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Coherent state

Coherent state

@ Coherent states |¢) are eigenvectors of the annihilation
operator q;

ai |¢) = ¢il¢)
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Coherent state

Coherent state

@ Coherent states |¢) are eigenvectors of the annihilation

operator q;
ai |¢) = ¢ilg)
@ Representation by number states
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Coherent state

Coherent state

@ Coherent states |¢) are eigenvectors of the annihilation

operator q;
ai |¢) = ¢ilp)
@ Representation by number states
29,4, 2059,
|p) =ea " ?10) ; (¢|=(0le™

@ Closure relation
JT1%%tee 5% 1) (91 =1
@ Trace of an operator
tr A = [T]%%ee =" (41Al9)
@ Matrix elements of normal-ordered operator

A 1 N\ — A * / %:¢; ¢:X
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Path-integral for bosonic particles

Path-integral for bosonic particles

@ Break finite time interval into M infinitesimal steps €

i i M t - t
e—#Ht—t) — (e—ﬁeH) . e= f— L
M
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@ Break finite time interval into M infinitesimal steps €
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Path-integral for bosonic particles

Path-integral for bosonic particles

@ Break finite time interval into M infinitesimal steps €

i i M t - t
e—#Ht—t) — (e—ﬁeH) . e= f— L
M

@ Notation: initial state |¢;) = ¢q,0 ; final state |¢r) = Ppa,m
K(@7 tr: 6, t) =(¢rle™7H(=1)g))
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— 00
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Path-integral for bosonic particles

Path-integral for bosonic particles

@ Break finite time interval into M infinitesimal steps €

M tr—t;
e—FHt—t) — (e—ﬁeH) . e= f— U
M

@ Notation: initial state |¢;) = ¢q,0 ; final state |¢r) = Ppa,m

K(97 tri b, 1) =(9rle™ 7=t gy)

=, (¢f|e_%€HﬂM—1e_%eH]lM—2---116_%€H|¢1)

M—1
= lim d¢a I< k;%:‘p;,kd’a,k
- M—oo

l_[ (gile™ o) g _y)
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Path-integral for bosonic particles

Path-integral for bosonic particles

— d d _M—l .
K(¢g it g L) = Jim J l_[ l_[ 9q .(pa,ke PIPIALFL

21u

[(0:e” (et M |Px—1)

|:|§|
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Path-integral for bosonic particles

Path-integral for bosonic particles

. d d _M—l .
¢ ¢a,k e El %: ¢a,/<¢a,/<

K(@g stri B i) = lim J ﬂ ﬂ -

M i€ O

x [ Tigxl: e 70h%) 40 () 1pecr)
k=1
— *

= lim T 1l_ld¢or,kd¢ak
Moo | | 10 2mi
M-1 o M
- Z §¢ak¢ak+ Z PoiPak—1"r 2 (®3Pokn)
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Path-integral for bosonic particles

K@ 5t 0,80 = Jim j

||:||

M—1
l—[ d¢ d¢a,ke_ k§1§¢;,k¢a,k
1 o

i 211[
M 0
x [ Tigxl: e 70h%) 40 () 1pecr)
k=1
= d¢a K

o [T

M-1 _ e M .
9 e_ k21§¢a KPo ikt Z bokPak_1 ﬁk;H(‘pa,k"pa,k—l)
- d d
= lim HHM S(M,¢*,¢)
M—co | o 1 2mi
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Path-integral for bosonic particles

Trajectory and continuous notation:

_ t
* (Pak—dak-1) =¢*(t)i¢ (t) lim ele_)J[dt
ak € IR AT e Ve e R
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Path-integral for bosonic particles

Trajectory and continuous notation:

— t
* (¢ak a,k— 1) _¢ (t) ¢ (t) IIm GMZI —>J[dt
a,k € atra M—oo 7 t:

—1

e M
=‘,J,Eﬂozz¢ak¢ak Z‘l’ak‘l’ak 1 Zj ( bor ® ork—l)

k=1 &
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Path-integral for bosonic particles

Trajectory and continuous notation:

— t
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Trajectory and continuous notation:

— t
* (¢ak ¢ork 1) _¢ (t) ¢ (t) IIm GMZI —>J[dt
a,k € atra Moo (S

—1

ie M
=_,\Lmozz¢ak¢ak Z(pork(pak I_EZ: (ak’ ork—l)

k=1

i€
=Za: ¢;,M a,M—l_EH (d’;,/w' ¢or,M—l)

i e 32 [T, (2 ) (o )
ts

[ 0¢4(t
:Zd’;(tf)fpa(tf)'*‘% J dt[iﬁqu;(t) ¢at( )—H(qb;(t), %(t))]

t;

L(o* (). 0(1))
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Path-integral for bosonic particles

Propagator
¢cx(tf)=¢cx,_f
205 (t)e,(tr)
K(@; itri 0, t) = J D[¢;(ﬂ¢a(ﬂ]e“
da(td=0da,i
0 fdt[tﬁZd’ (0250 H(9; (9,6a(0)
xe
Measure

a9k

M-—1
D[¢;(1)9,(1)] = lim J D 1:[ 2mi
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Partition function for bosonic many-particle systems

Partition function for bosonic many-particle
systems

@ Grand canonical ensemble:
= Hamiltonian = (H - uN) with N = Za;aa
o

Z = tr(e—PtH-u)
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Partition function for bosonic many-particle
systems

@ Grand canonical ensemble:
= Hamiltonian = (H - uN) with N = Za;aa
o

Z = tr(e=FtH-1N)
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f [ 304 pjeror-mmygy
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Partition function for bosonic many-particle systems

Partition function for bosonic many-particle
systems

@ Grand canonical ensemble:
= Hamiltonian = (H - uN) with N = Za;aa
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Z = tr(e=FtH-1N)
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=
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Partition function for bosonic many-particle systems

Partition function for bosonic many-particle
systems

@ Grand canonical ensemble:
= Hamiltonian = (H - uN) with N = Za;aa
o

Z = tr(e=FtH-1N)

d¢*do .
f [ 304 pjeror-mmygy

I ==

@ Notation: ¢, ;=6 ; am =95 €
@ Wick-Rotation: t = -iT ; T =—Iiph ; Ti
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Partition function for bosonic many-particle systems

Partition function for bosonic many-particle
systems

@ Grand canonical ensemble:
= Hamiltonian = (H - uN) with N = Za;aa
o

Z = tr(e—PtH-u)

d¢*do .
f [ 304 pjeror-mmygy

I ==

@ Notation: ¢, ;=6 ; am =95 €
@ Wick-Rotation: t = -iT ; T =—Iiph ; Ti

. _i
@ Comparison: e~ #MAt «, @=B(H-uN)
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Partition function for bosonic many-particle systems

1 l_[ o, AT dp*de e‘g%"’;k"’mf%q’”“
o

21u o 2T

N
||
%
TT E

1

(¢k|e_e(H(a %)~ ”N)|¢k— )

=

k=1
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Partition function for bosonic many-particle systems

21u o 2T

M
x l_[(¢/<|e_e(H(a ol H)) 1)

k=1
M d¢ d¢a -2 Z¢ak¢ak
=I\L|—r»20f,[!l:[ 2mi k
M 0
x [ ] (@l: e ) +0(e?) 1k
k=1
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Partition function for bosonic many-particle systems

21u o 2T

M
x l_[(¢/<|e_e(H(a ol H)) 1)

k=1
M de* do -
— lim JHH ak DI PP
M—oo | o T 2
M 0
x [ ] (@l: e ) +0(e?) 1k
k=1
J
M
o 2 L0 b0 ) rewg 0, ]
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Partition function for bosonic many-particle systems
de¢* d
¢a k ¢a,k

M
Z=I‘!Ii—r2° l_“;[ ,2m'
5

§[¢g,k¢a,k+eH(¢:r,k’¢or,l<71)_(1+€“)¢;,k¢a,k71}
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Partition function for bosonic many-particle systems

Rewrite exponent:

M
- AL'LQO Z Z [¢;,k¢a,k+€H ((p;,k’ ¢or,k—1) —(1+ 6“)¢;,k¢a,k—1]

k=1 &
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Partition function for bosonic many-particle systems

M do), de
a,k” Tak
z=m | T
k=1 O
M
- Z Z[ ¢a k+€H(¢ak’¢a,l< 1) (1+€“)¢a k¢orl< 1}
X @ k=1d

Rewrite exponent:

- I|m ZZ[ ak¢ak+€H(¢ak’ Dok 1)_(1+€“)¢;,k¢a,k—1]

kla

Ol
=_I\!li—tnoezz ( Ork’ ak 1)+¢ak(%_u¢a,k—l):|
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Partition function for bosonic many-particle systems

Rewrite exponent:

M
- AL'LQO Z Z [¢:r,k¢a,k+€H ((p;,k’ ¢or,k—1) —(1+ 6“)¢;,k¢a,k—1]
k=1 a

i S * * ¢O(,k_¢o{,k—1
- I\!ll—rjgoe Z Z |:H (¢a,k’ ¢a,k—l) + ¢a,k (7-#%,/@1)]
k=1 o
B
—— [ar [ (0500.0,00) + 03051 ) 2,0

0
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Partition function for bosonic many-particle systems

Partition function

z= J D[$2(1). ¢,(7)]
$a(B)=0a(0)

B
— [ dTS[H(02 (0, 04(0) 405 (D (Z2—1)9,(T)]
xe o ¢

Measure

d¢a k

AEMOINOIES f IM[E[ -

k=1
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Example: Partition function of non-interacting bosons

Example: Partition function of non-interacting
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@ Hamiltonian: H= > eqata
o a o
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Example: Partition function of non-interacting
bosons

@ Hamiltonian: H= > eqata
o a o

@ Grand canonical ensemble:
Z = tr(e=PH-1N))



Example: Partition function of non-interacting bosons

Example: Partition function of non-interacting
bosons
. . . _ 1-
@ Hamiltonian: H= > €eqa’a,

o
@ Grand canonical ensemble:
Z = tr(e=BH-uM))

d _
=l\!’mofl_[l_[ 2TH¢O(/< Z:z(pork‘pork

M
-2 Z[%H((p;,k’d’a,k—l)_(l-'_%u)d’;,k(pa,k—l]
X e k=19



Example: Partition function of non-interacting bosons

Example: Partition function of non-interacting
bosons

. . . _ 1-
@ Hamiltonian: H = %}eaaaaa
@ Grand canonical ensemble:
Z = tr(eFH-HN)

d _
=l\!’mofl_[l_[ 2TH¢O(/< Z:z(pork‘pork

M
« e_kzlg[p"’( nePaser ) (IR0 D1 ]

@ Change exponent representation:

M
o~ 20t (aamt=1)05 00
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Example: Partition function of non-interacting bosons

Example: Partition function of non-interacting
bosons

. . . _ 1-
@ Hamiltonian: H = %}eaaaaa
@ Grand canonical ensemble:
Z = tr(eFH-HN)

d _
=l\!’mofl_[l_[ 2TH¢O(/< Z:z(pork‘pork

M
« e_kzlg[p"’( nePaser ) (IR0 D1 ]

@ Change exponent representation:

M
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Example: Partition function of non-interacting bosons

@ Notation: a= 1—%(60(—;1)

[ 901 (1 0 0 -+ 0 —a)
D2 —a 1 0 . ' 0
¢ _ .
¢¢X= ‘-x3 ’ sa= O a 1
0 0 -—a 0 0
: : S, .1 0
\¢a,M) Lo 0 - 0 —a 1 |
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J. Simmendinger (HS-ITP3)

Example: Partition function of non-interacting bosons

@ Notation: a= 1—%(60(—;1)

( ¢or,1 \ (
P,

»
7| Sa=

\¢;MJ

1
—a
0
0

@ Transformation to the eigenbasis of Sq:

MM =1;
¢, — b, =Mo,_;

Path-integrals for bosons

0 0
—a 1
O —a . 0 O
S |
\ 0 0 -+ 0 —a 1
M'SyM=S°
¢ —d. =0 M
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Example: Partition function of non-interacting bosons

21u

21u

f d¢*d¢ ¢ Sa¢a _f d¢*d¢ —¢;MMT5¢1MMT¢¢
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Example: Partition function of non-interacting bosons

21u

21u

f d¢*d¢ ¢ Sa¢a _f d¢*d¢ —¢;MMT5¢1MMT¢¢

21u

J d¢*d¢ —$*SD$
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Example: Partition function of non-interacting bosons

d¢* de, _4-
f e_¢as"¢a =
2T J

J. Simmendinger (HS-ITP3)

Path-integ

rals for bosons

d‘i’;d@a e— Z} Sk

rlﬂld¢;d¢
el 2mi
rlﬂld&»;d&a
k=1 2mi
r M

,!1 2mi

a —¢;MM'SaMM'$,

e_¢;sg¢a
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Example: Partition function of non-interacting bosons

Iy

d¢*d¢

2mi

®a®a —¢:509, _

J

;

;

o1 2mi

[

el 2mi

[

o1 2mi

[ lﬂl d,d¢
120 5528,

M d@;d&a

a —¢;MM'SaMM'$,

da = Re(dq) + iIm (dq); Jacobian determinant equals 2i
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Example: Partition function of non-interacting bosons

'e-z

J. Simmendinger (HS-ITP3)

fl_[ AbePy 41504, _
2mi

dRe

J

;

;

11
k=1
)+iIm(¢q); Jacobian determinant equals 2i

)dlm(¢ ) —kl‘zjlsk(Re(éa)ZHm(d")a)z)

M
l—[ d¢,d9, o~ bLMMISaMM',
o1 2mi
[[2%2%a -4;505,
el 2mi
~ ~ M N N

L degde, e_k§15k¢;,k¢a,k

2T

f
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Example: Partition function of non-interacting bosons

* M *
f l_[ d¢,d¢, e~ PaSab, — r‘l—[ 9,99, o~ PLMM'SaMM'e,
2mi J iy 2mi
M dé* dd
= r l_[ —d¢a d¢a e_ét);sg&a
J keq  2mi
= ~ M ve x
_ lﬂl degde, e_k§15k¢a,k¢or,k
J ko1 2mi

da = Re(dq) + iIm (dq); Jacobian determinant equals 2i

dRe ((ﬁa) dIm ((130{) . kl‘zjl sk(Re(d”,a)Z +Im(4”,a)2)

k=1 T
lﬂl l1|m|n 1
B =1 T\ Sk \ Sk "~ det Sa
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Example: Partition function of non-interacting bosons

detSqyo=det| o0 —qg
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Example: Partition function of non-interacting bosons

detSqyo=det| o0 —qg

1 0
0 o .+ —a 1
—-a 1 0 o0
M—1 —a
=1+ (—1)"""(—a)- det
0 1
0 0 —a
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Example: Partition function of non-interacting bosons

1 O 0 —a
—a 1 0
detSqyo=det| o0 —qg
: 1 0
0O O —a 1
—a

=14 (—1)""1(—a) det
0
=1+ (D" ()" =1- (1

Path-integrals for bosons

J. Simmendinger (HS-ITP3)

1 0 O
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Example: Partition function of non-interacting bosons

1 O 0 -—a
—a 1 0
detSqyo=det| o0 —qg

1 0

0O O —a 1
—-a 1 0 O

=14 (=1)"(=q)-det| = ~°

0 1

0 - 0 —a
=1+ (D" ()" =1- (1

M=%, 7 _ e Blea—n)
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Example: Partition function of non-interacting bosons

immendinger (HS-ITP3) Path-integrals for bosons April 29, 2014 16 /19



Example: Partition function of non-interacting bosons

1
Z=lim _—
M— o0 o detsd

l_[ 1
o 1— e Plea—1)
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Example: Partition function of non-interacting bosons

1
Z=lim  —
M— o0 o detsd
1
- o 1— e Plea—1)

Thermodynamic relations: Z=e#? ; N= —%
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Example: Partition function of non-interacting bosons

1
Z=lim _—
M— o0 o detsd

l_[ 1
o 1— e Plea—1)

Thermodynamic relations: Z=e#? ; N= —%

(N) =BiInZ
ol

J. Simmendinger (HS-ITP3) Path-integrals for bosons April 29, 2014 16/19



Example: Partition function of non-interacting bosons

1
Z=lim _—
M— o0 o detsd

l_[ 1
o 1— e Plea—1)

Thermodynamic relations: Z=e#? ; N= —%

(N) =BiInZ
ol

1
B ; e—Blea—1) — 1
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Example: Partition function of non-interacting bosons

1
Z=lim  —
M— o0 o detsd
1
- o 1— e Plea—1)

Thermodynamic relations: Z=e#? ; N= —%

0
(Ny=B8—InZ
oM
1
B ; e—Blea—1) — 1

— Boson occupation probability
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Summary

Summary

Path-Integral for bosonic particles

@ Time evolution operator: Break finite time interval into
steps

@ Coherent states
@ Trajectory and continuous notation

daltr)=¢ar
K(@2 tri @, 1) = f D¢ (D)o (D)]e
¢a(ti)=¢ai

%} o5 (tr)9,(tr)

0 fdt[tﬁ2¢ (6250 H(9; (5,6a(0)
x e

4
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Summary

Summary

Partition function for bosonic many-particle systems
@ Same ansatz as for path-integrals
@ Grand canonical ensemble
@ Trace of imaginary time evolution operator
@ Wick-rotation

7= f D[9:(1), ¢,(7)]
®a(B)=0¢a(0)
B
— [dTS 01 (D(Z—H) ¢, (D+H(02(1),8,(D)
0 (o4

X e
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