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.
The Dirac Equation
-

1. Observation Lorentz symmetry of the K G equation :

a) Coordinate transformations : X
'
- Ix t Field transformation : 0/4×4 = 0/61

b) C) of wine ( d
'
tour ) 0/9=0 Fx

c) → ¢
'
Cx) = ¢ X

- Tx) is a new solution :

(ga oudotun) G'* = [ guy-you do #Mode two ] 44-1×1
= (got dode turn ) ¢ (thx)

Solution

= tar ) ¢ (Atx) = O

2.0bseivati Vector fields under Rotations : OT'⇐1--124%2 - 'x)
→ In general a field 0/61 E Cl

"
can transform under LT as

Of = Mask) ¢b(A-ex) a = r . . . . . . h



where

Meynell 41mi" x ) E Mein) 0µm)
- '
x)

is a U- dimensional represent of the LG 50+6.3) .

3
.

We want afiA field equation :

( oldest m2) 0=0 ⇒ ( intort coast) 4--0

4
.

Then Gambino 1+2 )

a) Coordinate transformation : Xf=1x + Field transformation, ¢ "(X1) =Mt) &

b) ¢ ¢ with fiance, + cont) 01*1=0 Vx

c) Cohen is 64×1 = M 84-1×1 is neo solution ?

( inhofe + court) ol
'

= fine The dot coast] M lol x) to

M-141×1

⇒ [ i n-HILUM A -you dot coast) 0/4-4) i' O
-

tho
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How to find VM and MCA) ? Sot is) is a Liegroupi

• A = expf-izw.FM ]
'

I - Eon 2"

Into -- idgaf - seok )

• My -_ exp wars
" ] I- icons 's 6,21

hey, antisymmetric
4x4 tenor → 3 rotations (angles ) t 3 boosts ( rapidities)

→ Infinitesimal form of (3rd :

[pm, Sars ] I B)Muzio E i (gamps-grief) (3,3)



• LN → Lie acgelra of the Lorentz group :

no
,
Zeo ] : i (guezno-gnojo-goozmetgmozoejx.cc,

gas gas SM SM gas gas

6. Solution: Dirac 's trick : C) NM soca that
-

{M2°}=2gM°Iu×u(Diracaige#
Then smoeiqfrm.ro#C3.s)
satisfies the Lorentz algebra (3. 4) and 6,3)

.
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• At least 4- dimensional

• All 4- dimensional representations are unitarily equivalent



• We use the Lleyloepreseutatiay ( chiral representation)

no-fatoaudvi-f.o.io
• Henceforth : Az -Mt)

8
. Setting coast = -hi

,
we find

cirndu-Y.ge?0cy(PiraceguatioT#C3.g
9
.
The ceounpoueufs of the Dirac spinor field satisfy the UG equation :

(- irmou- cu) ( irodo- m) 4=0
-

I @ +my
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a) First try : 4+4 → 4
't
y ' = 4th Az y + yty
-

+I
→ Az is not unitary

b) Define J=Uty°(Diracadjoiu
I UT ' y

'
= UTtfAz 4 = 4-4 → Lorentz scalar

M.Lagraugia L%..=4TlirM0u-u
°→ Euler - Lagrange equations yield the Dirac equation



Note

• Let OM = X. IT and 8-ME Cr
,
- E) T and get = ¥0!)

→ Dirac equation :

( joy,
"Iom ) (¥.) -- O

¢ ¢2
• 4L and Xp are called left - and night - lauded Deadspin

• They do not mix under Lorentz transformations :

Soi = Cro,pi ] = - Iz ( Ogi Og ,) ( Boosts. autiheouritiau)

Si 's = If i. pig = I giik(004 guy C Rotations. hermitian)

Aside : 50+4,31 n SU x so

→ him ? II. 9. ¥:3:
. } r, : E. ol ④ 611111 : HH



• For W-- O
, the Dirac equation decouples into the DeyleguaAo

took = O and iod 142--0

3. 2 Free - Particle Solution of the Dirac Equation
-

r
. 6.6) ⇒ ( 02+4274=0 , therefore

# ± (x) = 4±(p) . et
×

with p2 -- air and p°= Ep > 0 (3.71

2
. (3.21 in co ) yields :

⇐ rupee - insulter -- ¥, E) ( ¥¥) -- o car,

3
.

Note : (⑦ Prophecieset 3)

° (To)(pE) =p> = m2

• Eigenvalues af TO and to : pot I → for m > O positive spectrum
→ pom , PEM are Hermitian and invertible



4
. ¢ HE = pom }± with arbitrary , normalised ( ( St)t(Et) -

- 7) spinor { tf 42

pom - PEM= M

(3,8 ) =) -upon {± I Po 4r±=0 ⇐ 4,z± = I Yz {
±
= ±poF{ ±

qt→ g g- → 2
5.Solutions yet→ u y

-

→ ✓ Basis States : {
S
for gtfo) and {

'
= (9)

( same for Zs )

Ita, =

pongs( pof gs ) e- " "

(positive frequency solution)I-cxi-T.tl/etiPxcuegaauefrequaryroluh
with T2 -- hi , pos O, 5=1,2
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• Orthonormal

Let TS = (Us)tr0 ,
and FS = @5) tr? then

* Tru s = 2ms
's and (ur)tUS = 2 Ep, Srs

* Tt vs = - 2ms's aced (F) +VS= 2 ⇐⇒ goes

* Tries = it' vs = O { (Urttvs to and (votes to i. g
.
}

* (644,57 vs I = (UHC- F) Us 1=0

• Spina

Let 1/3 -=VMBµ Feynman slash notation) , e.g . *= pupa
,
they

§ us Esp, = IT + Mitt

fs.ro)
§! vsfpjvcpl = Tf - m . #


