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Recapitulation: path-integrals

e Feynman path-integral:
K(zy, tp; 21, 1) = (7| U(ty, 1) |2i)
= > e (500

:E(ti)::L'i

with S [z jdth:v)—]dtxp H(z,p)
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Recapitulation: path-integrals

e Feynman path-integral:
K(zy, tp; 21, 1) = (7| U(ty, 1) |2i)

= 3 e (5 800)])

:E(ti)::L'i

with S [z jdth:v)—]dtxp H(z,p)

e Connection to Statlstlcal physu:s. t— —it

Z=tr (e_B(H_“N)) = / dx K(z,t = —iph;z,0)
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Recapitulation: coherent states for fermions

e Fermions: antisymmetric wavefunction

s faalls = 0]+ a

= [az’v CLj]Jr = [a;‘[7 a}]+ =

T

j 4; = 0y
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Recapitulation: coherent states for fermions

e Fermions: antisymmetric wavefunction

= [a;, a}h = a; “JT’ +a

= [a;, a;]4 = [ag, a}]Jr =0

T

j 4; = 0y

e Grassmann-algebra: generators ¢, with a =1,...,n

:>¢a¢ﬁ+¢ﬁ¢azo
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Recapitulation: coherent states for fermions

e Fermions: antisymmetric wavefunction
T

= [a;, %TM = ay “JT’ + a; a; = 0y
= [a;, a;]4 = [ag, a}]Jr =0

e Grassmann-algebra: generators ¢, with a =1,...,n

e Grassmann-integrals:

/d¢1:o, /d¢*1:0

/dqbgb:l, /d¢*¢*:1
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Recapitulation: coherent states for fermions

e Fermion coherent states:

|¢) = exp ( Z Pa @ ) H(l — ¢Pa a:;) 0)

>k ol
with (¢ | ¢/) = €=
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Recapitulation: coherent states for fermions

e Fermion coherent states:

|¢) = exp ( Z Pa @ ) H(l — ¢Pa a:;) 0)

* /
a Yo

with (6 | ) = ¢

@ Closure relation:

- /H do? do,, exp <—Z¢Z ¢a> ) (2]
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Recapitulation: coherent states for fermions

e Fermion coherent states:

—exp< Soua ) 10— daab)0)

* /
a Yo

with (6 | ) = ¢

@ Closure relation:
1= [ [T dédog exp (— > 05 %) 9) (@)
e Trace of an operator:

w(4) = [ ] dédey exp (— > %) (~61416)
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Recapitulation: coherent states for fermions

@ Trace of an operator:

tr(A)
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Recapitulation: coherent states for fermions

@ Trace of an operator:

tr(A) =Y (n|A|n)

n
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Recapitulation: coherent states for fermions

@ Trace of an operator:

tr(A) =Y (n|Aln) => (n|1A|n)

n n
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Recapitulation: coherent states for fermions

@ Trace of an operator:

tr(A):ZWA\ ) =D (n|LA[n)

n

_/Hd(b d(baexp( Z¢a¢a> Z (n| @) (¢ Aln)
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Recapitulation: coherent states for fermions

@ Trace of an operator:

tr(A)—ZWA\ ) =D (n|LA[n)

n

_/qus d(baexp( Zcba%) > (nle) (sl Aln)

n

:/Hd¢;d¢ae><p<—z¢2%> Y (=0l Aln)(n]¢)
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Recapitulation: coherent states for fermions

@ Trace of an operator:

tr<A>—Z< | Aln >—Z< |1 A |n)
_/qub do,, exp Zcbi%) Z (n|¢) (ol Aln)

n

S
:/Hd¢zd¢aexp< quz%); —0| Aln) (n | 9)
5o

= | Tl doidon exp (-3 00 ) (-0l 410
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Recapitulation: coherent states for fermions

@ Trace of an operator:
tr(4) = Z<n\A\> > (n1Aln)
_/Hd(b d(baexp( Z¢a¢a> Z (n| @) (¢ Aln)
:/Hdgb;dqbanp —Z(Zﬁ%) Y (=0l Aln)(n]¢)

- [Tz, oon (- S o) (o1t

with (—¢| = (0] exp (— % ¢Zaa>
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Path-Integrals for fermions I

. . _ =1
e Discrete time steps of the length € = 5~

intital state [¢:) : ¢4 o final state (¢y| : ¢ ur
= Qo With k=0,...., M
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Path-Integrals for fermions I

. . _ =1
e Discrete time steps of the length € = 5~

intital state [¢:) : ¢4 o final state (¢y| : ¢ ur
= Qo With k=0,...., M

@ Separation of the exponential function:

e_%H(tf_ti) = 6_%[—1 . e_%H e 6_%[—1
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Path-Integrals for fermions I

. . _ =1
e Discrete time steps of the length € = 5~

intital state [¢:) : ¢4 o final state (¢y| : ¢ ur
= Qo With k=0,...., M

@ Separation of the exponential function:

e_%H(tf_ti) = 6_%[—1 . e_%H e 6_%[—1
e Normalorder:
_ e T _ e
FH(a",a) FH(a",a) 4 O(€2>
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Path-Integrals for fermions II

K (¢, tr; di, ti) = (| e #1110 |y
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Path-Integrals for fermions II

K(¢p, 153 05, ti) = (| e w1 |
= (psle w1y e B DYRCRETE P 2 |b:)
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Path-Integrals for fermions II

K(¢g, ty; pis ty) = (¢f\€ R =) | )

= (¢rle” Hliyie ﬁH]li\LQ a1y e—%H’¢i>
M-1 M_1
B JV}I_IP / H H dou k d@“ ik €xp ( Z Z é(*\,/\: O(y,k‘)
o k=1 « -1 o

X H(q“)k\ o LU CRORY PR
k=1
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Path-Integrals for fermions II

K(¢g, ty; pis ty) = (¢f\€ R =) | )

= (¢rle” Hliyie ﬁH]li\LQ a1y e—%H’¢i>
M-1 M-1
B JV}I_IP / H H dou k d@“ ik €xp ( Z Z é(*\,/\: O(y,k‘)
o k=1 « -1 o
M

x [Lgnl - 7B HE

k=

M M—
= g [ T T st o (- X S
- M
Xexp<zz¢ak¢ak 1

1)

—_

v\m

(¢a k> ¢a k— 1))
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Path-Integrals for fermions 111

o Rewrite the exponent:
1€

Z¢Z,M ¢o¢7M—1 - % H((bj;,Mv ¢O¢7M—1)

+ e Z (Z ¢ak ak - ¢ak - _;H(sz,k’gba,kl))
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Path-Integrals for fermions 111

o Rewrite the exponent:

i€

Z¢Z,M ¢o¢7M—1 - % H((bZ,Mv ¢O¢7M—1)

+ e Z (Z ¢ak ak - ¢ak - _;H(sz,k’gba,kl))

o Introduce a trajectory ¢, (t) for a given set {¢ 1, Pq25 - Py pr}
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Path-Integrals for fermions 111

o Rewrite the exponent:
1€

Z¢Z,M ¢o¢7M—1 - % H((bZ,Mv ¢O¢7M—1)

+ e Z (Z ¢ak ak - ¢ak - _;H(sz,k’gba,kl))

o Introduce a trajectory ¢, (t) for a given set {¢ 1, Pq25 - Py pr}

@ Notation:

PakFak 1 _ 0
wk e = da(l) g3a(t)

H(¢Z,ka ¢o¢7k—1) = H((z)z(t)a ¢a(t))
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Path-Integrals for fermions IV

e Continuous notation (M — oo) of the exponent:
s

Zd):‘;M d)a,Mfl - E H((bz,M? (ba,Mfl)

(x - ¢a 1 *
+ e Z <Z iy — E =l hH(¢a,kv¢a,k—1)>
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Path-Integrals for fermions IV

e Continuous notation (M — oo) of the exponent:

1€

Zd)z,M d)a,Mfl - E H((Z)Z,M? (ba,Mfl)

+ e Z (Z iy Cak Lokt ;H(¢z,k7¢a,k_1>)
= > 04 (t) dalty)
Y
+;t/dt > 610 222D h(64(0), 0a(0)
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Path-Integrals for fermions IV

e Continuous notation (M — oo) of the exponent:

1€

Zd)z,M d)a,Mfl - E H((Z)Z,M? (ba,Mfl)

+ e Z (Z i 7 Dok ~ Gkt %k 1 ;H(¢z,k7¢a,k_1>)
= > 04 (t) dalty)
te
s L s inenn 2% g ),0,00)
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Path-Integrals for fermions V

Summary

B(tr) =gy
Kloptpontd = | DI0.0a(0] exp (X0 0utt)
o(ti)=¢; ¢

xoxp |+ [t S ih 630 220 — H(6(6),04(0)

d¢:,kd¢(x,k

3
o)
o %
=
S
=
—
~
=
I
=
Jam
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Partition function I

e Partition function in the grand canonical ensemble:

Z=tr (e_ﬁ(H_“N))

from nowon =1
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Partition function I

e Partition function in the grand canonical ensemble:

Z=tr (e_ﬁ(H_“N))

—Z¢>2¢a
:/Hd¢zd¢ae & (=g e PH=N) |5

from nowon =1
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Partition function I

e Partition function in the grand canonical ensemble:

Z=tr (e_ﬁ(H_“N))

—Z¢>2¢a
:/Hd¢zd¢ae & (=g e PH=N) |5

o Wick-Rotation: ¢t — —ir

from nowon =1
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Partition function I

e Partition function in the grand canonical ensemble:

Z=tr (e_ﬁ(H_“N))

—2_ %% Pa
— [ M dedo, e I gl et g

o Wick-Rotation: ¢t — —ir

e Grand canonical ensemble: H — uN

from nowon =1

Fabian Béttcher Path-Inte s for Fermions 13. Mai 2014



Partition function II

@ Notation: € = %

e antiperiodic boundary conditions: ¢, = ¢,, &5y = —Pn
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Partition function II

@ Notation: € = %

e antiperiodic boundary conditions: ¢, = ¢,, &5y = —Pn

M
=22 0k P,
~ lim /H]‘[d¢akd¢ake =t

M
— 00 =1 o

X H (Pl : e—e(Alela)—uN) . |br_1)
k=1
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Partition function II

@ Notation: € = %

e antiperiodic boundary conditions: ¢, = ¢,, &5y = —Pn

M
M =222 b5 k%,
Z = lim /HHd¢Z,kd¢a,ke L o Tk Tk

M
— 00 =1 o

M N
x I (6rl : e—e(Alela)—uN) . |br_1)
k=1

M
M D ID NN
= lim /HHd¢Z,kd¢a,ke L o Tk Tk

M
—00 =1 o

M

kZI Sk Banor— €(H(B: b h 1)1k Por k1)
X eh=1 o
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Partition function III

M
Z Z d):k d)a,k:

= lim /HHd(z)a kd(z)ak e k=1 «

M
— 00 k=1

;31 bk Pak1— (H(S: b k1) =1k Poi1)
X ek=1 «

Fabian Bottcher Path-Integrals for Fermions 13. Mai 2014



Partition function III

M
Z Z d):k d)a,k:

= lim /HHd(z)a kd(z)ak e k=1 «

M
— 00 k=1

;31 bk Pak1— (H(S: b k1) =1k Poi1)
X ek=1 «

— tim [ TT I et

M
— 00 k‘la

ok
—€ Z (Z (z):,k( et 6Q’k_1 H¢a,k¢—1)+H(¢2,k’¢n,k—1)>
X e k=1 \ «
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Partition function III

M
M =20 2 ek Pak
2= tim [ T[] dé5sdon, e S

M—o0

k=1 a
M
> 2 0nn bano1™ (AL w0 1) =185 Pai1)
X ek=1 o
M
= Jim [ T]T] dé 0
k=1 «
M ¢a k%o k-1
o3 (Con (et oo, ) FHOL b0 )
X e k=1 \ «
where ¢, o = —¢, ), = antiperiodic boundary conditions
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Partition function IV

@ Discrete notation:

~ i [ 1T 0% 00

M
—00 k=1

M : ®
—¢ Z (Z¢ (M_W%,k1)+H(¢Z,kv¢a,k1)>

X e k=t

e Trajectory notation:

. - f dTE% (M) (5 —H) $a (T)+H($4(7) 0 (7))
2= [ Dloim).6u(r) €

Pa(B)=—¢a(0)

Fabian Béttcher Path-Integrals for Fermions 13. Mai 2014 15 / 23



Non-interacting fermions I

o Non-interacting Hamiltonian: H = 3" e,al a,,
«

— H — uN = E( — p)al ay,



Non-interacting fermions I

o Non-interacting Hamiltonian: H = 3" e,al a,,
«
= H — uN = E( — p)al ay,

e Partition function:

M
Z = lim [ []]]do:rddar

M—o0

* bk Pak—1
Z( a,k( < 5/1@ 7N‘¢a,k‘71)+60‘ ¢Z¢,k¢a,k—1)
«
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Non-interacting fermions I

o Non-interacting Hamiltonian: H = 3" e,al a,,
«

— H — uN = E( — p)al ay,

e Partition function:
M
Z = lim H 11 d¢%xdda
(e}

—¢
o,k a,k—1 *
Z( ( B M 7N‘¢a,k‘71)+60‘ ¢a,k¢a,k71)
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Non interacting fermions II

@ Notation: a=1—

Fabian Béttcher

¢a,1
¢oz,2
(ba 3

)

(z)aM

)

B

M

(604 - M)

g —

Path-Inte

1 0
—a 1
0 —a
0 0
0 0

s for Fermions

13.

Mai 2014




Non interacting fermions II

e Notation: a=1— %(ea — )
o 1 0 0o - O a
Boo —a 1 0 . 10
P :
pu=| |, so—| 0 e ]

0 0 —a 0 O

: : . .1 0
Do, Mt 0O 0 --- 0 —a 1
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Non-interacting fermions II1

e Transformation to the eigenbasis of §(®): UT U =1
b, =Ny, =Ud,, ¢ —n:=¢ U, US® Ut = D
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Non-interacting fermions II1

e Transformation to the eigenbasis of §(®): UT U =1
b, =Ny, =Ud,, ¢ —n:=¢ U, US® Ut = D

= lim /Hqu,’) dp,, @5 da

M
—00 k=1
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Non-interacting fermions II1

e Transformation to the eigenbasis of §(®): UT U =
¢y =N, =Ud,, ¢ —ni =0 U, US® UT D)

= lim /Hqus dp,, @5 da

M—o0

k=1 «
5 do* d o~ Pn vtu s utue,
Mznm/,ﬂfal ¢adda
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Non-interacting fermions II1

e Transformation to the eigenbasis of §(®): UT U =1
b, =Ny, =Ud,, ¢ —n:=¢ U, US® Ut = D

M
Z = lim / [T 1] d¢kde, e %= 5 ¢,

M—o0

k=1 «
il t () pt
[ T aecan,

M
= Jim [ I T dngn e e ne

M—o0 =l o
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Non-interacting fermions II1

e Transformation to the eigenbasis of §(®): UT U =1
b, =Ny, =Ud,, ¢ —n:=¢ U, US® Ut = D

M
Z = lim / [T 1] d¢kde, e %= 5 ¢,

M
—00 k=1

M
= Jim [ T[] dgtsde, e v US@ vl Ua

M—oo el o
M (@)
zlim/””d*d e Mo D ng,
M—o0 o Mo,

k=1 «

M
= dimkng

M
= lim /HHandnae k=1

M
— 00 k=1
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Non-interacting fermions IV

o Grassmann-integrals:

/dnlz(),
/dnnzl,

/dn*l =0
/dn*n*z



Non-interacting fermions IV

o Grassmann-integrals:

/dnlz(), /dn*le
/dnnzl, /dn*n*zl

e Gaussian Grassmann-integral:

/dn*dn 6—7]*@7}
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Non-interacting fermions IV

o Grassmann-integrals:

/dnlz(), /dn*le
/dnnzl, /dn*n*zl

e Gaussian Grassmann-integral:

/dn*dn e N = /dn*dn (1—n*an)
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Non-interacting fermions IV

o Grassmann-integrals:

/dnlz , /dn*le
/dnnz , /dn*n*zl

e Gaussian Grassmann-integral:

/dn*dn e N = /dn*dn (1—n*an)

Z/dn*dn nan’*
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Non-interacting fermions IV

o Grassmann-integrals:

/dnlz , /dn*le
/dnnz , /dn*n*zl

e Gaussian Grassmann-integral:

/dn*dn e N = /dn*dn (1—n*an)

Z/dn*dn nan’*

= a
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Non-interacting fermions V

e Partition function:
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Non-interacting fermions V

e Partition function:

M
Z = lim H H dn}dn, e~ % Ma Mo
h (0%
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Non-interacting fermions V

e Partition function:

. —d n
2= i [ T, e
k=1 «
T (
i ILTL = jim T et s
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Non-interacting fermions V

e Partition function:

Z = lim

@ Determinant:

hm det §(® = lim (1 — (—1)M_1(—a)M>

M—o0

Fabian Bottcher Path-Integrals for Fermions 13. Mai 2014



Non-interacting fermions V

e Partition function:

M
— 1 d ala
Z= N}lm /k”l Ial dnldn, e %M
(
]\/}lm I | klzll dy, lim det S

@ Determinant:

. () _ 13 o \M-1/_ \M
Jim det @) = lim (1 (—1)M1(—q) )

Fabian Bottcher Path-Inte s 3. Mai 2014 20 / 23



Non-interacting fermions V

e Partition function:

— 1 d ala
Z= N}lm /k”l Ial dnldn, e %M
(
]\/}lm I | klzll dy, lim I | det S

@ Determinant:

. () _ 13 o \M-1/_ \M
Jim det @) = lim (1 (—1)M1(—q) )
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Non-interacting fermions VI

(e

«
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Non-interacting fermions VI

(e

«
e Expectation value of N =Y af a,:
«

5,
<N>_kBT@InZ
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Non-interacting fermions VI

— [ (14 e Plen)

«
e Expectation value of N =Y af a,
«

5,
<N>_kBT@InZ

,6’8,u Zln( + 675(6“*”)>
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Non-interacting fermions VI

— [ (14 e Plen)

«
e Expectation value of N =Y af a,
«

5,
<N>_kBT@InZ

,6’8,u Zln( + 675(6“*”)>

1

= Fermi-Dirac distribution
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Conclusion

o Path-Integral for fermionic particles expressed by coherent states

o Grassmann variables needed for the coherent states due to the
anticommuting of the annihilation operator a

@ Derivation similar to the case of bosonic particles
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Conclusion

Summa

o Path-Integral for fermionic particles expressed by coherent states

o Grassmann variables needed for the coherent states due to the
anticommuting of the annihilation operator a

@ Derivation similar to the case of bosonic particles

e Partition function can be expressed through the path-integral
formalism

e Antiperiodic boundary conditions for fermionic particles

e Non-interacting Hamiltonian = Fermi-Dirac distribution
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Conclusion

Thank you for your attention!
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