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Why do we need coherent states for spins?

@ We can describe magnetic systems in which we are interested in
the degree of freedom of the spins

H==> J(nmS,-Sn

@ By using the coherent states of spins we are able to construct
the path-integral for them

@ We obtain a more "classical-like" picture of spins by using the
coherent spin states
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Coherent states for a harmonic oscillator |

Coherent states

ferepiie A coherent state (CS) |a) is completely defined by av € C
Felix Engel
2=
1 2
| o) =23 5™ O )
=2
[e'e] 1 n
Analogue spin _ 71'71/267%'&‘2 Z (aa ) |0>
Alawedive n!
parametrization n=0
!i?:} o = 7-‘-—1/2e—%|0“2e0ﬂ"T |0>

@ We create the state |n) from the vacuum state |0) by using
the creation operator

@ Therefore, we end up with the creation operator in the
exponential
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Coherent states for a harmonic oscillator 1l

Coherent state for a harmonic oscillator

o) = 7Y/ e tlafgod’ 0), e C

@ These states build an overcomplete set

/da|a> (ol =3 In) (n] =1
C n=0

@ As you have already seen we can calculate quantities like the

partition function

zZ= /Hdd)de)ae_ T 0% (@] e AA-1) |¢)
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Eigenstates for operators: S,, 5% (m=—-S5,-S+1,...,5)

S, |S,m)=m|S,m)  §%|S,m)=S5(S+1)|S,m)

Creation & annihilation operator: S, = S, iS5,

Si1S,m =/ (S+m+1)(S—m)|S,m+1)
1S, m) =/ (S—m+1)(S+m)|S,m—1)

Commutation relations:

[5,', Sj] = i€ijk5k [527 Si] =+5; [5+= 57] =125,
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Minimize the uncertainty relation
(BS),, (BS)),, >

Consider the left side:

(855 (855, = [((52) = (57) (18 = (577)]
1

=2 [(si + 57— (5. + 57

4

1
2
1
4

= minimum at: m=+S§

N =
—
,&n
~
<
o

(S—m+1)(S+m)+

S, m)

(S+m+1)(S—m)
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S:lp)=(S—p)lp), 0<p<2S
Analogue spin
states
Alternative
PTG EEor Now we construct the state |p) from ”vacuum state” |0) = |S,S)

Using group
SU(2)

by using the annihilation operator p times

(5_)P10)=[(S=S+1)(S—=(S=1)+1)...(S—(S—p+1)+1)*/?
X [(S+S)(S+S5-1)...(5+S—p+1)]"?|5,5—p)

e
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Consider single particle of spin S
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Consider single particle of spin S

Analogue to the CS of a harmonic oscillator

Coherent state HO (reminder)

o) = 2 310l e 0) q € C

where we create the state |a) using the creation operator a' on the
vacuum state |0)

We introduce a CS |u) for a single particle of spin S by:

Definition of CS for spin S

1
) = —=-e*>-0), peC

VN

where we create the state |p) using the annihilation operator S_ on
the "vacuum state” |0) =|S,S)
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Calculation of normalization factor NV

Gt s Series expansion of the exponential function

for spins

Felix Engel - eﬂs— - 1 25 'up , B 1 25 ) (25)|
9= 719 = 75 2 Gr S0 = 75 3 sy P
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Calculation of normalization factor NV

Series expansion of the exponential function

¢ e LN s iy LN (29
|“>_\/N|O>_\/N;p!(5_) |0>_\/N§’ @5 pyip P

States |p) build an orthogonal basis this leads us to:

’V Z K 25 - p ><(25(E?/!)!pq)}1/2u"(u*)"'5p,p/
io 25 —p)! p" u = /\/Z(zs) (1u?)

(L+ [p)*

(1))

N
1
N
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2S
— = 1 W L2
n—§|p><p|—/cd/ 1) il - w(lal?)
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Completeness relation of coherent spin states |
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gy s Coherent spin states |u) build an overcomplete set of states
Felix Engel

S
p) (ol = /@ dpa 1) (] - w(luf?)

e " By using the substitution ;= p - e'® we obtain:

Alterr
3

@8 [T w(p)et!
/Cdﬂ|ﬂ>< w(|ul?) Z|P P| “p)lp W/o de

=I(S,p)
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Coherent spin states |u) build an overcomplete set of states
s
P (ol = [ duli) - wiluf)
- C

By using the substitution iz = p - ' we obtain:

_@S) [ w(P)e
/Cdﬂ|ﬂ>< w(|ul?) Z|P P| “p)lp W/o de

=I(S,p)

Therefore, we need a weight function w(p?) which fulfills the

condition:
(25 — p)!p!

1(5:p) = =73y

14 /30



Completeness relation of coherent spin states Il

Coh ; 2) _ 25+1 1
‘e A good choice seems to be w(p®) = == gy

Felix Engel
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A good choice seems to be w(p?)

I(S,p) = 277/000

_(25+1)/0°°(

w(p?)p?P !

(t+ )

oPdo

1+ O-)2S+2

_ 2541 1

dp[P;U] 77/
o (

m  (14+p?)?

w(o)oP

1+0)?%

do =
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A good choice seems to be w(p?) =

25—%1‘/

25+1

™

1

T

= w(p?)p?t =l / >
(S, :271'/ T dp "= x
e o

w(o)oP
1+0)?%

do

=(25+1) [

oPdo
1 + O' 25+2
> 25+ 1)p /°° oP~ o
(25+1) 1 +o0)2t ], —(25+41) )y (1+40)>*1

=0
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A good choice seems to be w(p?) =

2 w(p?)pPtt | i=a [
is.p)=2n | e "= [

1+
P
25+1/ o? do

25+1 1
m  (14+p?)?

w(o)oP
1+0)?%

do =

1 + O' 25+2
%) 00 p—1
—(25+1) _(25+1)p/ oP~ldo
—(25+1) 1 +o0)»® |, —(25+1) ), (1+0)>*!
=0
. es+hp(p-1)...1 p!
(25 +T1)(2S)...(2S—p+1) (29)1/(25 - p)!
where we determine I(S, p) using the integration by parts p times
25
25+1 1
;| ) (Pl g ol (el TESPBE
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Now we are able to calculate the overlap integral (v|u)

{vlp) =

m > [

p,p’=0
f: (25)! .
\/N N, (25 - p! p|

1+v u)25

T+ PSP

25(2—5,)9!!);)!)} % (V)P 1Pdppr
re s (e
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Overlap integral of two different states |u) , |v)

Now we are able to calculate the overlap integral (v|u)

(2S) \1*, o o
(vl = VWTTg;J(QS ﬂlqcs_mmo}(y)ugﬂ
> @S, 1 25\ (e
\/WZ% pp‘ \/W ()
(1+ v )

T+ PSP

For the absolute value we obtain:

ol |

(14 v )

(14 w2)* (1 + |p?)®

(

I+ v ) +vpr)

L+ P+ ul?)

2_< 11+ 12 >25
(1 + )L+ [uf?)

v =4

)%‘G‘(

L+ [v2)(1 + [ul

5)
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High spin limit |

Coherent states

for spins
-~ :nge. We use the Holstein-Primakoff transformation to obtain the high spin
limit of the coherent spin states
S, = (\/ 25 — aTa) a S_=af (\/ 25 — aTa)
Anloguelspin Sz =S5 aTa
Alternative

parametrization

Using group
SU(2)
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High spin limit |

We use the Holstein-Primakoff transformation to obtain the high spin
limit of the coherent spin states

S, = (\/ 25 — aTa) a S_=af (\/ 25 — aTa)

S,=S5—a'a

It is not difficult to see that this definition fulfills the commutation
relation:

[5,', SJ] = ie,-ijk
For S > 1 we can expand S_ in a Taylor series

S_ — (25)Y/24f
= 1 — a/(25)Y/?
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High spin limit II

Therefore we obtain:
exp (uS_) — exp (aa')
Remember a coherent spin state

) = (1+[uf?)~Se> |0)
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High spin limit II

Therefore we obtain:
exp (1S_) — exp (aa')
Remember a coherent spin state
1) = (1+ |u?) =€ |0)
In the limit S — oo a normalized spin state |a) ¢ is:

2\ —S
s“m s = s“m <1 + %) eo?! 0) = e zlalfgad! |0)
—0o0 —00

— exp(—|al?/2)

Except a factor 7—1/2, this result is equal to the coherent states of
a harmonic oscillator

18/30
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The coherent spin states are:

25 1/2
_ L2_S (25)| P
1) = (1 + 1P) ;(7(25_@”3!) 4 1p)

Remember state |p) is defined as:

S:lp)=(S-p)lp), 0<p<2S
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Important expectation values |

The coherent spin states are:
25 | 1/2
b= () >3 (asdmi) 1o

Remember state |p) is defined as:

S:lp)=(S-p)lp), 0<p<2S
Therefore we define an operator p:

p=S-5. = plp)=rlp)

Expectation value of the operator p in the coherent spin states is:

25

(ulplpy = (14 [p?)™>* )

p=0

(25)!

2

19/30
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< 9

2\P 2 2\2S
p = |l 5 (L +
>y (46”2 = g )

Analogue spin 2S 2S
states 8 P (25)| o p
Alternative |/ |2 |,U|2 — |,U|
o Z_%( ) a(|nl?) (IuF) ; (25— p)!Ip! (1)
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Since, we can write the sum as
25
(25)! 2\P ,» 0 2125
-~ 7 . — - ]_ -+
; @5 p)ipl (Iul?)? - p = |ul a0y 1)
25

(25 o @S
Z( Ve g () =3 a5 gy (4

we can easily determine the expectation value

n _ 2\—25|,,12 9 2\2S

_ 25|uf
C 14 [uf?
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Important expectation values |ll

Same way to calculate the following expectation values:

)
_ 2\—2S
(1 Selp) = (1 +|ul?) —8u*(1

(ulS-|py = (1 + |u?)~>

| |2)2S _ 25/1'
1+ [pf?

0 25u*
T up)s = 2
0u( )™ =1 e
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Same way to calculate the following expectation values:

_as O 25u
_ 2y-25 225 _
(ISl = (1 aP) 25 (0 + P = T
. 0 25u*
S 1) = (1 2y-25 9 4 2)25 _
(lS=|p) = (1 +[u]%) 0u( + [ul?) T+ P
_ s 0 25v* 1
AL 2y—S -5, 9 * Y25 _
ABl) = 1+ )1+ 1) S (oS = 220

{vlp)
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Same way to calculate the following expectation values

(ISl = 1+ 1) S 51+ S =
(1S ) = (14 1) 25 S0 S = 0
610) = (L + RS+ 1) St (L = 222 o
S li) = 1+ ) S0+ )5 50+ = T vl
WS-l = (1 + P) S+ ) S (4 v = 2 )



In analogy to the coherent states of the harmonic oscillator we
construct coherent spin states

) = (1+[pl?)~ - &> |0)

@ We find a state which minimizes the uncertainty relation

(AS54) 10y <A5y>|0>2%‘<52>|0>‘ = [0)=1S,£S)

@ By further calculations we obtain the completeness relation of
the coherent spin states

=316} 6l = 2= [ dulo) ]

p=0

@ As expected the high spin limit of the coherent spin states
leads to the coherent states of a harmonic oscillator

@ So far we are able to calculate important expectation values
in the basis of the constructed coherent spin states

22/30
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@ In analogy to the coherent states of the harmonic oscillator we
construct coherent spin states

1y = (1+ |uP) 5 - e~ o)

@ We find a state which minimizes the uncertainty relation

(BS) (BS) 5 > 5[50 = 10)=15.£5)

@ By further calculations we obtain the completeness relation of

the coherent spin states

1=> |p)(pl =

p=0

25+1
™

/ dja 1) (s -
C

1
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©

In analogy to the coherent states of the harmonic oscillator we
construct coherent spin states

1) = (L4 |u?)=° - > |0)
We find a state which minimizes the uncertainty relation
1
(A (BS)) = 5 [(Sg| = 10)=15,£8)

By further calculations we obtain the completeness relation of
the coherent spin states

2S
2S+1 1
1= Ip) (pl = / dpe 1) (] -
p=0 ¢

@ (1 +[ul?)?

As expected the high spin limit of the coherent spin states
leads to the coherent states of a harmonic oscillator

So far we are able to calculate important expectation values
in the basis of the constructed coherent spin states
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Stereographic projection |

An alternative parametrization of i is the stereographic projection

0 .
;than(i)e'q5 0<f<nm 0<op<2m

A coherent state |u) can be associated with a point on the unit
sphere

23/30
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Stereographic projection |l

With respect to previous calculations we get the normalized

coherent spin states

0,6) = 1Q) = (cos §)** el 2<5-) o)

with the completeness relation

2 1
1— 5—|—

the overlap integral of the states |Q), |Q')

Q1) = [cos 10 cos 10’ + sin Lo sin Lg'el(9—¢ )}

2S5

/d¢d95|n9|9 6) (0, = (25+1)/%|Q>(Q|
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Stereographic projection |l

With respect to previous calculations we get the normalized
coherent spin states
2S 9 iP
10,6) = Q) = (cos §)*° e(ten5¢”5-) |0)

with the completeness relation
2 1 Q
5+ /d¢d95|n9|9 6) (0, = (25+1)/j_|9> @l
™

the overlap integral of the states |Q), |Q')

1=

25
Q1) = [cos 10 cos 10’ + sin Lo sin Lg'el(9—¢ )}

Further calculations give us

, l1+n-n']° _ . S
[{(QQ) | = — n = (cos ¢sin6,sin ¢sin 6, cos )

where n, n’ are unit vectors defined by angles (6, ¢), (¢/,¢')
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The expectation value of the spin components

By using previous results we get:

(Q[p[2)

(Q|S,|Q) = Ssinfe'®

~ 25(tan®)’
1+ (tan §)2

=5(1 - cos¥h)

(Q|S_|Q) = Ssinfe ¢
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Analogue spin
states
Alternative
parametrization
Using group
SU(2)

Stereographic projection |lI

The expectation value of the spin components

By using previous results we get:

~ 25(tan®)’

Q|p|Q2) = =5(1 - cos¥h)
1+ (tan §)2
(Q|S4]Q) = Ssinfe'? (Q|S_|Q) = Ssinfe'?
Thus, the expectation value is given by:
Sy cos ¢ sin 6
(Q|S|2) = Sn S=15 n= | singsind
S, cos 6

The expectation value of the spin operator in the coherent spin
states corresponds to a vector moving on a sphere of radius S
25 /30
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coerentstites The elements g of the group SU(2) are 2 x 2 unitary matrices with
determinant 1:

gc {(_‘;* O{i) } . with [af? + 8 = 1

spin We define a subgroup H C SU(2) of diagonal matrices:

. a 0 . i
B R he {(0 ) } . with o) =1 = a=¢¥
[0
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Coherent spin states using properties of SU(2) |

coerentstites The elements g of the group SU(2) are 2 x 2 unitary matrices with
determinant 1:

gc {(_‘;* O{i) } . with [af? + 8 = 1

We define a subgroup H C SU(2) of diagonal matrices:

0 0 . '
S he {(0 *)}, with |a|2:1 = a=2¢¥
o

We can write an element g of the group SU(2) with the so called
generators o; by using exponential mapping:

Felix Engel

3
g=expi» 0jo; withf; € R

j=1

The generators of the group SU(2) are the well known pauli matrices
26/ 30
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Cohgrent states Since, the operator S, acting on a state |S, m) € Hilbert space does
not generate a new state we define:

G/H—X—{(_%* g)} with o € R

spin The determinant of a element of X is 1:

/ ! .
parametszation o?+ B2+ 65=1, where f=p1+if

Using group
SU2)

Felix Engel

= every element of X can be associated with a point on a sphere S
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Cohgrent states Since, the operator S, acting on a state |S, m) € Hilbert space does
not generate a new state we define:

G/H—X—{(_%* g)} with o € R

The determinant of a element of X is 1:
QB+ A2 =1, where f =1 +if

= every element of X can be associated with a point on a sphere S

Felix Engel

S
Using group
SU(2)

We use X to construct the coherent states with generators o, o,

gx = exp [i& (x% —l—y%)}, with gx € X
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Coherent spin states using properties of SU(2) Il

Since, the operator S, acting on a state |S, m) € Hilbert space does
not generate a new state we define:

G/H—X—{(_%* g)} with o € R

The determinant of a element of X is 1:
QB+ A2 =1, where f =1 +if

= every element of X can be associated with a point on a sphere S

We use X to construct the coherent states with generators o, o,

gx = exp [i& (x% —l—y%)}, with gx € X
With the spherical angles 8 and ¢ we can use the parametrization:
x=sing y=—cos¢p 0<O0<7m 0<¢p<2rm

27 /30



Coherent spin states using properties of SU(2) Il

Coherencstaies . Therefore we get:

for spins

Felix Engel

~ oo [0 (sin 6% — cos o2
gx = exp [|0 (squ > cos ¢ > )}
=exp (S —€'S_), where £ = —ge_i¢
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Gt ekl Therefore we get:

for spins

Felix Engel
gx = exp [i& (sin (;52 — cos (ba—y)}
2 2
=exp (S —€'S_), where £ = —ge_'q5
g With |0) = |5, S) we obtain the coherent spin states

i _ S, sin ¢
SU(2) |97 ¢> = gx |0> — oif(x$) |0> S = 5y x=|—cos¢
S, 0
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Coherent spin states using properties of SU(2) Il

Gt ekl Therefore we get:

for spins

Felix Engel

- i0 (sinoZx — Iy
gx = exp [|0 (squ > cos ¢ > )}
=exp (S —€'S_), where £ = —ge_i¢

Anslogue spin With |0) = |5, S) we obtain the coherent spin states

i _ S, sin ¢
SU(2) |97 ¢> = gx |0> — oif(x$) |0> S = 5y x=|—cos¢
S, 0

Proof of equality of both constructions of the coherent spin states

exp (S —¢&°S_) = ¢S e 57 elS5k

(=—tanfe ™ n=-2In(cosy) =1In (1 + |§|2) ¢ ==

28 /30



Coherent spin states using properties of SU(2) IV

Coherent states
for spins The effect of the representation gx acting on the state |S, S)

Felix Engel

exp [if(x - §)]|S,S) =

spin

ati
Using group
SU2)

29/30



Coherent spin states using properties of SU(2) IV

Coherent states
for spins The effect of the representation gx acting on the state |S, S)

exp[if(x - §)]|S,S) = e¢'S-e % $5+ |5, S)
N—_——

1[S,5)

spin

ati
Using group
SU2)

29/30



Coherent spin states using properties of SU(2) IV

Coherent states
for spins The effect of the representation gx acting on the state |S, S)
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exp[if(x - §)]|S,S) = e¢'S-e % $5+ |5, S)
N—_——

1/5,5)
X (. \n
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Coherent spin states using properties of SU(2) IV

Coherent states
for spins The effect of the representation gx acting on the state |S, S)

Felix Engel

exp[if(x - §)]|S,S) = e¢'S-e % $5+ |5, S)
N—_——

11S,5)
Analogue spin _ [ - (—77)” n
o ~(5)5.8)
SU(2g)g ’ 25 (Cl)n
=exp(-18) Y =(5-)"1S,5)
n=0 ’
25 1/2
B 0125 n (25)! B
= (COS2) ;(C) |:n|(25_n_)| |5,5 n>

=)
= both constructions of the coherent spin states are equal
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@ We construct the coherent spin states in analogy to the harmonic
oscillator as well as based on the properties of the group SU(2)

@ We have shown an alternativ parametrization by the
stereographic projection

@ We calculate some relevant expectation values and work out that
the expectation value of the spin operator in the coherent spin
states corresponds to a vector moving on a sphere with radius S
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