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Exercise 1 - Fermionic Commutation Relations (2 points)

Consider the Hamiltonian for the H?* molecule in second quantization
H= Eo(cJ{cl + cécz) — t(c];CQ + c;cl), (1)

where c; 2 are Fermionic annihilation operators for electrons at the proton positions 1,2, Fy is
the ground state energy of the system when the two protons are infinitely apart, and t is the
hopping of electrons between positions 1 and 2.

(a) Define new Fermionic (A)nti-bonding and (B)onding operators as

cA = i((31—62)7 (2)
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cg = ——=(c1 + c¢9), 3
Tl te) )
and show that they obey anti-commutation relations;
(b) Prove that in terms of the new variables the Hamiltonian reads

H = (Eg 4 t)chea + (Eo — t)chep. (4)

Exercise 2 - Tight binding chain in second quantization (4 points)

Consider a 1D tight binding model with N sites and periodic boundary conditions. The Hamil-
tonian is given by

N
H = _tz (aLan+1 + a:r@+1an) (5)

where t is the hopping matrix element between neighbouring sites. a;rl and a, are creation- and

annihilation operators for (spinless) Fermions at site n.
(a) Show that the particle number operator N = a}, a,, commutes with the Hamiltonian.
(b) Diagonalize the Hamiltonian by means of an appropriate operator transformation.

(¢) Check that the new creation and annihilation operators c};, ¢ also satisfy canonical anti-

commutation relations.

(d) Show that [ng, CL,] = 5k,k’02 and derive the commutator of H with CL.

(e) Using (d), show that if |F) is an eigenstate of H with energy E, then CL|E> is also an
eigenstate with energy E + €(k), where €(k) is the single particle tight binding dispersion.
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