Chapter 2

Lattice vibrations

2.1 The adiabatic approximation. Hamitonian for
lattice vibrations.

We turn first back to the full Hamiltonian we discussed in the Introduction to these
lectures.

H = Hnuc + Hel + Hel—nuc ) (2]-)
where
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As we already said at the beginning, it is in principle a formidable task if we want to
solve the eigenvalue problem of (2.1). There is however, a clear distinction of energy
scales due to the fact that m/M ~ 1073 — 107, since we know that the mass of a
nucleon is approximately 1.800 times larger than that of the electron. This implies
that

kin.

ps <1 (2.5)

where by E¥™ we denote the kinetic energy of nuclei and electrons, respectively.
This means physically, that since the electrons are much faster that the nuclei, they
will be able to accomodate instantaneously to the position of the nuclei, in the time
scale that characterizes the motion of the latter. These are the conditions suitable
for the adiabatic approximation.
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20 A. Muramatsu - Solid State Theory

We are not going to give the demonstration of the adiabatic theorem (see e.g. A.
Messiah Quantum mechanics, Vol. 2 Sec. 17.2.4 - 17.2.7), but merely use it. For this
let us consider a time dependent Hamiltonian, where it changes over a time period
T and we parametrize the time evolution within this period by 7, as given below.

t—t

T:tl_t07 T T )

(2.6)

In our case we could think of H. + He_ e, Where the position of the nuclei will be
in general a function of time R; = R;(t), and T the half-period of oscillation of the
nuclei. The adiabatic theorem states that if €, €s,... are the eigenvalues of some
H(7), and the following conditions are fulfilled,

i) €;(7) # ex(7) for 0 <7 <1 for all i # k,
i1) and the change is such that the time evolution is made in a continuous way,

then, the time evolution operator Ur(7) obtained from the Schrédinger equation

ihd%_UT(T) =TH(r)Ur(T), (2.7)

where the Hamiltonian H(7) can be written as

H(r) = > &(r)Pi(r), (2.8)

with P;(7) the projectors to the subspaces, has the following property

lim Up(7)P;(0) = P;(7) lim Up(7) . (2.9)

T—o0 T—o0

That is, in the limit of an infinitely slow change of H, we can describe the evolution
by considering the instantaneous eigenvalues and eigenvectors of H.

7=0
Figure 2.1: Schematic evolution of the eigenvalues in the adiabatic limit.

The application of the adiabatic approximation for the treatment of lattice vi-
brations is known as the Born-Oppenheimer approximation. In this case we need to
solve a Schrodinger equation for the electrons as follows

(Het + Hetnue) ¥ (2, R) = Eo (R)¢ (z,R) (2.10)
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with

r = (:L'l,...,:cZN) s

R = (R,....ry) . (2.11)

where R give the instantaneous positions of the nuclei. Figure 2.1 gives a sketch of
the evolution of the eigenvalues for the electrons.

We can now propose an eigenfunction for the whole Hamiltonian (2.1) as a prod-
uct

V(x,R) = ¢ (x,R) P (R) , (2.12)

such that H applied on ¥ gives
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non-adiabatic part

Let us first notice, that if we multiply this equation by ¢* (x, R) and integrate over
x, the first line above gives us an effective Schrodinger equation for the nuclei. After
this, we consider the non-adiabatic terms. For the first one we have

3 * 6’17/) 3
/dwaRi - 28R/dw¢_o (2.14)
where we used the fact, that without magnetic fields, the wavefunction can be chosen
real, and that the total number of electrons cannot be changed by lattice vibrations.
For the second non-adiabatic contribution, let us estimate the departure of the nuclei
positions from the equilibrium one. For a harmonic oscillator we have § R ~ M ~1/4,
Hence, the relative amplitude of the oscillation should be

oR < m ) i
R M
where we formed a dimensionless ratio of masses with the only other available mass.

The change of the position of the nuclei from their equilibrium position, that we call
R, is

A (2.15)

R=R’+)\JR. (2.16)
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This allows us together with (2.10), to carry out a perturbation theory for ¢, such
that
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where in going from the first to the second line, we assumed the worst case that
the electrons are tightly bound to the nuclei, i.e. ¥ (x, R) = 9 (x — R). Since
EXn ~ \TAEKD Sand A ~ 0.1, we can neglect this term also.

nuc?

Neglecting the non-adiabatic terms, the lattice dynamics is described by the
following Schrodinger equation:

i;])\jfﬂz (R)+Uy(R)|®(R) = E®(R) . (2.20)

The determination of the potential
UR)=FE4(R)+ U (R) (2.21)

is still a rather demanding task. On the one hand, we should be able to deal with
the long-range Coulomb potential in Uy (R), but on the other hand, we know (we
will see this in detail later) that the long-range part will be screened by the electrons
(think about Gauf}’ law). Furthermore, although it is nowadays possible to calculate
at least the ground state for the electrons given the positions of the atoms in the
frame of the density functional theory, that inspite of the approximations involved
in the actual calculations works surprinsingly accurately, the determination of F,
is even within that approximation rather demanding if it has to be carried out for
many nuclei positions R;. We therefore, discuss general features of U (R) in the next
section, that will give us the main features that characterize harmonic oscillations
of nuclei in crystals.
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2.2 Hamiltonian for the harmonic lattice.
The dynamical matrix

We start here with a potential U (R) for the nuclei (or for the ions, in the case
that the electrons are tightly bound to the nuclei, like in the case of ionic crystals,
e.g. NaCl). Since we assume that U (R) describes some solid, there should be an
equilibrium position for the ions, that we call RY. They correspond to the minimum
of the potential, i.e.

Vs U 0=0. (2.22)

R\ g g

This means that if we restrict ourselves to small deviations fron the equilibrium
position, the potential U (R) can be expanded around the equilibrium position as
follows:

UWR) = U(R)+33 Dy (RLE]) (R-R) (R~ F),
4]
o,B

+ higher orders , (2.23)

where o, = x,y, z, and

0*U

Doy (R RS) = gpm

(2.24)

R
If higher orders are neglected, one has the harmonic approrimation. Let us denote
the small deviations from the equilibrium position

ua = (Ri—RY) . (2.25)

and we finally arrive at the Hamiltonian of the harmonic lattice:

Hy = Y 2M + 52 Dap (RY, RY) tiaujp - (2.26)

This is nothing else than a set of coupled harmonic oscillators, where the coordinates
and momenta fulfill the canonical commutation relations

[um, leg] =1ih 5@']'50{6 . (227)

In order to obtain the eigenmodes of the coupled harmonic oscillators above, we
discuss next, the symmetry properties of Dyg.

2.2.1 Symmetry properties of the dynamical matrix

We discuss first the symmetry properties of D,g (R?, R?).
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1. Dy (R?,R?) = Dg, (R?,R?). This results from (2.24), that is, D,s is a
second derivative.

2. Since the system is periodic, Dq,g (R?, R?) = Dgp (R? + R}, R? + Rg) vV RY.
This implies D,g (R?, R?) = Dyp (R? - R?)

3. Dag (R? — R?) = Dggp (R? — R?) due to inversion symmetry.

4. Let us consider a small deviation from the equilibrium position that is the
same for all the atoms. In this case we have

> Das (R — R)) wiawsp = N Zﬁ Uatis Y Dag (R) — RY)) = 0(2.28)
i,j «, %

,
o,B

since a rigid translation of the lattice cannot change the potential energy (R).
Therefore, D,z fulfills the following sum rule

> Das (R~ Rj) =0, (2.29)

The result of point 2 implies that we can Fourier transform D,z as follows
Dag(@) = Y Dap(R)) exp (iq-RY) . (2.30)

where we used periodic boundary conditions. D,s (q) is called the dynamical matrix.
Using the symmetry properties discussed in the points 1-4 above, we can also
obtain the symmetry properties of the dynamical matrix.
i) From point 3 (inversion symmetry), we have D3 (q) = Dag (—q).
it) From points 1 and 2 we have Dg, (—q) = Dag (q).
ii4) Since D, (R?) is real, D}5(q) = Dap (—q).
After having #i7), we can use %), and we finally have

D3 (q) = Dga (q) (2.31)

i.e. the dynamical matrix is hermitian, and hence, it can be diagonalized, and the
eigenvalues are real.
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2.2.2 Normal modes of the harmonic lattice

Once we have seen that the dynamical matrix can be rendered diagonal, we look for
a solution of the harmonic Hamiltonian (2.26). If we have translational invariance,
by e.g. setting all masses equal, it is better to go over to Fourier space:

ug = \/_Zu,exp iq-R;) ,
Pg = — > Piexp(ig-R)) , (2.32)
q \/N :

such that for the kinetic and potential parts of the Hamiltonian (2.26) we have
i) Kinetic part

S S Py Py Tewliatd) R
- -Pqg Y expl|—i - R;
~3M ~ 2MN fg 9T S OPITETA
Nég g
1
i1) Potential part
1 0 10 1
§ZDO,5 (RZ,R]) Ui Ujg = 52 a ) Uqg (234)
S d
Putting both parts together, we finally have
1 1
Hh - Z 2M Pq P_q + 5 Z u_q@ Dag (q) Uqﬂ . (235)
q Q’,ﬁ

Next we make use of the fact that the dynamical matrix can be diagonalized. This
means, it fulfills an equation of the form

ZDaﬁ )ews (@) = Du(q) ea(q) (2.36)

where D, (q), v = 1,2,3, are the eigenvalues and e, (q) the eigenvectors. The
eigenvectors fulfill the conditions of orthonormality and completeness

e e, = Oy,

> evaus = Oag - (2.37)

Once we have the eigenvectors, we can expand both ug and Pgqg in terms of the
eigenvectors, leading to the following definitions

ug = uq-e(q),
Py = Pq-e (q) . (2.38)
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With these definitions, we can translate the harmonic Hamiltonian (2.35) in a form
that is diagonal with respect to the eigenmodes of the dynamical matrix. In order
to see this, we consider again the kinetic and potential parts separately.

i) Kinetic part

Pqg-P.q = Y PyPy

— &3 8 v v
_ z; P§ evaeus PPq = Z Py Py . (2.39)
it) Potential part
Y u-qaDas(q) ugs = Y U-gaCua iy Dys(q)ews eusug,s
s R A S T
" “q vy Du(q)euy uq
= > u’qD, (q) ug - (2.40)

With the help of the manipulations above, we have

mo— 2y [T I ) g 2.1
h — 2M 2 wy q u_qu 5 .
q v=1
where
D, (q
w, (q) = j\/‘([ ) ) (2.42)

Equation (2.41) clearly shows that we have a collection of harmonic oscillators with
frequencies w, (q).

As we already know from lectures on quantum mechanics, it is possible to intro-
duce creation and annihilation operators, such that we have a very explicit diagonal
form for the Hamiltonian. With such a transformation we introduce the elements of
second quantization, where we have a space of states characterized by occupation
numbers (Fock-space). The relationship between creation/annihilation operators
and position/momentum operators is

Muw, (q) i
bg = (2Dt pr|
1 2h [uq+M% (q) ql
Mw, (q) i
ol o= =y © pro | 2.4
vd 2h [uq Muw, (q) q] (243)

These operators satisfy the canonical commutation relations for bosons, namely

b big] = dudqq
bugbug] = |tlg:big] =0 (2.44)
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Furthermore, we can define an occupation number operator bj,q byq = f,q that
counts the number of excitations for a given state:

’fLVq | nuq > = nuq | nuq > . (245)

As a consequence of the commutation relations (2.44), it can be shown that

bl,q"n,,q> = ,/n,,q\nl,q—1>,
blglnug> = \frug+1lng+1>, (2.46)

and hence the name annihilation and creation operators. By annihilating bosons on
a given state, a state without bosons can be reached where

bg|0> = 0. (2.47)

This state is called the vacuum.
By expressing the Hamiltonian (2.41) with the creation and annihilation opera-
tors, we have finally

H, = Y ) hw,(q) (bj,q b.q + %) : (2.48)

q v=1

where bj,q, b,q create /annihilate a phonon with wavevector g on the branch v. The
ground state of the system is the vacuum, with a zero-point energy

By = 5 Y he(a) (2.49)
q.v
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Figure 2.2: Phonon dispersion in a Bravais lattice. L denotes the longitudinal mode,
whereas T the two transverse modes.

The branches correspond to the fact that we had a system with one atom per
unit cell (the one we obtained by choosing M; = M), such that three degrees of
freedom were present per site, and hence, the same number of modes appears per
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g-point. Given the wavevector g for the phonon, there is one mode longitudinal
mode (L in Fig. 2.2) polarized parallel to g and two transverse modes (T in Fig.
2.2) polarized perpendicular to g. As we discussed it before, we need only to plot
the dispersion inside the first Brillouin zone, since in this case, it contains all the
physical information.

2.3 Density of states, internal energy, and specific
heat.

After obtaining the phonon spectrum in the harmonic approximation, we discuss an
important concept when dealing with spectra, namely the density of states. We
denote it by g(w), and

g(w) dw: number of phonon-modes/ unit volume in the interval [w,w + dw].

It can be calculated in the following way:

g(w) = ZZ [w —wy (
q v=1

= (271T)3 /BZ d?q Zl dw—w,(q)] . (2.50)

We can then easily see, that the density of states fulfills a sum rule, i.e. an exact
relationship that in general appears when summing some physical quantity over its
argument.

[Lore = £¥ 3

> v=1

= 3-=3.n, (2.51)

N
Vv
where we denote with n the particle density, in this case the nuclei density. A very
simple model to describe phonons is the Debye model, where it is assumed that all
phonon branches have a linear dispersion up to a maximal cutoff wavevector qp.
The material is assumed completely isotropic, such that all the states should be
contained inside a sphere with radius

T = Y, (2.52)

such that we can determine the cutoflf wavevector as

3n

gp = 2w (E) . (2.53)
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We can now calculate the form of the density of states within the Debye model.

3
) = = [ dgiw-c)
(271’) q<4D
3 w
= —— dg 6 (w—c
2 o T (w —cq)
_2 _w — .
_ { (%)02 “s w <wp =qpc: Debye energy (2.54)
W > Wwp

Once the density of states was obtained, we can calculate several physical quantities.
One of them is the internal energy

= s ey

~ w h
=0 / " dww? hw exp L. VLS (2.55)
0 /{ZBT

From this we can obtain the temperature dependence of the specific heat:

1 0U T—0 127T T 3
- -2 2.56
VT Vear s (eD) ’ (2:56)
where we have assumed that the Debye model applies, and we defined
h
op = 2 (2.57)
kp

the Debye temperature. On the other hand, for very high temperatures, we obtain
the well known classical result by Dulong - Petit, i.e.

T — o0 cy = 3nkp . (2.58)

2.4 Lattice with basis

Here we consider the effect on the spectrum of having F' > 1 atoms per elementary
cell. The deviation from the equilibrium position will in general be denoted by uf,,
with p=1,...  F, i.e. it describes the deviation of the p-th atom in the elementary
cell 7 in the direction . In the same way, we have to generalize the dynamical matrix,
or its Fourier transformed in real space. In particular, the harmonic potential energy
is described by

1 / /
Uharmonic (R) = 5 Z DZ% (Rg]v Rg]) uipa u;ﬁ ) (259)

pp’



30 A. Muramatsu - Solid State Theory

whereas the kinetic energy is simply generalized by

N sz
Tkintic - — . (2 60)
2500

i,p

From the discussion above, it is clear that now the dynamical matrix is a 3F x 3F
dimensional matrix, and hence, after diagonalization, there will be 3F' eigenmodes
per each value of the wavevector q. From them, 3 will be acoustical modes and the
rest constitute 3F — 3 optical modes.

|

Figure 2.3: Example for the phonon dispersion in a solid with 2 atoms per elementary
cell.



