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Motivation

Why do we need coherent states for spins?

We can describe magnetic systems in which we are interested in
the degree of freedom of the spins

H = −
∑

n,m

J(n,m)Sn · Sm

By using the coherent states of spins we are able to construct
the path-integral for them

We obtain a more ”classical-like” picture of spins by using the
coherent spin states
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Coherent states for a harmonic oscillator I

A coherent state (CS) |α〉 is completely defined by α ∈ C

|α〉 = π−1/2e−
1
2 |α|

2
∞∑

n=0

αn

√
n!

|n〉

= π−1/2e−
1
2 |α|

2
∞∑

n=0

(
αa†

)n

n!
|0〉

= π−1/2e−
1
2 |α|

2

eαa
† |0〉

We create the state |n〉 from the vacuum state |0〉 by using
the creation operator

Therefore, we end up with the creation operator in the
exponential

6 / 30
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Coherent states for a harmonic oscillator II

Coherent state for a harmonic oscillator

|α〉 = π−1/2e−
1
2 |α|

2

eαa
† |0〉 , α ∈ C

These states build an overcomplete set

∫

C

dα |α〉 〈α| =
∞∑

n=0

|n〉 〈n| = 1

As you have already seen we can calculate quantities like the
partition function

Z =

∫
∏

α

dΦ∗
αdΦαe

−
∑

α Φ∗
αΦα 〈Φ| e−β(Ĥ−µN̂) |Φ〉
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Spin algebra

Eigenstates for operators: Sz ,S
2 (m = −S ,−S + 1, ..., S)

Sz |S ,m〉 = m |S ,m〉 S

2 |S ,m〉 = S(S + 1) |S ,m〉

Creation & annihilation operator: S± ≡ Sx ± iSy

S+ |S ,m〉 =
√

(S +m + 1)(S −m) |S ,m+ 1〉

S− |S ,m〉 =
√

(S −m + 1)(S +m) |S ,m− 1〉

Commutation relations:

[Si , Sj ] = iǫijkSk [Sz , S±] = ±S± [S+, S−] = 2Sz
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Choice of the ”vacuum state” |0〉 I

Minimize the uncertainty relation

〈∆Sx〉ψ0
〈∆Sy 〉ψ0

≥ 1

2

∣
∣
∣〈Sz〉ψ0

∣
∣
∣

Consider the left side:

〈∆Sx〉|S,m〉 〈∆Sy 〉|S,m〉 =
[(〈

S2
x

〉
− 〈Sx〉2

)(〈
S2
y

〉
− 〈Sy 〉2

)] 1
2

=
1

4

[〈
(S+ + S−)

2
〉
− (〈S+ + S−〉)2

] 1
2

×
[

(〈S+ − S−〉)2 −
〈
(S+ − S−)

2
〉]

1
2

=
1

4
〈S ,m| S+S− + S−S+ |S ,m〉

=
1

4
[(S −m + 1)(S +m) + (S +m + 1)(S −m)]

⇒ minimum at: m = ±S
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Choice of the ”vacuum state” |0〉 II

For reasons of simplicity we use the following definition

Definition

Sz |p〉 ≡ (S − p) |p〉 , 0 ≤ p ≤ 2S

Now we construct the state |p〉 from ”vacuum state” |0〉 ≡ |S , S〉
by using the annihilation operator p times

(S−)
p |0〉 = [(S − S + 1)(S − (S − 1) + 1) . . . (S − (S − p + 1) + 1)]

1/2

× [(S + S)(S + S − 1) . . . (S + S − p + 1)]1/2 |S , S − p〉

=

[
p!(2S)!

(2S − p)!

]1/2

|p〉

11 / 30
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Consider single particle of spin S

Analogue to the CS of a harmonic oscillator

Coherent state HO (reminder)

|α〉 = π−1/2e−
1
2 |α|

2

eαa
† |0〉 , α ∈ C

where we create the state |α〉 using the creation operator a† on the
vacuum state |0〉

We introduce a CS |µ〉 for a single particle of spin S by:

Definition of CS for spin S

|µ〉 = 1√
N

· eµS− |0〉 , µ ∈ C

where we create the state |µ〉 using the annihilation operator S− on
the ”vacuum state” |0〉 = |S , S〉

12 / 30
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Calculation of normalization factor N

Series expansion of the exponential function

|µ〉 = eµS−

√
N

|0〉 = 1√
N

2S∑

p=0

µp

p!
(S−)

p |0〉 = 1√
N

2S∑

p=0

µp

√

(2S)!

(2S − p)!p!
|p〉

States |p〉 build an orthogonal basis this leads us to:

〈µ|µ〉 = 1

N

2S∑

p,p′=0

[(
(2S)!

(2S − p)!p!

)(
(2S)!

(2S − p′)!p′!

)]1/2

µp(µ∗)p
′

δp,p′

=
1

N

2S∑

p=0

(2S)!

(2S − p)!p!
|µ|2p =

1

N

2S∑

p=0

(
2S

p

)
(
|µ|2

)p

=
1

N
(1 + |µ|2)2S
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Completeness relation of coherent spin states I

Coherent spin states |µ〉 build an overcomplete set of states

1 =
2S∑

p=0

|p〉 〈p| =
∫

C

dµ |µ〉 〈µ| · w(|µ|2)

By using the substitution µ = ρ · eiφ we obtain:

∫

C

dµ |µ〉 〈µ| · w(|µ|2) =
2S∑

p=0

|p〉 〈p| (2S)!

(2S − p)!p!
2π

∫ ∞

0

w(ρ2)ρ2p+1

(1 + ρ2)2S
dρ

︸ ︷︷ ︸

≡I(S,p)

Therefore, we need a weight function w(ρ2) which fulfills the
condition:

I(S , p) =
(2S − p)!p!

(2S)!

14 / 30
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Coherent spin states |µ〉 build an overcomplete set of states

1 =
2S∑

p=0

|p〉 〈p| =
∫

C

dµ |µ〉 〈µ| · w(|µ|2)

By using the substitution µ = ρ · eiφ we obtain:

∫

C

dµ |µ〉 〈µ| · w(|µ|2) =
2S∑

p=0

|p〉 〈p| (2S)!

(2S − p)!p!
2π

∫ ∞

0

w(ρ2)ρ2p+1

(1 + ρ2)2S
dρ

︸ ︷︷ ︸

≡I(S,p)

Therefore, we need a weight function w(ρ2) which fulfills the
condition:

I(S , p) =
(2S − p)!p!

(2S)!
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Completeness relation of coherent spin states II

A good choice seems to be w(ρ2) = 2S+1
π

1
(1+ρ2)2

I(S , p) = 2π

∫ ∞

0

w(ρ2)ρ2p+1

(1 + ρ2)2S
dρ

[ρ2=σ]
= π

∫ ∞

0

w(σ)σp

(1 + σ)2S
dσ =

=(2S + 1)

∫ ∞

0

σp dσ

(1 + σ)2S+2

=(2S + 1)

[
σp

−(2S + 1)(1 + σ)2S+1

]∞

0
︸ ︷︷ ︸

=0

− (2S + 1)p

−(2S + 1)

∫ ∞

0

σp−1dσ

(1 + σ)2S+1

= . . . = ✘
✘
✘
✘(2S + 1)p(p − 1) . . . 1

✘
✘
✘
✘(2S + 1)(2S) . . . (2S − p + 1)

=
p!

(2S)!/(2S − p)!

where we determine I(S , p) using the integration by parts p times

⇒ 1 =

2S∑

p=0

|p〉 〈p| = 2S + 1

π

∫

C

dµ |µ〉 〈µ| · 1

(1 + |µ|2)2
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Overlap integral of two different states |µ〉 , |ν〉

Now we are able to calculate the overlap integral 〈ν|µ〉

〈ν|µ〉 = 1
√
NµNν

2S∑

p,p′=0

[(
(2S)!

(2S − p′!)p′!

(2S)!

(2S − p!)p!

)] 1
2

(ν∗)p
′

µpδp,p′

=
1

√
NµNν

2S∑

p=0

(2S)!

(2S − p!)p!
(ν∗µ)p =

1
√
NµNν

2S∑

p=0

(
2S

p

)

(ν∗µ)p

=
(1 + ν∗µ)2S

(1 + |ν|2)S (1 + |µ|2)S

For the absolute value we obtain:

|〈ν|µ〉|2 =
∣
∣
∣
∣

(1 + ν∗µ)2S

(1 + |ν|2)S (1 + |µ|2)S
∣
∣
∣
∣

2

=

( |1 + ν∗µ|2
(1 + |ν|2)(1 + |µ|2)

)2S

=

(
(1 + ν∗µ)(1 + νµ∗)

(1 + |ν|2)(1 + |µ|2)

)2S

=

(

1− |ν − µ|
(1 + |ν|2)(1 + |µ|2)

)2S
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Summary

High spin limit I

We use the Holstein-Primakoff transformation to obtain the high spin
limit of the coherent spin states

S+ ≡
(√

2S − a†a
)

a S− ≡ a†
(√

2S − a†a
)

Sz ≡ S − a†a

It is not difficult to see that this definition fulfills the commutation
relation:

[Si , Sj ] = iǫijkSk

For S ≫ 1 we can expand S− in a Taylor series

S− → (2S)1/2a†

⇒ µ → α/(2S)1/2
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High spin limit II

Therefore we obtain:

exp (µS−) → exp (αa†)

Remember a coherent spin state

|µ〉 = (1 + |µ|2)−SeµS− |0〉

In the limit S → ∞ a normalized spin state |α〉S is:

lim
S→∞

|α〉S = lim
S→∞

(

1 +
|α|2
2S

)−S

︸ ︷︷ ︸

→ exp(−|α|2/2)

eαa
† |0〉 = e−

1
2 |α|

2

eαa
† |0〉

Except a factor π−1/2, this result is equal to the coherent states of
a harmonic oscillator
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Important expectation values I

The coherent spin states are:

|µ〉 = (1 + |µ|2)−S

2S∑

p=0

(
(2S)!

(2S − p)!p!

)1/2

µp |p〉

Remember state |p〉 is defined as:

Ŝz |p〉 ≡ (S − p) |p〉 , 0 ≤ p ≤ 2S

Therefore we define an operator p̂:

p̂ ≡ S − Ŝz ⇒ p̂ |p〉 = p |p〉

Expectation value of the operator p̂ in the coherent spin states is:

〈µ|p̂|µ〉 = (1 + |µ|2)−2S
2S∑

p=0

(2S)!

(2S − p)!p!
|µ|2p · p
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Important expectation values II

Since, we can write the sum as

2S∑

p=0

(2S)!

(2S − p)!p!

(
|µ|2

)p · p = |µ|2 ∂

∂(|µ|2) (1 + |µ|2)2S

=

2S∑

p=0

(
2S

p

)

|µ|2 ∂

∂(|µ|2)
(
|µ|2

)p
=

2S∑

p=0

(2S)!

(2S − p)!p!

(
|µ|2

)p · p

we can easily determine the expectation value

〈µ|p̂|µ〉 = (1 + |µ|2)−2S |µ|2 ∂

∂(|µ|2) (1 + |µ|2)2S

=
2S |µ|2
1 + |µ|2
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Important expectation values III

Same way to calculate the following expectation values:

〈µ|S+|µ〉 = (1 + |µ|2)−2S ∂

∂µ∗
(1 + |µ|2)2S =

2Sµ

1 + |µ|2

〈µ|S−|µ〉 = (1 + |µ|2)−2S ∂

∂µ
(1 + |µ|2)2S =

2Sµ∗

1 + |µ|2

〈ν|p̂|µ〉 = (1 + |ν|2)−S (1 + |µ|2)−Sµ
∂

∂µ
(1 + ν∗µ)2S =

2Sν∗µ

1 + ν∗µ
〈ν|µ〉

〈ν|S+|µ〉 = (1 + |ν|2)−S (1 + |µ|2)−S ∂

∂ν∗
(1 + ν∗µ)2S =

2Sµ

1 + ν∗µ
〈ν|µ〉

〈ν|S−|µ〉 = (1 + |ν|2)−S (1 + |µ|2)−S ∂

∂µ
(1 + ν∗µ)2S =

2Sν∗

1 + ν∗µ
〈ν|µ〉
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What we have reached so far

In analogy to the coherent states of the harmonic oscillator we
construct coherent spin states

|µ〉 = (1 + |µ|2)−S · eµS− |0〉
We find a state which minimizes the uncertainty relation

〈∆Sx〉|0〉 〈∆Sy 〉|0〉 ≥
1

2

∣
∣
∣〈Sz〉|0〉

∣
∣
∣ ⇒ |0〉 = |S ,±S〉

By further calculations we obtain the completeness relation of
the coherent spin states

1 =
2S∑

p=0

|p〉 〈p| = 2S + 1

π

∫

C

dµ |µ〉 〈µ| · 1

(1 + |µ|2)2

As expected the high spin limit of the coherent spin states
leads to the coherent states of a harmonic oscillator

So far we are able to calculate important expectation values
in the basis of the constructed coherent spin states
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We find a state which minimizes the uncertainty relation

〈∆Sx〉|0〉 〈∆Sy 〉|0〉 ≥
1

2

∣
∣
∣〈Sz〉|0〉

∣
∣
∣ ⇒ |0〉 = |S ,±S〉

By further calculations we obtain the completeness relation of
the coherent spin states

1 =
2S∑

p=0

|p〉 〈p| = 2S + 1

π

∫

C

dµ |µ〉 〈µ| · 1

(1 + |µ|2)2

As expected the high spin limit of the coherent spin states
leads to the coherent states of a harmonic oscillator

So far we are able to calculate important expectation values
in the basis of the constructed coherent spin states
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Stereographic projection I

An alternative parametrization of µ is the stereographic projection

µ ≡ tan

(
θ

2

)

eiφ 0 ≤ θ < π 0 ≤ φ < 2π

x

y

z

S

P̂

N

P

θφ

A coherent state |µ〉 can be associated with a point on the unit
sphere
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Stereographic projection II

With respect to previous calculations we get the normalized
coherent spin states

|θ, φ〉 ≡ |Ω〉 =
(
cos θ2

)2S
e(tan

θ
2 e

iφS−) |0〉

with the completeness relation

1 =
2S + 1

4π

∫

dφ dθ sin θ |θ, φ〉 〈θ, φ| = (2S + 1)

∫
dΩ

4π
|Ω〉 〈Ω|

the overlap integral of the states |Ω〉 , |Ω′〉

〈Ω′|Ω〉 =
[

cos 1
2θ cos

1
2θ

′ + sin 1
2θ sin

1
2θ

′ei(φ−φ
′)
]2S

Further calculations give us

| 〈Ω′|Ω〉 | =
[
1 + n · n′

2

]S

n ≡
(
cosφ sin θ, sinφ sin θ, cos θ

)

where n,n′ are unit vectors defined by angles (θ, φ), (θ′, φ′)
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Stereographic projection III

The expectation value of the spin components

By using previous results we get:

〈Ω|p̂|Ω〉 = 2S
(
tan θ

2

)2

1 +
(
tan θ

2

)2 = S (1− cos θ)

〈Ω|S+|Ω〉 = S sin θeiφ 〈Ω|S−|Ω〉 = S sin θe−iφ

Thus, the expectation value is given by:

〈Ω|S |Ω〉 = Sn S =





Sx
Sy
Sz




n =





cosφ sin θ
sinφ sin θ
cos θ





The expectation value of the spin operator in the coherent spin
states corresponds to a vector moving on a sphere of radius S
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Coherent spin states using properties of SU(2) I

The elements g of the group SU(2) are 2× 2 unitary matrices with
determinant 1:

g ∈
{(

α β
−β∗ α∗

)}

, with |α|2 + |β|2 = 1

We define a subgroup H ⊂ SU(2) of diagonal matrices:

h ∈
{(

α 0
0 α∗

)}

, with |α|2 = 1 ⇒ α = eiϕ

We can write an element g of the group SU(2) with the so called
generators σj by using exponential mapping:

g = exp i
3∑

j=1

θjσj with θj ∈ R

The generators of the group SU(2) are the well known pauli matrices
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Coherent spin states using properties of SU(2) II

Since, the operator Sz acting on a state |S ,m〉 ∈ Hilbert space does
not generate a new state we define:

G/H = X =

{(
α β

−β∗ α

)}

, with α ∈ R

The determinant of a element of X is 1:

α2 + β2
1 + β2

2
!
= 1, where β ≡ β1 + iβ2

⇒ every element of X can be associated with a point on a sphere S2

We use X to construct the coherent states with generators σx , σy

gX = exp
[

iθ
(

x
σx

2
+ y

σy

2

)]

, with gX ∈ X

With the spherical angles θ and φ we can use the parametrization:

x = sinφ y = − cosφ 0 ≤ θ ≤ π 0 ≤ φ ≤ 2π
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Coherent spin states using properties of SU(2) III

Therefore we get:

gX = exp
[

iθ
(

sinφ
σx

2
− cosφ

σy

2

)]

= exp (ξS+ − ξ∗S−), where ξ ≡ − θ
2 e

−iφ

With |0〉 ≡ |S , S〉 we obtain the coherent spin states

|θ, φ〉 = gX |0〉 = eiθ(x·S) |0〉 S =





Sx
Sy
Sz




x =





sinφ
− cosφ

0





Proof of equality of both constructions of the coherent spin states

exp (ξS+ − ξ∗S−) = eζ
′S−e−ηSz eζS+

ζ = − tan θ
2 e

−iφ η = −2 ln
(
cos θ2

)
= ln

(

1 + |ζ|2
)

ζ′ = −ζ∗
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Coherent spin states using properties of SU(2) IV

The effect of the representation gX acting on the state |S , S〉

exp [iθ(x · S)] |S , S〉 = eζ
′S−e−ηSz eζS+ |S , S〉

︸ ︷︷ ︸

1|S,S〉

= eζ
′S−

∞∑

n=0

(−η)n

n!
(Sz )

n |S , S〉
︸ ︷︷ ︸

=(S)n|S,S〉

= exp (−ηS)

2S∑

n=0

(ζ′)n

n!
(S−)

n |S , S〉

=
(
cos θ2

)2S
2S∑

n=0

(ζ′)n
[

(2S)!

n!(2S − n)!

]1/2

|S , S − n〉

= |Ω〉

⇒ both constructions of the coherent spin states are equal
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We construct the coherent spin states in analogy to the harmonic
oscillator as well as based on the properties of the group SU(2)

We have shown an alternativ parametrization by the
stereographic projection

We calculate some relevant expectation values and work out that
the expectation value of the spin operator in the coherent spin
states corresponds to a vector moving on a sphere with radius S
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