Solid State Theory, Exercises X

Prof. Hans Peter Biichler SS 2012, 11th of July 2012

The Bogoliubov-Valatin-Transformation

We consider the following Hamiltonian :

H— ,LLN = Z &Nk — Z [AkCLTCT—ki + AikccfkickT — Akbik(] . (1)
ko k

This Hamiltonian can be diagonalized by a suitable linear transformation to define new Fermi
operators ay, the Bogoliubov-Valatin-Transformation :

Ckt = Uy Ot + vkozT_ki
CT—M = —Vpot + ukoj_k¢
Okt = UKCkt — UkCT_M

o_g| = UkCLT + UkC—k|,

with |uk|? + Jvg|? = 1.

a)

e)

We first study this Hamiltonian for non-interacting fermions with A = 0. Demonstrate
that the new operators can be interpreted has hole creation operator for k < k;y and
particle creation operator for k > k.

We now study the superconducting situation with A = 0. Calculate explicitly the commu-
tation rules for the new operators ayg, {O‘LwakT} and {oyt, v_k| }, to get conditions on
uy and vy.

Rewrite the Hamiltonian in terms of the Bogoliubov operators ay,-.

To diagonalize this Hamiltonian we choose ug, v; such that the non diagonal terms van-
ishes. For this, regroup the terms proportional to a_y oy and aL ¢O‘T—k 1 in a system of
two equations and show that it gives us the condition :

Uk 2 9 _
— = = & + + A = Fy — 2
e §k £ /& + |Ak] k — &k (2)

and give the resulting condition on uy and vy in function of &, and F.

Using the previous results show that the Hamiltonian has the following form :

H—puN = Z(fk —FEx + Akbl*{) + Z Ek(OCLTOékT + aik¢a—kl)' (3)
k k

Solutions due on : 20th of July, 2012




