free particle

H =
p2

2m

...

〈qf | exp
(
t

i~
p2

2m

)
|qi〉 =

( m

2πi~t

)1/2
exp

(
i

~
m

2t
(qf − qi)

2

)
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Semiclassical approach � fast oscillations

〈qf |U(t) |qi〉 =
∫ q(t)=qf

q(0)=qi

D [q] exp

(
i

~
S[q]

)
Classical physics: ~ → 0

Change in path q ⇒ fast oscillations ⇒ cancellations

Exception: Stationary action: δS = 0 ⇒ constructive interference

.
Stationary phase approximation
..

.

∫
dxe−f(x) =

∫
dre−f(ξ+r) ≈

∫
dre−f(ξ)− 1

2
f ′′(ξ)r2

∫
D [x] e−F [x] =

∫
D [r] e−F [ξ+r] ≈

∫
D [r] e−F [ξ]− 1

2
δ2F [ξ]r2

∫
D [r] e

−F [ξ]− 1
2

∫
dt′

∫
dtr(t′) δ2F

δx(t)δx(t′)

∣∣∣
ξ
r(t)

= e−F [ξ] det

(
1

2π

δ2F

δx(t)δx(t′)

)−1/2
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Harmonic oscillator

〈qf |U(t) |qi〉 =
∫ q(t)=qf

q(0)=qi

D [q] exp

(
i

~

∫ t

0
dt′

1

2
mq̇2 − 1

2
mω2q2

)
.
Stationary phase approximation computation
..

.

Classical paths: qc(t
′) = A sinωt′ +B cosωt′ → S[qc].

Vicinity of classical path:

S[qc + r] = S[qc] +
∫ t
0 dt

′ r(t′) [−m
2
][∂2t′ + ω2]︸ ︷︷ ︸ r(t′)

Gaussian functional integral: detA =
∏

i ai (with Aφi = aiφi)

φi(t
′) = sin(nπt′/t) and ai =

m
2

[
n2π2/t2 − ω2

]
∝ 1− (ωt)2

π2n2

Product of eigenvalues: x/ sinx =
∏∞

n=1(1− x2/π2n2)−1

〈qf |U(t) |qi〉 =
( mω

2πi~ sinωt

)1/2
︸ ︷︷ ︸

from det...

exp

[
i

2~
mω

(
[q2i + q2f ] cotωt−

2qiqf
sinωt

)]
︸ ︷︷ ︸

from S[qc]
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Energy spectrum

tr

(
exp

(
tH

i~

))
=

∫
dq′
〈
q′
∣∣ exp( tH

i~

) ∣∣q′〉 =∑
n

exp

(
tEn

i~

)

=

∫
dq′
( mω

2πi~ sinωt

)1/2
exp

[
−2imωq′2

~
sin2(ωt/2)

sin(ωt)

]
=

1

2i sin(ωt/2)
=
[
eiωt/2 − e−iωt/2

]−1
=

e−iωt/2

1− e−iωt

=

∞∑
n=0

e−iωtn−iωt 1
2 =

∞∑
n=0

e
t
i
ω(n+ 1

2
)

En = (n+
1

2
)~ω
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Wick Rotation
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Statistical physics: it
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Conclusion

Operator → integral formalism via small steps and 1 =
∫
dq |q〉 〈q|

Understand �
∫
D [q]� as ∝ limN→∞

∫
dq1 · · · dqN

Advanced computation e−F [ξ] det
(

1
2π

δ2F
δx(t)δx(t′)

)−1/2

.
Literature
..

.

Altland, Simons: Condensed Matter Field Theory

Negele, Orland: Quantum Many-particle Systems

Rajaraman: Solitons and Instantons

Fin
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