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Recapitulation: path-integrals

Feynman path-integral:

K (xf , tf ; xi , ti) = 〈xf |U (tf , ti) |xi〉

=
∑

x(ti)=xi
x(tf )=xf

exp
( i
~

S [x(t)]
)

with S [x(t)] =
tf∫
ti

dt L(x,ẋ) =
tf∫
ti

dt ẋp −H (x,p)

Connection to statistical physics: t −→ −iτ

Z = tr
(
e−β(H−µN)

)
=

∞∫
−∞

dx K (x, t = −iβ~; x, 0)
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Recapitulation: coherent states for fermions

Fermions: antisymmetric wavefunction
=⇒ [ai , a

†
j ]+ = ai a†j + a†j ai = δij

=⇒ [ai , aj ]+ = [a†i , a
†
j ]+ = 0

Grassmann-algebra: generators φα with α = 1,...,n
=⇒ φα φβ + φβ φα = 0

=⇒ φ2
α = 0

Grassmann-integrals:∫
dφ 1 = 0 ,

∫
dφ∗ 1 = 0∫

dφ φ = 1 ,
∫

dφ∗ φ∗ = 1
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Recapitulation: coherent states for fermions

Fermion coherent states:

|φ〉 = exp
(
−
∑
α

φα a†α

)
|0〉 =

∏
α

(1− φα a†α) |0〉

with 〈φ | φ′〉 = e
∑
α

φ∗α φ
′
α

Closure relation:

1 =
∫ ∏

α

dφ∗αdφα exp
(
−
∑
α

φ∗α φα

)
|φ〉 〈φ|

Trace of an operator:

tr(A) =
∫ ∏

α

dφ∗αdφα exp
(
−
∑
α

φ∗α φα

)
〈−φ|A |φ〉
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Recapitulation: coherent states for fermions
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tr(A)

=
∑

n
〈n|A |n〉 =

∑
n
〈n|1A |n〉

=
∫ ∏

α

dφ∗αdφα exp
(
−
∑
α

φ∗α φα

) ∑
n
〈n | φ〉 〈φ|A |n〉
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∫ ∏

α

dφ∗αdφα exp
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−
∑
α

φ∗α φα

) ∑
n
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∑
α

φ∗α φα
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Path-Integrals for fermions I

Discrete time steps of the length ε = tf−ti
M

intital state |φi〉 : φα,0 final state 〈φf | : φ∗α,M
=⇒ φα,k with k = 0, ...,M

Separation of the exponential function:

e−
i
~H(tf−ti) = e−

iε
~ H · e−

iε
~ H · · · e−

iε
~ H

Normalorder:

e−
iε
~ H(a†,a) = : e−

iε
~ H(a†,a) : + O(ε2)
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Path-Integrals for fermions II

K (φf , tf ;φi , ti) = 〈φf | e−
i
~H(tf−ti) |φi〉

= 〈φf | e−
iε
~ H

1M−1 e−
iε
~ H

1M−2 · · · 11 e−
iε
~ H |φi〉

= lim
M→∞

∫ M−1∏
k=1

∏
α

dφ∗α,kdφα,k exp
(
−

M−1∑
k=1

∑
α

φ∗α,k φα,k

)

×
M∏

k=1
〈φk | : e−

iε
~ H(a†,a) :

∣∣φk−1
〉

= lim
M→∞

∫ M−1∏
k=1

∏
α

dφ∗α,kdφα,k exp
(
−

M−1∑
k=1

∑
α

φ∗α,k φα,k

)

× exp
( M∑

k=1

∑
α

φ∗α,k φα,k−1 −
iε
~

H (φ∗α,k , φα,k−1)
)
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Fabian Böttcher Path-Integrals for Fermions 13. Mai 2014 8 / 23



Path-Integrals for fermions II

K (φf , tf ;φi , ti) = 〈φf | e−
i
~H(tf−ti) |φi〉

= 〈φf | e−
iε
~ H

1M−1 e−
iε
~ H

1M−2 · · · 11 e−
iε
~ H |φi〉

= lim
M→∞

∫ M−1∏
k=1

∏
α

dφ∗α,kdφα,k exp
(
−

M−1∑
k=1

∑
α

φ∗α,k φα,k

)

×
M∏

k=1
〈φk | : e−

iε
~ H(a†,a) :

∣∣φk−1
〉

= lim
M→∞

∫ M−1∏
k=1

∏
α

dφ∗α,kdφα,k exp
(
−

M−1∑
k=1

∑
α

φ∗α,k φα,k

)

× exp
( M∑

k=1

∑
α

φ∗α,k φα,k−1 −
iε
~

H (φ∗α,k , φα,k−1)
)
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Path-Integrals for fermions III

Rewrite the exponent:
∑
α

φ∗α,M φα,M−1 −
iε
~

H (φ∗α,M , φα,M−1)

+ iε
M−1∑
k=1

(∑
α

i φ∗α,k
φα,k − φα,k−1

ε
− 1

~
H (φ∗α,k , φα,k−1)

)

Introduce a trajectory φα(t) for a given set {φα,1, φα,2, ..., φα,M}
Notation:

φ∗α,k
φα,k−φα,k−1

ε ≡ φ∗α(t) ∂
∂tφα(t)

H (φ∗α,k , φα,k−1) ≡ H (φ∗α(t), φα(t))
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Fabian Böttcher Path-Integrals for Fermions 13. Mai 2014 9 / 23



Path-Integrals for fermions IV

Continuous notation (M →∞) of the exponent:

∑
α

φ∗α,M φα,M−1 −
iε
~

H (φ∗α,M , φα,M−1)

+ iε
M−1∑
k=1

(∑
α

i φ∗α,k
φα,k − φα,k−1

ε
− 1

~
H (φ∗α,k , φα,k−1)

)

=
∑
α

φ∗α(tf )φα(tf )

+ i
~

tf∫
ti

dt
∑
α

i~ φ∗α(t) ∂ φα(t)
∂t −H (φ∗α(t), φα(t))

≡ L(φ∗α(t), φα(t))
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Path-Integrals for fermions IV

Continuous notation (M →∞) of the exponent:
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Fabian Böttcher Path-Integrals for Fermions 13. Mai 2014 10 / 23



Path-Integrals for fermions V

Summary

K (φf , tf ;φi , ti) =
φ(tf )=φf∫
φ(ti)=φi

D [φ∗α(t), φα(t)] exp
(∑

α

φ∗α(tf )φα(tf )
)

× exp

 i
~

tf∫
ti

dt
∑
α

i~ φ∗α(t) ∂ φα(t)
∂t −H (φ∗α(t), φα(t))



D [φ∗α(t), φα(t)] ≡ lim
M→∞

∫ M−1∏
k=1

∏
α

dφ∗α,kdφα,k
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Partition function I

Partition function in the grand canonical ensemble:

Z = tr
(
e−β(H−µN)

)

=
∫ ∏

α

dφ∗αdφα e
−
∑
α

φ∗α φα
〈−φ| e−β(H−µN) |φ〉

Wick-Rotation: t → −iτ
Grand canonical ensemble: H − µN

from now on ~ ≡ 1

Fabian Böttcher Path-Integrals for Fermions 13. Mai 2014 12 / 23



Partition function I

Partition function in the grand canonical ensemble:

Z = tr
(
e−β(H−µN)

)
=
∫ ∏

α

dφ∗αdφα e
−
∑
α

φ∗α φα
〈−φ| e−β(H−µN) |φ〉

Wick-Rotation: t → −iτ
Grand canonical ensemble: H − µN

from now on ~ ≡ 1
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Partition function II

Notation: ε = β
M

antiperiodic boundary conditions: φα,0 = φα , φ∗α,M = −φ∗α

Z = lim
M→∞

∫ M∏
k=1

∏
α

dφ∗α,kdφα,k e
−

M∑
k=1

∑
α

φ∗α,k φα,k

×
M∏

k=1
〈φk | : e−ε(H(a†,a)−µN) :

∣∣φk−1
〉

= lim
M→∞

∫ M∏
k=1

∏
α

dφ∗α,kdφα,k e
−

M∑
k=1

∑
α

φ∗α,k φα,k

× e

M∑
k=1

∑
α

φ∗α,k φα,k−1− ε
(

H(φ∗α,k ,φα,k−1)−µφ∗α,k φα,k−1

)
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Partition function III

Z = lim
M→∞

∫ M∏
k=1

∏
α

dφ∗α,kdφα,k e
−

M∑
k=1

∑
α

φ∗α,k φα,k

× e

M∑
k=1

∑
α

φ∗α,k φα,k−1− ε
(

H(φ∗α,k ,φα,k−1)−µφ∗α,k φα,k−1

)

= lim
M→∞

∫ M∏
k=1

∏
α

dφ∗α,kdφα,k

× e
−ε

M∑
k=1

(∑
α

φ∗α,k

(
φ
α,k−φα,k−1

ε
−µφα,k−1

)
+H(φ∗α,k ,φα,k−1)

)

where φα,0 = −φα,M =⇒ antiperiodic boundary conditions
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Partition function IV

Discrete notation:

Z = lim
M→∞

∫ M∏
k=1

∏
α

dφ∗α,kdφα,k

× e
−ε

M∑
k=1

(∑
α

φ∗α,k

(
φ
α,k−φα,k−1

ε
−µφα,k−1

)
+H(φ∗α,k ,φα,k−1)

)

Trajectory notation:

Z =
∫

φα(β)=−φα(0)

D [φ∗α(τ), φα(τ)] e
−

β∫
0

dτ
∑
α

φ∗α(τ)( ∂
∂τ
−µ)φα(τ)+H(φ∗α(τ),φα(τ))
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Non-interacting fermions I

Non-interacting Hamiltonian: H =
∑
α
εαa†αaα

=⇒ H − µN =
∑
α

(εα − µ)a†αaα

Partition function:

Z = lim
M→∞

∫ M∏
k=1

∏
α

dφ∗α,kdφα,k

× e
− β

M

M∑
k=1

∑
α

(
φ∗α,k

(
φ
α,k−φα,k−1

β/M −µφα,k−1

)
+εα φ∗α,kφα,k−1

)

= lim
M→∞

∫ M∏
k=1

∏
α

dφ∗α,kdφα,k

× e
−

M∑
k=1

∑
α

(
( βM (εα−µ)−1)φ∗α,kφα,k−1+ φ∗α,kφα,k

)
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Non interacting fermions II

Notation: a = 1− β
M (εα − µ)

φα =



φα,1
φα,2
φα,3

...

...
φα,M


, S(α) =



1 0 0 · · · 0 a

−a 1 0 . . . ... 0

0 −a 1 . . . ...
...

0 0 −a . . . 0 0
...

... . . . . . . 1 0
0 0 · · · 0 −a 1



=⇒ Z = lim
M→∞

∫ M∏
k=1

∏
α

dφ∗αdφα e−φ∗α S(α) φα
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Non-interacting fermions III

Transformation to the eigenbasis of S(α): U †U = 1

φα → ηα ≡ Uφα , φ∗α → η∗α ≡ φ∗αU † , U S(α) U † ≡ D(α)

Z = lim
M→∞

∫ M∏
k=1

∏
α

dφ∗αdφα e−φ∗α S(α) φα

= lim
M→∞

∫ M∏
k=1

∏
α

dφ∗αdφα e−φ∗α U †U S(α) U †U φα

= lim
M→∞

∫ M∏
k=1

∏
α

dη∗αdηα e−η∗α D(α) ηα

= lim
M→∞

∫ M∏
k=1

∏
α

dη∗αdηα e
−

M∑
k=1

dk η∗α ηα
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Non-interacting fermions IV

Grassmann-integrals:∫
dη 1 = 0 ,

∫
dη∗ 1 = 0∫

dη η = 1 ,
∫

dη∗ η∗ = 1

Gaussian Grassmann-integral:∫
dη∗dη e−η∗a η

=
∫

dη∗dη (1− η∗a η)

=
∫

dη∗dη ηa η∗

= a
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Non-interacting fermions V

Partition function:

Z = lim
M→∞

∫ M∏
k=1

∏
α

dη∗αdηα e−dk η∗α ηα

= lim
M→∞

∏
α

M∏
k=1

dk = lim
M→∞

∏
α

det S(α)

Determinant:

lim
M→∞

det S(α) = lim
M→∞

(
1− (−1)M−1(−a)M

)
= lim

M→∞

(
1 +

(
1− β

M (εα − µ)
)M)

= 1 + e−β(εα−µ)
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Non-interacting fermions VI

=⇒ Z =
∏
α

(
1 + e−β(εα−µ)

)

Expectation value of N =
∑
α

a†αaα:

〈N 〉 = kBT ∂

∂µ
lnZ

= 1
β

∂

∂µ

∑
α

ln
(
1 + e−β(εα−µ)

)
=
∑
α

1
1 + eβ(εα−µ)

=⇒ Fermi–Dirac distribution
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Conclusion

Summary
Path-Integral for fermionic particles expressed by coherent states
Grassmann variables needed for the coherent states due to the
anticommuting of the annihilation operator a
Derivation similar to the case of bosonic particles

Partition function can be expressed through the path-integral
formalism
Antiperiodic boundary conditions for fermionic particles
Non-interacting Hamiltonian =⇒ Fermi-Dirac distribution
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Conclusion

Thank you for your attention!
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