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Motivation

Single particle: express operators in terms of X and p
— natural representation = coordinate representation

(eigenfunctions of position operator X)

System of identical particles: 2nd quantization, express
operators in terms of b’ and b

— natural representation = coherent state representation

(eigenstates of annihilation operator b)

Coherent states provide important representation for path
integral formalism of many-particle systems

Coherent states represent the most classical-like states
(eg: AR Ap=15, (E)#0)
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in nature: only totally symmetric or antisymmetric states
are observed = Hy = By ® Fn

construct By by symmetrization operator: By = PgHy
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Hilbert space for N particless Hy =HOH X ... QH

N times
in nature: only totally symmetric or antisymmetric states
are observed = Hy = By ® Fn

construct By by symmetrization operator: By = PgHy

physical bosonic system: no restriction on total number of

o0
particles N = Y n,, nor on particles n,, in state |a;)
i=1

— Fock space: B=By®B1® ... = 2,8,
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Systems of identical particles

Hilbert space for N particless Hy =HOH X ... QH

N times
in nature: only totally symmetric or antisymmetric states
are observed = Hy = By ® Fn

construct By by symmetrization operator: By = PgHy

physical bosonic system: no restriction on total number of

o0
particles N = Y n,, nor on particles n,, in state |a;)
i=1

— Fock space: B=By®B1® ... = 2,8,

— ONB for B: {|0),|a1),|a1aa),...|a1a...ci;...) , ...}
={|nayNas - No; Y} ={|mn2 ... nj )}

— construction: |ajag...ay) = —= bibg b;f\,\O)

\/W
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» b' and b provide representation for many-particle states
and basis for many-body operators

» Definitions:

bT and b

Voi+1 |mny .o +1.0)
\/IT,' \nlng o N — 1..

ni |mng ...onp .

b,T [niny ... nj ..
b; = (bj)Jr = b; |n1n2 o n; >

Pi=blb = filnny .. nj ..
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Creation and annihilation operators

» b' and b provide representation for many-particle states
and basis for many-body operators

» Definitions:

Voi+1 |mny .o +1.0)
\/IT,' \nlng o N — 1 >

ni |mng ...onp .

b,T [niny ... nj ..
b; = (bI]L)Jr = b; |n1n2 o n; >

Ai=blb = B [niny ... nj..)

» bl and b operate in Fock space instead of Hilbert space
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Creation and annihilation operators

bt and b provide representation for many-particle states
and basis for many-body operators

Definitions:
Voi+1 |mny .o +1.0)
b,' = (bI]L)]L = b,‘ |n1n2 ... Nj > = \/IT, \nlng on—1 >

Ai=blb = B [niny ...nj...) = ni |mng ...onp .

b,T [niny ... nj ..

b' and b operate in Fock space instead of Hilbert space

symmetry property = commutation relations:

[bl.b]]=0=1[bi,b] and  [b;,b]] =0

177
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— permanents as natural basis of B

_ Per(iu, (7))

N

wal.‘.aN(Fh FN) = (Fl ?N |Oz1 aN>

» now second quantization: (X,p) — (b&,ba)

— basis of eigenstates |®) of annihilation operator b

—— coherent states as a more suitable basis of B
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» normally: basis of position eigenstates |F)

— permanents as natural basis of B
_ Per(t0,(7))

Vorow(f o ) = (A vl o) /Tt
«

» now second quantization: (X,p) — (b&,ba)

— basis of eigenstates |®) of annihilation operator b
— coherent states as a more suitable basis of B

— is not an ONB but spans the whole Fock space
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= |9 = bLJ. |®) o |P) is not possible
= bL cannot have an eigenstate
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consider general state |®) of Fock space B:

|<D> = Z Z ¢a1...an |041 oz,,>

n=0 aj...ap

= Z q)nal...nal_,,, |na1 coe Ny >

Motivation

— @) = bjxj |®) = ni, = na; + 1 for every component
= (component of |®) with lowest N) ¢ |®’) anymore
= |9 = bLJ. |®) o |P) is not possible
= b}, cannot have an eigenstate
— but: [®”) = by, [®) = n = no; — 1 for every component

= since ny; € {0,00}, |®") oc|®) is possible
= b, can have an eigenstate |®)
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assuming |®) is eigenstate of any b, = by, |®) = D, |P)

convenient expansion: |®) = > CIJ,MI,”””I,_”\nul...n,\,...>

Naq s Moy

= /Ny qDn(yli..nw’...i = q)a,-(bnul...nal.—l...

ele” N No
o, Pono1 ®
o X o g aj;
= q)n(yl...n(,. — 1 (Dn(,lu.O.“ — ] T
A ! Ne Naq * Ne
Construction

tna tna:
b ot b .’

using [, .0, = \/% n"'---\0>:
¥ * aj:
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assuming |®) is eigenstate of any b, = by, |®) = D, |P)

convenient expansion: |®) = > CIJ,MI,”””,_”\n(ll...n”,..)
1
Naq s Moy
= /Ny (Dnali..nu’...i = cl)oz,-cbnul...nal.—l...
Na; Noy noy;
d)(ll‘ q)(!l q)(!i

Naq -o-Nayj oo n“i! n(,l.“O.“ \/rll W

using [, .0, = \/ﬁ W\O}
o aj:

XX (g bT &~ (Dbl )i
DA VI | G v |0y = [ X
Naygse--Nag, i=1 Ne; !

= gexp (CbabL) |0) = |exp <Z ¢ab£> 0)




Boson
coherent

states Properties and consequences

Useful relations

bo [P) = Do |®) =  |®) = exp (Z%bL) 0)




Boson
coherent

states Properties and consequences

Useful relations

bo [®) = @, |®) = |®) = exp (Z ¢abL> 10)

= adjoint expression:

(@b = (0|0 = (¢ = (0]exp <Z¢Zba>

Properties




Boson
coherent

states Properties and consequences

Christian Useful relations

Zimmer

bo [®) = @, |®) = |®) = exp (Z d)ozb:;) 10)

= adjoint expression:

(@b = (0|0 = (¢ = (0]exp (Z%%)

Properties

action of creation operators on coherent states:

bl ) = bl,exp (Z%bb) 0= o |9

«
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bo [®) = @, |®) = |®) = exp (Z d)ozb:;) 10)

= adjoint expression:

(@b = (0|0 = (¢ = (0]exp (Z%%)

Properties

action of creation operators on coherent states:

bl,|®) = bl exp (z%bg,) 0) = af) )

«

= adjoint expression:

. d
(®] by = (d|exp (ZdJa,ba/) bo= 5o 1)
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NGyq reee M peee

n 1

Overlap
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¢*”a1 ¢*”ai o/ 1 e
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| /o
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/ /
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q)* C“1 ¢*0ﬁi q)/aoq ,oﬁ
(o) = 3 R &
Nagy -"ll,'v nal na". n nai
NGy ~-"£1,-»~
/ /
X Moy oo N e[ My oMy o)
Properties [oe]
,1;[16"%"3;
/ n, / Ne -
_ § : ((D*al(b Oé1) 1 ((D*aid) Dli) i
Nay ! Ne;!

NagseNag e
= HZ(CD ¢ = exp Zd)*ad)’a

= coherent states are neither orthogonal nor normalized
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Overcompleteness
closure relation:

Il / LA p<—Z¢:¢a> @) (0] = 1

Proof:
1) Start with state |n) € B representing n particles in state |a)

dO*dd 4eq [0 dD g O° o+
el = [ SRS T (T

C C
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Overcompleteness
closure relation:

1/ %5 oo (- S eo. ) 0101 = 10

Proof:
dO*dD _4ug dO*dD _4ep " o*m
o) (P = - i
[l = [ > )t =

C C
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Overcompleteness

closure relation:

Il / ad® orp (—Z%%) @) (0

Proof:

/

dd*do
2

=

e o) (]

p dp do

e P

/

2

do*do
2w

(pe

n,m

)

V!

ef¢¢§:

n,m

ze)n (pe—zé)m

Vm!
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a> |®)(®] = 15
Proof:

/d 2:: e /d Y T;! ) tml \/*m!
C m
d d9 _ Z —0

— B —p2 z(n—m)@
/dee gim /dé?e [n) (m|

closure relation:

do’dd,
H/ 2

Properties
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a> |®)(®] = 15
Proof:

/dfg;c:CD _o* ¢|¢ /d¢' dCD ¢*¢Z\<I/>%|n> <m| d\;’:ni'
c n,m
d d9 B —w0ym
vt [ [rdd 2; (pm) 1) (|

— B —p2 z(n—m)@
/dee Zim /dé?e [n) (m|
n,m N——

278 nm

closure relation:

do’dd,
H/ 2

Properties
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a> |®)(®] = 15
Proof:

/dd;;c:d) 00 0y (0 /d(b do ¢*¢Z%|”> (m q>>::!
C nm
pdpdo _ )" (pe=?)m
=[] O R

— B —p2 z(n—m)@
/dee Zim /dé?e [n) (m|
n,m N——

278 nm

2 2 o
= Y2 [aetm

n

closure relation:

do’dd,
H/ 2

Properties
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a> |®)(®] = 15
Proof:

/dd;;c:d) 00 0y (0 /d(b do ¢*¢Z%|”> (m q>>::!
C nm
pdpdo _ )" (pe=?)m
=[] O R

— B —p2 z(n—m)@
/dee Zim /dé?e [n) (m|
n,m N——

278 nm

2 2 o
= Y2 [awerm e

n

closure relation:

do’dd,
H/ 2

Properties

= 1r(n+1) = in! for neN
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a> |®)(®] = 15
Proof:

/dd;;c:d) 00 0y (0 /d(b do ¢*¢Z%|”> (m q>>::!
C nm
pdpdo _ )" (pe=?)m
=[] O R

— B —p2 z(n—m)@
/dee Zim /dé?e [n) (m|
n,m N——

278 nm

= Z% /dp efpzpz"+1 [n) (n] = Z [n) (n

n

closure relation:

do’dd,
H/ 2

Properties

= 1r(n+1) = in! for neN
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Proof:
1) Start with state |n) € B representing n particles in state |a)

do*dd g
Properties ¢
/ 21w [©) Z )

C
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closure relation:

Il / LA p<—2¢:¢a> @) (0] = 1

Proof:
1) Start with state |n) € B representing n particles in state |a)

dO*dd g6
Properties ¢
/ 21w [©) Z )

C

2) now: set of states {|a)} = |n) = |[nay ... Ng,; .. .)

doxdo .

“TarTa =3, 0% o) (b
H/ € |®) (P
*c
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closure relation:

Il / LA p<—2¢:¢a> @) (0] = 1

Proof:
1) Start with state |n) € B representing n particles in state |a)

dO*dd g6
Properties ¢
/ 21w [©) Z )

C

2) now: set of states {|a)} = |n) = |[nay ... Ng,; .. .)

dordd, o o

2

Z|na1... Nay o) {Noy -+ Ny - - -

{"a
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Overcompleteness
closure relation:

Il / LA p<—2¢:¢a> @) (0] = 1

Proof:
1) Start with state |n) € B representing n particles in state |a)

dO*dd g6
Properties ¢
/ 21w [©) Z )

C

2) now: set of states {|a)} = |n) = |[nay ... Ng,; .. .)
do;do .
83 ol _an)a(ba Cb (b = ... =
|a|/ e € ) (@]

= ) Ny fay ) (Nag - o -]

{”a

I
=
o]
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> representation of arbitrary state |¢):
I/ #52% e (~ S 020, ) (010 10
f dr (Flv) |7)

Fremie with (®[1)) = 1)(*): coherent state representation of |¢))
cf.: (F]y) = 9(F): coordinate representation of |¢))

) = 1-19) =
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coherent state representation
vs. coordinate representation

coherent
states

H/ do’ do,
— 2171'
f dr (Flv) |7)
Fremie with (®[1)) = 1)(*): coherent state representation of |¢))
cf.: (F]y) = 9(F): coordinate representation of |¢))
> representation of bjy, b, and X, p respectively
<I>* (oY) =

> representation of arbitrary state [¢))
e (- S 0u0, ) (010} 0)

) = 1-[¢)

1>
©

bl, = @,
0
b = oo

>

(@[pl|w) = @3 (@y) =
0

Olbali) = gz (B18) = e-v(®) =

9. (in coordinate representation)

7 and

cf: =
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Properties
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coherent state representation:

simple form of matrix elements of normal-ordered
operators A(bl, b) (normal order: all b, to the left of all by,):

(PJA(BL, ba)|®) = A(®F, 07,) (®|¢)

A(®, ¥,) exp (Z ¢Z¢;>

Properties
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Matrix elements
coherent state representation:

simple form of matrix elements of normal-ordered
operators A(bl, b) (normal order: all b, to the left of all by,):

(PJA(BL, ba)|®) = A(®F, 07,) (®|¢)
A(®, ¥,) exp (Z ¢Z¢;>

e.g.: two-body potential V =1 > (Au|V|vp) b;b;;b,,bl,
AN”/’T
= Apvp
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Matrix elements
coherent state representation:

simple form of matrix elements of normal-ordered
operators A(bl, b) (normal order: all b, to the left of all by,):
(PIA(BL, ba)|®') = A(®7, @) (¢]0)

A(®, ¥,) exp <Z ¢Z¢;>

e.g.: two-body potential V =1 > (Au|V|vp) b;b;;b,,bl,
AN”/’T
= Apvp

1
(®IVIO) = =D Vi (®]b{b]byby ")
Apvp
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Matrix elements
coherent state representation:

simple form of matrix elements of normal-ordered
operators A(bl, b) (normal order: all b, to the left of all by,):
(PIA(BL, ba)|®') = A(®7, @) (¢]0)

A(®, ¥,) exp <Z ¢Z¢;>

e.g.: two-body potential V =1 > (Au|V|vp) b;b;;b,,bl,
AN”/’T
= Apvp

1
(®IV[O) = = > Vi (®]bLb]byby|®")
Apvp q

= D07 (007) P B,
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Matrix elements
coherent state representation:

simple form of matrix elements of normal-ordered
operators A(bl, b) (normal order: all b, to the left of all by,):
(PIA(BL, ba)|®') = A(®7, @) (¢]0)

A(®, ¥,) exp <Z ¢Z¢;>

e.g.: two-body potential V =1 > (Au|V|vp) b;b;;b,,bl,
AN”/’T
= Apvp

1
(®IV[O) = = > Vi (®]bLb]byby|®")
Apvp q

= D07 (007) P B,

1
=3 D V@305 0 exp (Z ¢Z,¢;>
«

Apvp
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Properties
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= |{(n1...n;... ——1my...m;j...
|< 1 i |m12m'17[ m| 1 i >|

Properties
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» prob(ny...n;...) = |(ny...n;...|®) |2
_ ) o 2
= |{ny...n;...] ml,.;n,-,... H ﬁ|m1...m,...> |
¢; 2n;
= H | nl!

1
— independent Poisson distribution for each n;
with mean value |®;|?

Properties
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Poisson distribution

» prob(ny...n;...) = |(ny...n;...|®) |2
o
= |<n1...n,-...| Z H \/"77|m1m,>|2
my,...Mj,... 1
_ |®; 27
- H I'I,'!

1
— independent Poisson distribution for each n;
with mean value |®;|?

Properties

» average value of the total number of particIeS'

~ _ (o|No Za(¢\blba|¢> >, PL(d|d)O
N = <<<|1>\q|>>> ) (®[®) Z|‘D 2




Boson

coherent .
states Properties and consequences
‘Z'z”]‘;f:"‘ Poisson distribution
» prob(ny...n;...) = |{n1...n;j...|®)|?
_ _ o 2
= |{ny...n;...] ml,.;n,.,... H m|m1...m,...> |
¢; 2n;
= H | nl!

1
— independent Poisson distribution for each n;
with mean value |®;|?

Properties

» average value of the total number of particIeS'

~ _ (o|No za<¢\bLba|¢> >, PL(d|d)O
N = <<<|1>\q|>>> ) (®[®) Z|‘D 2

=|

> variance: 0 = (R2) — ()" = G0 (“‘;g,’m”) =




Properties and consequences
Poisson distribution

Boson
coherent
states
Christian
Zimmer
» prob(ny...n;...) = |{n1...n;j...|®)|?
o
= |<n1...n,-...| Z H \/,'nf,,|m1m,>|2
my,...Mj,... 1
¢; 2n;
= H | nl!
1
— independent Poisson distribution for each n;
with mean value |®;|?
Properties
» average value of the total number of partlcles
N — (o[Ne) _ Za<¢\blba\¢> TP (PP)0 2
N = e @) ) Z|‘D |
_ 2 An2 _ (B[R2|0) (@[N®)\ - g
(A2) — () = @it (o) g

> variance: o
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> relative width:
< in TD-limit: coherent states sharply peaked around N
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Summary

2nd quantization: (%X,p) — (b, bs)

being eigenstates of b,, coherent states |®) provide a
useful representation for states € Fock space B

o) = 5“2 0 = oo (Toutt) 0

=1nq;

bT no;
l

neither orthogonal nor normalized,
provide overcomplete basis of Fock space B

and b, = 52

A

coherent state representation: bf, = ¢

*
a *
o4

>t
oy

cf. coordinate representation: X —1
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» 2nd quantization: (%,p) — (b}, b.)

» being eigenstates of b,, coherent states |®) provide a
useful representation for states € Fock space B

~jo) = TS 2™ o) = e (Soutt) 0

i=1nq;

¢bT no;
l

» neither orthogonal nor normalized,
provide overcomplete basis of Fock space B

Summary

» coherent state representation: b}, = ®* and b, ag*

A

cf. coordinate representation: ¥ =7 and p= —zha?

» each n; in |®) is Poisson distributed and coherent states
become sharply peaked around N in TD-limit

» coherent states provide important representation for path
integral formalism of many-particle systems
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