
9.Nou-ASeliauGaugetheon.es#

Motivation

• Safari only 0/4 and 4-VM4AM interaction ,

• Goats Construct interacting theories of vector particles : A
"
or @A)AZ ?

• Poobleui.mn Quantization of vector fields is complicated by negative -nom States of the
time component Ao :

[Am 1. To D= i gud" #- I') but goo = - gii

• Observation's In Maxwell theory , negative - warm slates are cancelled by longitudinal
polarization States . This is rooted in the

.

• Ideas : Generalize Maxwell theory ( o. QED , if matter is involved) to
gauge theories

with other symmetry groups.

• Spoiler: This type of theory turns out to descale all fundamental forces of nature
mum

(except gravity) .



G.1.Thebreouetxotfraugeluvan.ae#

1
.
¢ Local UN symmetry G of Dirac field

ixcx,

0/61 = e 4 for arbitrary q : 11243 -s IR

2.⇐ Construct invariant Lagrangian

3
. No problem without derivatives :

All terms invariant under global UC) transformations allowed (e.g . I 4*1 )

4
.
C) Directional derivative along n e IR

""
:

4kt en) - 4G )

under 4 := {IoT
4 Cxteu) and 4 Cx) transform differently under Ge

→ UMM ha, no simple transformation law

( UM dµ4T f- eid uMdµ4 but there are additional terms )



5. Postulate the existence at a
"

comparator
"
U : IR
"
x IR
"'
→ ¢ with transformation

ix. × ) = eid UHH e-
it

and UH,y) -

- r Gr)

[ we require U Cy,× ) = ei 04×1 ]

→ 44) and U x ) . 4G) have same transformation law

G . Covariant derivative :

ixia
G. a,

7. Assume U x) continuous →

U (x tea . x ) = 1 - ie EunAnh t 042) (9.3)

e : arbitrary constant

Aq : new vector field = ( gauge ) connection



8
. 4.3 ) in @ a ) I DµuxI=qux)tieA#

g. G.3) in G. it Iµ×,=Au⇐i-Id#
10

.

I 5mE×g=ei×"p€
→ DY transforms like 4

→ All terms invariant under global UK) transformations allowed if d is replaced by D

[ e.g .
I IDLY ]

11
. Conclusion :

Local symmetry → Gauge field Am needed for covariant derivatives



12 . Kinetic energy term for An ? ( only Am and its derivatives)

a) ¢ Locally invariant loop
Xtez ' Xt et't ee

Kl i. = U (x , Xt EI )
• C o

x U (Xt ET, Xt ET te I')

: :c:: it" ①
• 7 o

→ It = Ill by construction X Xt et

b) → Lll ⇐ , I t- ie 're @ Azcxi - O, Ark) ] t 063)
-

=:Fez

→ Fµ:=dmAu-duAn(Teld-sbeugt4teuioo
is locally invariant by construction



13.NO#ralgaugeiuanautLagaugauD3tn:

• Gauge invariance → Constructed from 4
,
DX

, Feu ,
@ Few etc . and globally Ud) - invariant

• Relativistic → Lorentz scalar

""

ii.im:7#
→ Most general PIT- symmetric Lagrangian : Maxwell- Dirac → QED



9.2.Theyauy-Millslagraug.ru#Goaf:-Replace local symmetry group UK ) by non
- a set -

au Lie
group G

Examples : OH ,
SUE )

, Suk) , . . . .

⑤ P-set is

1 . $ Lie Group G represented by uxu unitary matrices ✓

( Example: h -- Sue ) , ✓ = 2×2 unitary , complex matrices with def V -- r )

2
.

Fields 4= ( 4h , . . .
,4u)T are u -plea of Dirac fields 4; :

4 : 112 " ' → a
" ④ = a

""
and transforms as

0CxI=VyuxI=Vij④guj#
with V: 11213→ G arbitrary bispinor

3
. Gr Lie group → Lie algebra g with N Hermitian generators t

" (uxumatrixes
,
a -- de . . . .

N)

=) PES pp.
495 - 502

[ta, c- s ) = ; false fat
Einstein notation

that "4⑦
with www.ec.uaauts faked

.

'II:
"

%:"



→ Vex ) = exp [ixaxsta ] = rt i tax, fat 062)

4 . The "comparator
"
is now a uxu unitary matrix with transformation

it x) = ✓⑦ U Vtk ) and U# =L (9.4)

→

U (xteu ,
x) = It igehmArt

"
t O @ 2) Ge)

g : arbitrary coutant

Ama : N vector fields ( = gauge connections)

5. G.2) → Covariant derivative :

-igAft G. a)

Often Am := Am
" t "
(
( uxu matrix)



G.TrausformatiauofAe9saJ@sIiufs.y)

b) Use vcxteujvtx , I ate 4mV fdmvtcx, ] to @I

→ #I=IjtaV⇐⇐tgIµyVx ( exact ) (g. a)

acts on this

C) Om Vtk) not easy to evaluate → C) Infinitesimal transformation ✓+ Cx) x I:

✓Cx ) = rt id " Cx ) ta t O@y

* +
⇐ I = - i fix a fat O@ 2)

with fcba -- - fu" →

IjaAft1dmA9tf#€÷ ( infinitesimal )



7 . (9.2) in § . 6) → Transformation of Dm 4 :

BIM ( 9.8)

→ Day transforms like 4

Example : 4-Dm 4 is gauge invariant , 4-13/4 is both gauge- and Lorentz invariant

8
.
kinetic energy term for Af ?

a) Iteration of 19.8) implies TITI F - V Dudu 4
⇒ [in .TT ] I = V [Danny = VI. Do ] Vtu

Vtv

⇒ Eu, Eu ] = V [ Die . Do] Vt Csg )

b) On the other hand : (9.G) →

-igFfota:=[DmDu]wituFfu=qA5-%Ajtgfa"An
Fam, s N field-strength tensors ( Note : Fm := TH t " is a uxu creator- x )



c) & .gl → Fmu=Fn9t9=VEnVt
→ Fru is no longer gauge invariant

d) Simplest invariant team :

÷÷÷÷÷¥÷÷÷÷÷÷÷÷÷:÷÷



Note

Important : Fh n @A )
'
t f @A)AA t f

'AAAA
-

Interactions

→ Interacting QFT for f -1-0 ( = non - abelian) !

→ Gauge bosons scatter off eacce other

Exaurplei

Quantum Chromodynamics ( G - SU (3) ] (⑤ last lecture)

Gauge bosons = Gluons → Pure gluon vertices : → Bound States of gluons
Glue Salls

Hegge guys →Relatedto"YaY-tExistence and Mass Gap
"3.BioAllele •

&
.

Problem at the Clay

Mathematics Institute

( Millennium Prize Problems)



9.cocplediracfermioultoyaug-Miksgaugef.ec#

Lyu+D=TCiD/-Y4-¥⇐u
TWopaoaweterc.lu

: Fermion mais

g : Coupling constant ( hidden D and FZ)

→ Yang-Mills theories deserve all fundamental forces of the standard model!

(⑦ last lecture)
-

Code: D= gimpy = On VM#u - igAgresta F - (vyjtro = ytvtxozro

where rnta-rmxota-ram.tamn-crntaka.mu
.} = 4.to?IYII;xo4TYt

and Y : 11273 → a " ④ ¢
"

→ 4-4 is gauge invariant

Lorentz group
/ X

Gauge group

rz=exptIwnuS~) ✓= exp ( ixata)



Noted

The mass term AZ is not allowed as it is not gauge invariant !
Recall ht 42 and MIX create mais .

→ Gauge bosom of Yang -Mills theories are massless

In QED fine : photon is massless

Trostel

The weak interaction is short- ranged, i. e., its gauge bacon, Ut and Z have mass !

Solution

Higgs mechanism ⇐ next lecture)


