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Coherent state

Coherent state

Coherent states |ϕ〉 are eigenvectors of the annihilation
operator i

i |ϕ〉 = ϕi|ϕ〉

Representation by number states

|ϕ〉 = e
∑

α
ϕα

†
α |0〉 ; 〈ϕ| = 〈0|e

∑

α
ϕ∗α α

Closure relation
∫ ∏

α

dϕ∗α dϕα
2π e

−
∑

α
ϕ∗αϕα |ϕ〉〈ϕ| = 1

Trace of an operator

tr A =
∫ ∏

α

dϕ∗α dϕα
2π e

−
∑

α
ϕ∗αϕα 〈ϕ|A|ϕ〉

Matrix elements of normal-ordered operator

〈ϕ|A
�

†α, α
�

|ϕ′〉 = A
�

ϕ∗α , ϕ
′
α

�

e
∑

α
ϕ∗αϕ

′
α
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Path-integral for bosonic particles

Path-integral for bosonic particles

Break finite time interval into M infinitesimal steps ε

e−

ℏH(tƒ−t) =

�

e−

ℏεH

�M
; ε =

tƒ − t
M

Notation: initial state |ϕ〉 = ϕα,0 ; final state |ϕƒ 〉 = ϕα,M

K(ϕ∗α,ƒ tƒ ;ϕα,t) =〈ϕƒ |e
− 
ℏH(tƒ−t)|ϕ〉

= lim
M→∞

〈ϕƒ |e−

ℏεH1M−1e−


ℏεH1M−2...11e−


ℏεH|ϕ〉

= lim
M→∞

∫ M−1
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

e
−
M−1
∑

k=1

∑

α
ϕ∗α,kϕα,k

×
M
∏

k=1

〈ϕk |e−
ε
ℏ H

�

†α ,α
�

|ϕk−1〉
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Path-integral for bosonic particles

Path-integral for bosonic particles
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∏
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∏

α

dϕ∗α,kdϕα,k
2π

e
−
M−1
∑

k=1

∑

α
ϕ∗α,kϕα,k

×
M
∏

k=1

〈ϕk | : e−
ε
ℏ H

�

†α ,α
�

: +
��

��*
0

O
�

ε2
�

|ϕk−1〉

= lim
M→∞

∫ M−1
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

× e
−
M−1
∑

k=1

∑

α
ϕ∗α,kϕα,k+

M
∑

k=1
ϕ∗α,kϕα,k−1−

ε
ℏ

M
∑

k=1
H
�

ϕ∗α,k ,ϕα,k−1
�

= lim
M→∞

∫ M−1
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

eS(M,ϕ
∗,ϕ)
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Path-integral for bosonic particles

Trajectory and continuous notation:

ϕ∗α,k
(ϕα,k−ϕα,k−1)

ε ≡ ϕ∗α (t)
∂
∂tϕα(t) ; lim

M→∞
ε
M−1
∑

k=1
→

tƒ
∫

t

dt

S = − lim
M→∞

M−1
∑

k=1

∑

α
ϕ∗α,kϕα,k+

M
∑

k=1

ϕ∗α,kϕα,k−1−
ε

ℏ

M
∑

k=1

H
�

ϕ∗α,k, ϕα,k−1
�

=
∑

α
ϕ∗α,Mϕα,M−1−

ε

ℏ
H
�

ϕ∗α,M, ϕα,M−1
�

+ lim
M→∞



ℏ
ε
M−1
∑

k=1

�

ℏ
∑

α
ϕ∗α,k

�

ϕα,k−ϕα,k−1
ε

�

−H
�

ϕ∗α,k, ϕα,k−1
�

�

=
∑

α
ϕ∗α (tƒ )ϕα(tƒ ) +



ℏ

tƒ
∫

t

dt
�

ℏ
∑

α
ϕ∗α (t)

∂ϕα(t)

∂t
−H

�

ϕ∗α (t), ϕα(t)
�

�

︸ ︷︷ ︸

L(ϕ∗(t),ϕ(t))
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Path-integral for bosonic particles

Propagator

K(ϕ∗α,ƒ tƒ ;ϕα,t) =

ϕα(tƒ )=ϕα,ƒ
∫

ϕα(t)=ϕα,

D
�

ϕ∗α (t)ϕα(t)
�

e
∑

α
ϕ∗α (tƒ )ϕα(tƒ )

×e

ℏ

tƒ
∫

t

dt
�

ℏ
∑

α
ϕ∗α (t)

∂ϕα (t)
∂t −H

�

ϕ∗α (t),ϕα(t)
�

�

Measure

D
�

ϕ∗α (t)ϕα(t)
�

= lim
M→∞

∫ M−1
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π
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Partition function for bosonic many-particle systems

Partition function for bosonic many-particle
systems

Grand canonical ensemble:
⇒ Hamiltonian = (H - μN) with N =

∑

α
†αα

Z = tr
�

e−β(H−μN)
�

=
∫

∏

α

dϕ∗αdϕα
2π

e
−
∑

α
ϕ∗αϕα 〈ϕ|e−β(H−μN)|ϕ〉

Notation: ϕα,0 = ϕα ; ϕ∗α,M = ϕ
∗
α ; ε = β

M

Wick-Rotation: t = -iτ ; τƒ = −βℏ ; τ=0

Comparison: e−

ℏHΔt ←→ e−β(H−μN)
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Partition function for bosonic many-particle systems

Z = lim
M→∞

∫ M−1
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

∏

α

dϕ∗αdϕα
2π

e
−
M−1
∑

k=1

∑

α
ϕ∗α,kϕα,k−

∑

α
ϕ∗αϕα

×
M
∏

k=1

〈ϕk |e−ε
�

H
�

†α ,α
�

−μN
�

|ϕk−1〉

= lim
M→∞

∫ M
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

e
−

M
∑

k=1

∑

α
ϕ∗α,kϕα,k

×
M
∏

k=1

〈ϕk | : e−ε
�

H
�

†α ,α
�

−μN
�

: +
�
��
�*0

O
�

ε2
�

|ϕk−1〉

︸ ︷︷ ︸

⇓

e
−

M
∑

k=1

∑

α

�

εH
�

ϕ∗α,k ,ϕα,k−1
�

−(1+εμ)ϕ∗α,kϕα,k−1
�

J. Simmendinger (HS-ITP3) Path-integrals for bosons April 29, 2014 9 / 19



Partition function for bosonic many-particle systems

Z = lim
M→∞

∫ M−1
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

∏

α

dϕ∗αdϕα
2π

e
−
M−1
∑

k=1

∑

α
ϕ∗α,kϕα,k−

∑

α
ϕ∗αϕα

×
M
∏

k=1

〈ϕk |e−ε
�

H
�

†α ,α
�

−μN
�

|ϕk−1〉

= lim
M→∞

∫ M
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

e
−

M
∑

k=1

∑

α
ϕ∗α,kϕα,k

×
M
∏

k=1

〈ϕk | : e−ε
�

H
�

†α ,α
�

−μN
�

: +
�
��
�*0

O
�

ε2
�

|ϕk−1〉

︸ ︷︷ ︸

⇓

e
−

M
∑

k=1

∑

α

�

εH
�

ϕ∗α,k ,ϕα,k−1
�

−(1+εμ)ϕ∗α,kϕα,k−1
�

J. Simmendinger (HS-ITP3) Path-integrals for bosons April 29, 2014 9 / 19



Partition function for bosonic many-particle systems

Z = lim
M→∞

∫ M−1
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

∏

α

dϕ∗αdϕα
2π

e
−
M−1
∑

k=1

∑

α
ϕ∗α,kϕα,k−

∑

α
ϕ∗αϕα

×
M
∏

k=1

〈ϕk |e−ε
�

H
�

†α ,α
�

−μN
�

|ϕk−1〉

= lim
M→∞

∫ M
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

e
−

M
∑

k=1

∑

α
ϕ∗α,kϕα,k

×
M
∏

k=1

〈ϕk | : e−ε
�

H
�

†α ,α
�

−μN
�

: +
�
��
�*0

O
�

ε2
�

|ϕk−1〉

︸ ︷︷ ︸

⇓

e
−

M
∑

k=1

∑

α

�

εH
�

ϕ∗α,k ,ϕα,k−1
�

−(1+εμ)ϕ∗α,kϕα,k−1
�

J. Simmendinger (HS-ITP3) Path-integrals for bosons April 29, 2014 9 / 19



Partition function for bosonic many-particle systems
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Rewrite exponent:

− lim
M→∞

M
∑

k=1

∑

α

�

ϕ∗α,kϕα,k+εH
�

ϕ∗α,k, ϕα,k−1
�

− (1 + εμ)ϕ∗α,kϕα,k−1
�

= − lim
M→∞

ε
M
∑

k=1

∑

α

�

H
�

ϕ∗α,k, ϕα,k−1
�

+ ϕ∗α,k

�

ϕα,k−ϕα,k−1
ε

−μϕα,k−1

��

= −

β
∫

0

dτ
∑

α

�

H
�

ϕ∗α (τ), ϕα(τ)
�

+ ϕ∗α (τ)
�

∂

∂τ
−μ

�

ϕα(τ)
�
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Partition function for bosonic many-particle systems

Partition function

Z =
∫

ϕα(β)=ϕα(0)

D
�

ϕ∗α (τ), ϕα(τ)
�

× e
−

β
∫

0

dτ
∑

α

�

H
�

ϕ∗α (τ),ϕα(τ)
�

+ϕ∗α (τ)(
∂
∂τ−μ)ϕα(τ)

�

Measure

D
�

ϕ∗α (τ)ϕα(τ)
�

= lim
M→∞

∫ M
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π
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Example: Partition function of non-interacting bosons

Example: Partition function of non-interacting
bosons

Hamiltonian: H =
∑

α
εα†αα

Grand canonical ensemble:

Z = tr
�

e−β(H−μN)
�

= lim
M→∞

∫ M
∏

k=1

∏

α

dϕ∗α,kdϕα,k
2π

e
−

M
∑

k=1

∑

α
ϕ∗α,kϕα,k

× e
−

M
∑

k=1

∑

α

�

β
MH

�

ϕ∗α,k ,ϕα,k−1
�

−
�

1+ β
Mμ

�

ϕ∗α,kϕα,k−1
�

Change exponent representation:

e
−

M
∑

k=1

∑

α

�

ϕ∗α,kϕα,k+
�

β
M (εα−μ)−1

�

ϕ∗α,kϕα,k−1
�

= e−ϕ
∗
α
Sαϕα
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Example: Partition function of non-interacting bosons

Notation:  = 1 − β
M (εα − μ)

ϕ
α
=























ϕα,1
ϕα,2
ϕα,3

...

...

ϕα,M























, Sα =

























1 0 0 · · · 0 −

− 1 0
...

... 0

0 − 1
...

...
...

0 0 − . . . 0 0
...

...
. . . . . . 1 0

0 0 · · · 0 − 1

























Transformation to the eigenbasis of Sα:

MM† = 1 ; M†SαM = SDα
ϕ
α
→ ϕ̃

α
=M†ϕ

α
; ϕ∗

α
→ ϕ̃∗

α
= ϕ∗

α
M
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Example: Partition function of non-interacting bosons

∫ M
∏

k=1

dϕ∗
α
dϕ

α

2π
e−ϕ

∗
α
Sαϕα =

∫ M
∏

k=1

dϕ∗
α
dϕ

α

2π
e−ϕ

∗
α
MM†SαMM†ϕ

α

=
∫ M
∏

k=1

dϕ̃∗
α
dϕ̃

α

2π
e−ϕ̃

∗
α
SD
α
ϕ̃
α

=
∫ M
∏

k=1

dϕ̃∗
α
dϕ̃

α

2π
e
−

M
∑

k=1
sk ϕ̃∗α,k ϕ̃α,k

ϕ̃α = Re
�

ϕ̃α
�

+ i m
�

ϕ̃α
�

; Jacobian determinant equals 2i

=
∫ M
∏

k=1

dRe
�

ϕ̃α
�

d m
�

ϕ̃α
�

π
e
−

M
∑

k=1
sk
�

Re(ϕ̃α)2+m(ϕ̃α)2
�

=
M
∏

k=1

1

π

√

√

√

π

sk

√

√

√

π

sk
=

1

detSα
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Example: Partition function of non-interacting bosons

Z = lim
M→∞

∏

α

1

detSα

=
∏

α

1

1 − e−β(εα−μ)

Thermodynamic relations: Z = e−βΩ ; N = − ∂Ω
∂μ

〈N〉 = β
∂

∂μ
lnZ

=
∑

α

1

e−β(εα−μ) − 1

,→ Boson occupation probability
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Summary

Summary

Path-Integral for bosonic particles

Time evolution operator: Break finite time interval into
steps

Coherent states

Trajectory and continuous notation

K(ϕ∗α,ƒ tƒ ;ϕα,t) =

ϕα(tƒ )=ϕα,ƒ
∫

ϕα(t)=ϕα,

D
�

ϕ∗α (t)ϕα(t)
�

e
∑

α
ϕ∗α (tƒ )ϕα(tƒ )

× e

ℏ

tƒ
∫

t

dt
�

ℏ
∑

α
ϕ∗α (t)

∂ϕα (t)
∂t −H

�

ϕ∗α (t),ϕα(t)
�

�
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Summary

Summary

Partition function for bosonic many-particle systems

Same ansatz as for path-integrals

Grand canonical ensemble

Trace of imaginary time evolution operator

Wick-rotation

Z =
∫

ϕα(β)=ϕα(0)

D
�

ϕ∗α (τ), ϕα(τ)
�

× e
−

β
∫

0

dτ
∑

α
ϕ∗α (τ)(

∂
∂τ−μ)ϕα(τ)+H

�

ϕ∗α (τ),ϕα(τ)
�
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