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Properties of coherent states for spins

"Vacuum"
10) =S, =S)

m Angular representation
1/2

25 25
n0.0) = 5% Kn(0) (3 ) 155+ m
with Km(6, ) = cos®>(Z) - [~ tan (§) exp(—ig)]"
m Normalisation
(n[n) =1
m Resolution of identity

™ 27
1 =22tL. [dfsin(0) [dep|n)(n]
0 0

m Differential
dn = 22t sin(9) - dody
m Expectation value
(n|S|n) = —nS
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Trotter slicing

m Canonical partition function
Z =Tr[T; e P*] = [dn (n|e=#%|n) coherent states

"time" ordering
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Trotter slicing

m Canonical partition function
Z=Tr[Tz e "] = [dn (n|e=*|n)
m Trotter slicing
e FH — e_%H'L ~~ e_%’H el e_ng

~

slicing [
< error O [(B/L)?] times
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Trotter slicing

m Canonical partition function
Z=Tr[Tz e "] = [dn (n|e=*|n)
m Trotter slicing
S 2 P R

~

L
—ATH. . —ATH__ rle—ATH

AT—Tk—’Tkl—ﬂ k=1

< later: parametrisation 7 = 7(6, ¢)
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Trotter slicing

m Canonical partition function
Z=Tr[Tz e "] = [dn (n|e=*|n)
m Trotter slicing
e FH — e_%H'L ~ e_%’H el e_ng

L
— e—ATH R e—AT’H — H e—AT'H

k=1
m Insert identity operators

Jdn(nle=?*|n) = [dn(nle= 27" . .. .e ATH|n)
. = [dni(n e [dn s [niy) (np e 277
5§rr1lc(i)i(’:ilgnzo::(::rz =ng <.+ Jdng|ng)(nyle= A7 |no)
L-1
identity operators
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Trotter slicing

m Canonical partition function
Z=Tr[Tz e "] = [dn (n|e=*|n)

m Trotter slicing

B _B B
e FH —e THL ye—TH. e TH
L
— e—ATH R e—AT’H — H e—AT'H
k=1

m Insert identity operators
Jdn(nle=?*|n) = [dn(nle= 27" . .. .e ATH|n)
= [dni(n|e= 2" [dn [n ) (npg|em A7 L

e d —ATH
m Result f nilng)(nife Ing)

L L
Z = lim [Hdnk} {H (ni]le 2 ny 1)
k=1

L— oo k=1
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Expand exponential functions




Expand exponential functions

L
lim /|: Hdl‘lk:| l:H <nk|e_A"H|nk_1)
L— oo k=1

m Series expansion (SE)

= § £%Lk:l—i-ax—i—(’)[(ax)Q]
k=0
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Expand exponential functions

L
/ [ Hdnk} [H (e~ 2y 1)
L— oo k=1

m Series expansion (SE)

= Z @L—l—i-ax—i—(’)[(ax)Q]
k=

m Matrix elements s)
(nk|e_ATH|nk_1) ~ (ng|l — ATH|nkq)
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Expand exponential functions

L
lim /|: Hdl‘lk:| l:H <nk|e_ATH|nk_1)
L— oo k=1

m Series expansion (SE)
> k
=3 K—La,f! =1+ ax + O [(ax)?]
k=0

m Matrix elements s)
(nkle ™2™ M) = (n]1 — ATH )

= (nk|nk_1> — AT (nk|H|nk_1>

= (ni|nq) - (1 - ATW)

(ni[nic1)
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Expand exponential functions

L
lim /|: Hdl‘lk:| l:H <nk|e_ATH|nk_1)
L— oo k=1

m Series expansion (SE)
> k
=3 K—La,f! =1+ ax + O [(ax)?]
k=0

m Matrix elements s)
(nkle ™2™ M) = (n]1 — ATH )

= (nk|nk_1> — AT (nk|H|nk_1>

= (ni|nq) - (1 - ATW)

(ni[micr)
(g) (n|ni1) - exp <—AT—<nk|H|nk'l>)
(nic|micr)
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Discrete path integral

Canonical partition function

L
L ny [ H[n.q)
Z= I_I_|>moo /[kl;lldnk] (ni|n1) - exp ( E :AT (G )

m Wick rotation: 7 — % -t

Propagator

i L
. j ny [ M )
K = I_I_l)moo /Ll;[ldnk] (nk[nic1) - exp (‘EZAt (CALT) )

k=1
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Overlap matrix element

{Hdnk} [TLI <ﬂk|nk_1>-exp( ATM)}

Pue (nicfme)

m Overlap matrix element
(nlnicr) = (1 = (i) + (icfniea)
normalisation
(i) =1
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Overlap matrix element

= lim /[ ﬁdﬂk} {ﬁ (i niy) - exp (—AT%)}

Pue nni)

m Overlap matrix element
(nlnicr) = (1 = (i) + (nicfnica)

= 1— (] - () — [mer))

(g) exp [—(ni|(|nk) — [ni1))]
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Overlap matrix element

(niInq)

Z = lim /[ ﬁdﬂk} {ﬁ (ni|ni1) -exp( AT—<""‘H|"" 1>)}
-1

m Overlap matrix element
(nlnicr) = (1 = (i) + (nicfnica)

= 1— (] - () — [mer))

(g) exp [—(ni|(|nk) — [ni1))]

= exp [ (ng| (—ln" A':"‘i)) 'AT:|
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Overlap matrix element

(niInq)

Z = lim /[ ﬁdﬂk} {ﬁ (ni|ni1) -exp( AT—<""‘H|"" 1>)}
-1

m Overlap matrix element
(nlnicr) = (1 = (i) + (nicfnica)

= 1— (] - () — [mer))

(g) exp [—(ni|(|nk) — [ni1))]

= exp [ (ng| (—‘"" A':"‘i)) 'AT:|

m Result
L L
I _ [ ) —[nieq) (e [ H e q)
4 —L|_|>moo/[kl;[1dnk] exp [ kglAT ((nk| ( v ) + )]
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Continuous path integral

m Start
L L
I _ (i) —[Myeq) (G EAL)
4 —Ll_l)moo\/[klgldnk] exp [ kX::lAT ((nk| ( Ar ) TS )1

m Difference quotient
df(x) _ lim f(x)—f(x=h)
= h

X h—0
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Continuous path integral

L— oo

m Start
L L
I _ (i) —[Myeq) (G EAL)
Z _hm/[kgflnk] exp l kEZIAT (<ﬂk| ( At ) + (i Inyy) )1

m Difference quotient
M — lim f(x)—f(x—h)
x h—0 h
m Continuum limit
L—00 = ATr—0 = |nk> — |nk_1)
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Continuous path integral

m Start
L L
I _ E : (i) —[Myeq) (G EAL)
z _I_I—I>moo [kl;lfink] &P [ = AT (<nk| ( Ar ) + (milmq) )‘|

m Difference quotient
df(x) _ lim f(x)—f(x—h
dx = h

m Continuum limit
L—ooco = Ar—=0 = |n) — |nk_1)

(I"k)—\"k.1>) _ Olmy)

AT
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Continuous path integral

m Start
L L
I _ E : (i) —[Myeq) (G EAL)
z _I_I—I>moo [kl;lfink] &P [ = AT (<nk| ( Ar ) + (milmq) )‘|

m Difference quotient
df(x) _ li f(x)—f(x=h)
a0 h
m Continuum limit
Lo = Ar—0 = |nk>—>|nk_1)
. M) —Im 40\ _ 9lny)
. Jim (el ) = 2
(M HIne 1) o (| HIn) (nk|H|ﬂk>

m lim ~
Ar—0  (Mlnq) () A
normalisation

(ni[nk) =1
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Continuous path integral

m Start
L L
I _ E : (i) —[Myeq) (G EAL)
z _I_I—I>moo [kl;lfink] &P [ = AT (<nk| ( Ar ) + (milmq) )‘|

m Difference quotient
df(x) _ li f(x)—f(x=h)
a0 h
m Continuum limit
L—+00 = AT—0 = |nk> — |nk_1)

; Imye) —Imy, 1>) Amy)
m lim ( = = K
AT—0 AT T

([ HIn4) o ([ HIn)
LN Y <“k|H|"k>

m lim ZAT /v»/ /dT

AT—)O
0-A

=@
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Continuous path integral

m Start

L S M) =My ) (M| Hnieq)
; _ M) =M WAEILST
Z =lim [klzlldnk] exp [ k§:1 At ((nk| ( e ) T )]

L— oo

m Difference quotient
df(x) _ li f(x)—f(x=h)
a0 h
m Continuum limit
L—+00 = AT—0 = |nk> — |nk_1)

; Imye) —Imy, 1>) Amy)
m lim ( = =
AT—0 AT T

([ HIn4) o ([ HIn)
LN Y <“k|H|"k>

m lim ZAT /v»/ /dT

AT—0
0-A

m Result

B
Z= /Dnexp —/dT ((n|:Z|n) + (n|H|n)) | with Dn = lim Hdnk
0

L—oo =1
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Continuous path integral

Canonical partition function

7= /Dn exp /17 (n|’H|n))]

m Wick rotation: 7 — % -t

Propagator

K= /Dn exp

N
m Multiple spins: |n) = &) |n;)

h/dt (nlin n) — (n|H[n))
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|dentification as a phase |

m Objective
d
(n[57In)

m Angular representation
1/2

n0.0) = 5% Kn(0) (3 ) 155+ m

with Km(6, ) = cos?>(Z) - [~ tan (§) exp(—ig)]"
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|dentification as a phase |

m Objective
(n|&=|n)

m Angular representation
25 25
n0.0) = 5% Kn(0) (3 ) 155+ m
with Km(6, ) = cos?>(Z) - [~ tan (§) exp(—ig)]"

m Derivative .
% |n(97 90)) = Olm) db =+ dn) dp _ 8|">9 + dln) .
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|dentification as a phase |

m Objective
d
(n[57In)

m Angular representation
1/2

n0.0) = 5% Kn(0) (3 ) 155+ m

with Km(6, ) = cos?>(Z) - [~ tan (§) exp(—ig)]"
m Derivative
5 In(0.9)) = G587 + G2 & = GO+ FPe =D
m Auxiliary calculation
8(’;—9’" =Km - [—S tan (%) +m- (2sin (£) cos (g))il]

OKm _ _jm.
o = —im Km
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|dentification as a phase |

m Objective
(n|&=|n)

m Angular representation
1/2

00 = & Knlt0)- (%) 15, -5+ m

with Km(6, ) = cos?>(Z) - [~ tan (§) exp(—ig)]"
m Derivative

2 dln) d aln) 5 , Oln) -
2 |n(6,p)) = Im g8 4 Amde _ Amg y Am ()

m Auxiliary calculation
B — K- [~Stan (2) + m- (25in () cos (£)) ]
aéc—; =—im-Knm

1/2

@::zijoicm- [A(e,é)+m.6(9,é,¢)} . (i‘f) IS, —S + m)
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|dentification as a phase Il

1/2

Kun - [A(a,e') +m- 3(9,9‘,@} : (2;) 1S, —S +m)
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|dentification as a phase Il

m Start 1/2
25 . . 25
Bl = 5= K [A0.0) + m- 500, (2) Is. -5+ m
m=0
m Overlap
(§',=S"+m'|S, =S+ m) =550/ m
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|dentification as a phase Il

m Start 1/2
25 . . 2S5 /
Bl = 5= K [A0.0) + m- 500, (2) Is. -5+ m

m=0
m Overlap
(§',=S"+m'|S, =S+ m) =550/ m
m Matrix element

(n|Z|n) = mzz;|/cm|2 [ A@.6)+ m-B60,0,4)] - (%)

T<n|n> AQ.0)+BO.0.9)- 5 [Knf?m (%)

(. = 3 Kn(0p) (%) 5.5+ m
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|dentification as a phase Il

m Start 1/2
25 . . 2S5 /
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m=0
m Overlap
(§',=S"+m'|S, =S+ m) =550/ m
m Matrix element

(n|Z|n) = mzzijo|/cm|2 [ A@.6)+ m-B60,0,4)] - (%)

= A@.0)+B0.0.9) 3 K m () =@

12 /27



|dentification as a phase Il

m Start 1/2
25 . . 2S5 /
Bl = 5= K [A0.0) + m- 500, (2) Is. -5+ m

m=0
m Overlap
(§',=S"+m'|S, =S+ m) =550/ m
m Matrix element

(n|Z|n) = mzz;|/cm|2 [ A@.6)+ m-B60,0,4)] - (%)

= AW.0)+B0.0.9) 3 K m (%) =@

m Auxiliary calculation
235 25-1
> [Knf?-m (35) =25+ % el (25)
m=0 n=0

(m—=1)—=n
m e [1,25] - ne[0,25 — 1]

12 /27



|dentification as a phase Il

m Start 1/2
25 . . 25
Bl = 5= K [A0.0) + m- 500, (2) Is. -5+ m
m Overlap
(§',=S"+m'|S, =S+ m) =550/ m
m Matrix element

(n%|n):§0|Km|2-[ (0,0) +m-B(6,6, ( )

m Auxiliary calculation

S e m (%) =250 el (%5,
25—-1

)

= A(6,0) + B(6,6,¢) - Z [K|? (2 )
)

=25 - cos*S(4) Z tan’(5)

Kn(B9) = 25 - cos(3) [ an (8) exp(- )]
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|dentification as a phase Il

m Start 1/2
25 . . 25
Bl = 5= K [A0.0) + m- 500, (2) Is. -5+ m
m Overlap
(§',=S"+m'|S, =S+ m) =550/ m
m Matrix element

i) = 55 Vel [0+ m- 506,00 (%)
= A(6,0) + B(6,6, %) - Z K- m (3 ):®

m Auxiliary calculation (
3 (il m (25) :25-252_ Knsa? - (%5,)
m=0 " m n=0 nt

)

=25 - cos*S(4) 25than (¢
p 225 costS(8) tan(8) [1 + tan(2)]]
(a+b)" =" (7)akpk

k=0
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|dentification as a phase Il

m Start 1/2
25 . . 25
Bl = 5= K [A0.0) + m- 500, (2) Is. -5+ m
m Overlap
(§',=S"+m'|S, =S+ m) =550/ m
m Matrix element

lin) = 55 Kaf? - [40,6) + m-5(6.0.9)] - (%)

m=0

= A(6.0) + B(6.6,¢) - Z [Ken?

m Auxiliary calculation (
25 25-1
Knl? m(2%2) =253 [Kapal? (%57
o Ko (3) > Kl (35,1)
=25 - cos*S(4) Z tan (%)n+1 : (25,1_1>
=25 - cos*(4) -tan?(%) [1 +tan2(g)]2s_1
@ = A(60,0) +2S - B(6,0, $) - cos*>(%) - tan?(§) [1 +tan2(§)]2S !
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|dentification as a phase Il

m Start
(n|%|n> = A(0,0) +B(6,0,)-2S cos*S(4) tan?(4)[1 + tanz(g)]zs_l
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|dentification as a phase Il

m Start _ _
(n|&n) = A(6,6) + B(6, 06, ¢) - 2S cos

S(4) tan?(§)[1 + tan?(§)]
= A(0,6) + B(0.0, %) - 25 sin(%)
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|dentification as a phase Il

m Start
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|dentification as a phase Il

m Start

= —Stan (%) 0+ {[2 sin () co g)]_l 6 — igb} -25sin%(9)
= —iS[1 —cos(8)] ¢
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|dentification as a phase Il

m Start

= —Stan (%) 0+ {[2 sin (4) co g)]_l 6 — i<,b} -25sin%(9)
= —iS[1 —cos(8)] ¢

Canonical partition function

Z = /Dnexp

m Wick rotation: 7 — é -t

B
_ /d’T‘ (n|H|n) — iS 1 — cos()] gb]
0

Propagator

K= /Dnexp

i /dt hS [1 — cos(8)] ¢ — (n|H|n)
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Magnetic monopole |

m Objective

B
/dT [1 - cos(6)] ¢
0
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Magnetic monopole |

m Objective

B
/dT [1 - cos(6)] ¢
0

m Reminder
m Periodic boundary conditions: n. = n =ng
< Line integral along loop 9% enclosing surface &
m Parametrisation: 6(7), ¢(7)
< Loop 9% located on a sphere
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Magnetic monopole |

m Objective

B
/dT [1 - cos(6)] ¢
0

m Reminder

m Periodic boundary conditions: n. = n =ng

< Line integral along loop 9% enclosing surface &
m Parametrisation: 6(7), ¢(7)

< Loop 9% located on a sphere

m Stokes' theorem: § A-dx = [[(V x A)-ndZ ﬂ
ox b
m Requirements

m Y orientable; piecewise regular surfaces

0% piecewise smooth curves; overall closed
Parametrisation: X to the left, while passing 0%
Orientation: pass surface normal n counterclockwise
A: continuous; differentiable
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Magnetic monopole |

m Objective

B
/dT [1 - cos(6)] ¢
0

m Reminder

m Periodic boundary conditions: n. = n =ng

< Line integral along loop 9% enclosing surface &
m Parametrisation: 6(7), ¢(7)

< Loop 9% located on a sphere

m Stokes' theorem: § A-dx = [[(V x A)-ndZ ﬂ
ox b
m Requirements

m Y orientable; piecewise regular surfaces

0% piecewise smooth curves; overall closed
Parametrisation: X to the left, while passing 0%
Orientation: pass surface normal n counterclockwise
A: continuous; differentiable

< New objective: determine A
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Magnetic monopole |l

m Objective

Angs such, that ?{ Ans - dx = ?{ [1 — cos(8)] odr
" abel  sp Orsm
loop around

south/north pole
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Magnetic monopole |l

m Objective
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Magnetic monopole |l

m Objective
Angs such, that ?{ Ans - dx = ?{ [1 — cos(8)] odr
OZS/N 62S/N
A
Ac —  1-cos(d) with e = | cos(y)
S = sin(f) —®

e 0
_ cos(¢) sin(0)
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m Proof cos(6)
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F5) 2 )2

15 /27



Magnetic monopole |l

m Objective

Angs such, that ?{ Ans - dx = ?{ [1 — cos(8)] odr
OZS/N azS/N
A= lEe |
Ac —  1-cos(d) with e = | cos(y)
S sin(f) —®

_ cos(¢) sin(0)
mdx = dn with n = | sin(p)sin(6)
m Proof cos(6)
?{ AN/Sdn:?{ AN/S%dT:@)

F5) 2 )2

m Auxiliary calculation

sin(yp) cos() cos(8)
% = ( cos() ) sin(0)¢ + (sm w:°s9 >0 = e, sin(0)p + eof
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Magnetic monopole |l

m Objective

Angs such, that ?{ Ans - dx = ?{ [1 — cos(8)] odr
OZS/N azS/N
A= lEe |
Ac —  1-cos(d) with e = | cos(y)
S sin(f) —®

_ cos(¢) sin(0)
mdx = dn with n = | sin(p)sin(6)
m Proof cos(6)
?{ AN/Sdn:?{ AN/S%dT:@)

TN TN

m Auxiliary calculation
an —sin(p) . . c<_)s(<p) cos(d)\ . . . .
o= c%s(w) sin(0)¢ + smgw)_c?;)(ﬂ 0 = ey sin(0)$ + egd
®= f F[1+ cos(d)] - pdr

F2) .
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_ cos(¢) sin(0)
mdx = dn with n = | sin(p)sin(6)
m Proof cos(6)
?{ AN/Sdn:?{ AN/S%dT:@)
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m Auxiliary calculation
sm(ga) cos(«p) cos(6)
% = ( cos(¢p ) 5|n(0)<p + (5'" cos(0) )0 =€y sm(0)<p + 899

@:f F 1+ cos(8)] - pdr = f[l—cos 0)] - pdr
825/" (P_>_S0 825//N
0—>0+m
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Magnetic monopole |lI

Generalisati_Lon o
1+cos
AN/S =+ r-sin(6) €op

m Singularities
lim Ay — ©
6—0

lim As — oo
O0—m

m Gauge transformation
As = Ay + 2V

m Curl
Bn=V xA=1r
m Action
Sery =S § As-fdr
O en

m Interpretation
m A: vector potential of a magnetic (Dirac) monopole

B SBerry: Spin = massless particle with "charge" 7S feeling A,
as if it would move within By,
(c.f. L(x,v,t) x gx-A)
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Quantisation of spins

m Stokes' theorem: § A-dx = [[(V x A)-ndZ
ox b

17 /27



Quantisation of spins

m Stokes' theorem: § A-dx = [[(V x A)-ndZ
ox b

<> Here: § Ays-dn=[[(V x A)-edTsp
O%sn s

17 /27



Quantisation of spins

m Stokes' theorem: § A-dx = [[(V x A)-ndZ
ox b

<> Here: § Ays-dn=[[(V x A)-edTsp
O%sn s

= [[Bm-edZen = [[ Ar-e - r?sin(0)dody
ZS/N ZS/N

17 /27



Quantisation of spins
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TN Isn
= [[Bm-edZen = [[ Ar-e - r?sin(0)dody
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Quantisation of spins

m Stokes' theorem: § A-dx = [[(V x A)-ndZ
ox b

<> Here: § Ays-dn=[[(V x A)-edTsp

) 2 s
= [[Bm-edZen = [[ Ar-e - r?sin(0)dody
b b
= +Qus

Canonical partition function

B
+i5Qs — /dT (n|#]n)
0

Z:/Dnexp
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Quantisation of spins

m Stokes' theorem: § A-dx = [[(V x A)-ndZ
ox b

<> Here: § Ays-dn=[[(V x A)-edTsp

) 2 s
= [[Bm-edZen = [[ Ar-e - r?sin(0)dody
b b
= +Qus

Canonical partition function

Z:/Dnexp

B
+i5Qs — /dT (n|#]n)
0

m Definiteness
exp (iSQy) < exp (—iSQs)
SexpiS(On+Qs)] =1
< Since Qn + Qs = 4 HONENEEAL

$=0,%3,1,32,...
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Canonical partition function
B
Z:/Dnexp j:iSQN/S—/dT (n|H|n)
0

m Wick rotation: 7 — é -t

Propagator

t
K= /Dnexp +iSQns — %/dt(nl?—[ln)
t;

m Berry phase: ®perry = Q

m Quantisation: $=0,3,1,3,2,...
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Stationary phase approximation

m Similar methods

m Stationary phase approximation

m Saddle-point approximation 4’
m Principle I
m Objective: /(;Iz f(z)ek-g(z)
X o
Y]

c
with C € C: contour, z € C,
f(z),g(z): analytic, A € R

sin(arg) — [
arg —— ]
arg’ —H

arg” — |

arg=x3 —5x2+3x+5— oL |

| I T T T
-6 -4 -2 0 2 4 6 8 10
X

m Approximation: Neglect fast oscillations due to Jm(g(z))
< Find "stationary" points
m Approach: "Shift" C onto saddle points zg

kim0 s)
< Taylor expansion: g(z) = g(z@—k% (2= 20)+0 ((z— 20)*)
m Popular case: k =2 (c.f. Gaussian integral)

m Generalisation: Method of steepest descent 10/27



Functional derivative

m Apply stationary phase approximation to path integral
< Function g(x) ~v> Functional G[g(x)]

— Derivative dd—xg(x) "> Functional Derivative %G[g(x)]
m Functional derivative

Glg + h] - Glg] - /dx ()h(x)| = o]}

with D: domain of the functions involved

m Example: G[g] = /dx f(x)g(x)

Gla + | = Glg] + G[f] = Glg + H] ~ Glg] - Gl4] =0
= Jdx f(x) 288l (x) = [dx F(x)h(x)

= Comparison: % =h
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Large S expansion

m Functional derivative
|Gl +h — Gle] — [dx e (x)h(x)| = o)

m Action
Sln, a] = /dthSAN/S(n) A — H(n,n, t)

with Ans(n) = F22 e, H(n,n,t) = (n[H|n)
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Large S expansion

m Functional derivative
|Gl +h — Gle] — fdx e (x)h(x)| = oIhl)
m Action 4
Sln,n] = — /tidt 1S Ans(n) - — H(n, n, )

ez xXn

with Ans(n) = F122%eq, H(n,n,t) = (n|H[n)

t
< 8[n+n,r’1+7'7]z—/:dthS(AN/S(n—i—n)-()r'l-l-h)
i—H"+77,"‘+7'1,t
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Large S expansion

m Functional derivative
(Glg + k]~ Glg] — Jax>SE(x)h(x)| = o([1Al)
m Action
Sln, a] = /dthSAN/S(n) A — H(n,n, t)
with Ans(n) = :Fl‘;;:"ne(p H(n,n, t) = (n|H|n)
< Sn+n,0+7] = /dthSAN/S(n—i-n) (n+7)
—H(n+n,n+n,1)
— — dthSAO‘ (n) (n® +n2)
Taylor hS@,,aA s(n) - n*h® — H(n,n, t)
expansion —0OpaH(n, n, t) n® — Opa H(n A, t) - ™
+0(n?)
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Large S expansion

m Functional derivative

|Gl +h — Gle] — fdx e (x)h(x)| = oIhl)
m Action

Sln, a] = /dthSAN/S(n) A — H(n,n, t)

with Ans(n) = :Fl‘;;:"ne(p H(n,n, t) = (n|H|n)

< S+ .0+ = /dthSAN/S(n—I—n) (n+7)
—H(n+n,n+n,1)
- — dthSAO‘ s(n ) (n + %)
hS@,,aA 5(n) AP — H(n,n, t)
—OpaH(n, n, t) n® — Opa H(n, A, t) - N

Partial +O(n?

integration ) . (ntf) - 8 6\ . a

with n(£)=0, = SIn.n] - /tidthS (A% () + 9 AL (m))
n(tr)=0 — (B Hn, 0, 8) = D Fi(n, 0, )

+0 (n?)
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Large S expansion

m Functional derivative

(Glg + k]~ Glg] — Jax>SE (x)h(x)| = o([1Al)

og
m Action 4
Sln, i = — [ dthS Ays(n) -4 — H(n,i, 1)
t

with Ans(n) = F122%eq, H(n,n, t) = (n|H[n)

t
< S[n—I—n,ﬁ—i—h]z—/:dthS(AN/g(n—i—n)-()r'l—f—?"l)
i—H“+77af‘+fl,t

t
~ — [dths ARs(n) - (o + 1)
t; o .
+1S Ope A (n) - n®i® — H(n, 0, t)
—0Opa H(l‘l, r'17 t) : 77a — Ohe H(I’l, ﬁa t) ' 7.7&
+0(7%)
: t - .
= S[n,n] — /tidthS (—Aﬁ/s(n) + [“),,aAﬁﬁ(n)nﬂ) e
- (ana H(n,n, t) — d4e H(n, 0, t)) e
+0 (n?)
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Equation of motion & Example: Bloch equations

m Stationarity
58-S (—Aﬁ/s(n) n E)naAﬁ/S(n)hﬂ)
+ (0 HOn, 1, £) = 03 (.11, 2)) £ 0
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Equation of motion & Example: Bloch equations

m Stationarity
88 = <1 (~Agis(n) + 9 Ay (m)i”)

n (ana H(n,n, t) — dpe H(n, 0, t)) Lo

m Apply €apyEypur = 8apdpy — andp, and Aﬁ/s(n) = 8nﬁAﬁ/S(n)hﬂ
> —As(n) + Ope Ay (n)i® — 0 x (V x Ays(n))

m From before: V x Ays = B, = r%r}rzl =n
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Equation of motion & Example: Bloch equations

Stationarity
88 = <1 (~Agis(n) + 9 Ay (m)i”)
+ (ana H(n,n, t) — dpe H(n, 0, t)) Lo
m Apply €a8v€ypr = 0apdpy — dar s, and Aﬁ/s(n) = 8nﬁAﬁ/S(n)h'3
> —As(n) + Ope Ay (n)i® — 0 x (V x Ays(n))
m From before: V x Ays = Bn|,_; = 5r[ _, =n

m Result )
—hS-(nxn)=—-V,H(n,n t)+ VyH(n n,t)
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Equation of motion & Example: Bloch equations

Stationarity
&8 = <1 (~Agis(n) + 9 AYs(m)i”)
+ (ana H(n, 1, t) — dpe H(n, 0, t)) Lo
m Apply €a8v€ypur = 0apdpy — dardp, and Aﬁ/s(n) = 8nﬁAﬁ/S(n)h'B
> —As(n) + Ope Ays(n)i® — 0 x (V x Ays(n))
m From before: V x Ays = Bn|,_; = 5r[ _, =n

m Result )
—hS-(nxn)=—-V,H(n,n t)+ VyH(n n,t)

Equation of motion

hS - =nx [V,,/—/(n, A, t) — VaH(n,n, t)]
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Equation of motion & Example: Bloch equations

m Stationarity
&8 = <1 (~Agis(n) + 9 AYs(m)i”)
+ (ana H(n, i, t) — dae H(n, n, t)) Lo
m Apply €a8v€ypur = 0apdpy — dardp, and Aﬁ/s(n) = 8,,3Aﬁ/5(n)h'3
> —As(n) + Ope Ays(n)i® — 0 x (V x Ays(n))
m From before: V x Ays = Bn|,_; = 5r[ _, =n B = const.

]

m Result ) n
—hS - (A xn) = —VaH(n,n,t) + Vak(n,n,t)

Equation of motion

N

hS - =nx [V,,/—/(n, A, t) — VaH(n,n, t)]

m Example: Bloch equations
» Hamiltonian: # = —4B-8 — H(n,n,t) = yhSB - n

%ﬁ:’Y'(nXB) 22/27



Adiabatic time evolution & Berry phase

m Adiabatic theorem
If the Hamiltonian #(t) governing the time evolution of a system
changes slow enough, the system remains in its n-th eigenstate
|t)n), where n denotes the quantum number.
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Adiabatic time evolution & Berry phase

Adiabatic theorem
If the Hamiltonian #(t) governing the time evolution of a system
changes slow enough, the system remains in its n-th eigenstate
|t)n), where n denotes the quantum number.

m Principle
m Slow changing parameter R(t)

m At time t: H(R(t)) [¢n(R(2))) = Ea(R(2)) [n(R(t)))
m Objective: Time evolution |¢n(R(to), to; t))
< il [Un(R(to), to; 1)) = H(R(t)) [n(R(to), to; )
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Adiabatic theorem
If the Hamiltonian #(t) governing the time evolution of a system
changes slow enough, the system remains in its n-th eigenstate
|t)n), where n denotes the quantum number.

m Principle
m Slow changing parameter R(t)

m At time t: H(R(t)) [¢n(R(2))) = Ea(R(2)) [n(R(t)))
] Objective Time evolution |¢n(R(to), to; t))

< i [Un(R(to), to; 1)) = H(R(t)) [n(R(to), to; ))
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[¥n(R(t0), to; 1)) = exp —*/dt En(R(t' ))] e [y (R(1)))
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Adiabatic theorem
If the Hamiltonian #(t) governing the time evolution of a system
changes slow enough, the system remains in its n-th eigenstate
|t)n), where n denotes the quantum number.

m Principle
m Slow changing parameter R(t)

m At time t: H(R(t)) [¢¥n(R(t))) = En(R(2)) [¢n(R(2)))
m Objective: Time evolution |¢n(R(to), to; t))
< i [Un(R(to), to; 1)) = H(R(t)) [n(R(to), to; ))
" Adlabatlc change: |¥n(R(to), to; t)) o< |[¢m(R(2)))
m Educated guess:

[¥n(R(t0), to; 1)) = exp [—/dt En(R(t' ))] e [y (R(1)))

< Insert |1n(R(t0), to; t)): .
inZ [Un(R(to), to; t)) = (Ea(R(t)) — h®n(t)) [¢n(R(to), to; t))

+ilexp [_i /tdt’ En( R(t’))} e/ (0) |4), (R(t)))
H(R(t)) [¢n(R(t0), to; t)) = En(R(t)) [¢n(R(t0), to; t))
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Adiabatic time evolution & Berry phase

Adiabatic theorem
If the Hamiltonian #(t) governing the time evolution of a system
changes slow enough, the system remains in its n-th eigenstate
|t)n), where n denotes the quantum number.

m Principle
m Slow changing parameter R(t)
m At time t: H(R(t)) [¢¥n(R(t))) = En(R(2)) [¢n(R(2)))
m Objective: Time evolution |¢n(R(to), to; t))
< i [Un(R(to), to; 1)) = H(R(t)) [n(R(to), to; ))
L] Adlabatlc change: |¥n(R(t0), to; t)) o< |¢n(R(t)))
m Educated guess:

to

[¥n(R(to), to; t)) = exp —*/dt En(R(t ))] e |y (R(1)))
< Insert |1n(R(t0), to; t)): )
i [¥n(R(to), to; ) = (Ea(R(t)) — i®Pa(t)) [¢n(R(t0), to; t))
+ilexp [_i/ dt’ En( R(t’))} e |4 (R(1)))

H(R(t)) [¢n(R(t0), to; t)) = En(R(t)) [¢n(R(t0), to; 1))
< ®n(t) = i (Yn(R(1))| 5 [¥n(R(1))) € R
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Example: Adiabatic evolution of a spin

B
m Objective: & = / dr Im[(v(£)] 2 1 (t))]
 with |1p(t = 0)): ground state
m Hamiltonian: H(7) = —k(7)n(7) - 8 with x(7)>0, & = LSe,
parametrisation 7 € [0, ]
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Example: Adiabatic evolution of a spin

m Objective: & = / ? dr Im[((t) 2 1(8))]
% with [t)(t = 0)): ground state
m Hamiltonian: H(7) = —k(7)n(7) - 8 with x(7)>0, & = LSo,
parametrisation 7 € [0, ]
< Operator method: [1(t)) = U(t) [1(0)) V> ih-2U(t) = H(T)U(t)
m Adiabatic approximation: H(7(t)) =~ H(7)
< Solution: U = Lexp [—+H(7)t] = Lexp [5£(7)Sont]
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Example: Adiabatic evolution of a spin

m Objective: &= [ g7 aml((8)| 2 ()]
% with [t)(t = 0)): ground state
m Hamiltonian: H(7) = —k(7)n(7) - 8 with x(7)>0, & = LSo,
parametrisation 7 € [0, ]
< Operator method: [1(t)) = U(t) [1(0)) V> ih-2U(t) = H(T)U(t)
m Adiabatic approximation: H(7(t)) =~ H(7)
< Solution: U = Lexp [—+H(7)t] = Lexp [5£(7)Sont]
m Properties of o,
m Eigenvalues: ont = +1

m Eigenvectors: |n+) = (cos(g) ) In—) = ( sin(3)

sin(9)e’? — cos(g)eiw)
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m Properties of o,
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m Eigenvectors: |n+) = (Z(i):((g))e"*")’ In—) = (_ z::s(é))e,-w)
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Example: Adiabatic evolution of a spin

m Objective: &= [ g7 aml((8)| 2 ()]
% with [t)(t = 0)): ground state
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m Properties of o,
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m Eigenvectors: |n+) = (cos(g) ) In—) = ( sin(3) )

sin(9)e’? — cos()e?
< Eigenenergies: E, = F25(7) ~> Ground state: [n+)
< Spectral representation:
U =1 (exp [5x(7)St] In+)(n+| + exp [~ 5 £(7)St] [n—)(n—|)
s |1(t)) = U [n+) = exp [£r(7)St] [n+)

o [0(1)) = expla(r)Stl- [ 5925t In+) = In—) +igsin (3) e, |
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Example: Adiabatic evolution of a spin

m Objective: &= [ g7 aml((8)| 2 ()]
% with [t)(t = 0)): ground state
m Hamiltonian: H(7) = —k(7)n(7) - 8 with x(7)>0, & = LSo,
parametrisation 7 € [0, ]
< Operator method: [1(t)) = U(t) [1(0)) V> ih-2U(t) = H(T)U(t)
m Adiabatic approximation: H(7(t)) =~ H(7)
< Solution: U = Lexp [—+H(7)t] = Lexp [5£(7)Sont]
m Properties of o,
m Eigenvalues: on1 = +1

m Eigenvectors: |n+) = (cos(g) ) In—) = ( sin(3) )

sin(9)e’? — cos()e?
< Eigenenergies: E, = F25(7) ~> Ground state: [n+)
< Spectral representation:
U =1 (exp [5x(7)St] In+)(n+| + exp [~ 5 £(7)St] [n—)(n—|)
s |1(t)) = U [n+) = exp [£r(7)St] [n+)
> [0(1)) = expla(r)St- [ 5925t In+) = In—) +igsin (3) e, |
m Adiabatic approximation: % —-0Vv> o =S /0 dr [1 — cos(8)]#
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m Path-integral in discrete and continuous form
< Canonical partition function and Propagator
m Berry phase: Solid angle enclosed by path

< Quantisation of spins: $=0,3,1,3,2,...

m Equation of motion for spins without constraints

< Bloch equations

< Extension via constraints (c.f. Lagrange multiplier)
m Adiabatic time evolution: Approximative description

< Berry phase

i
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Outlook & Applications

m Path-integral

m Canonical partition function
< Thermodynamic properties
m Propagator
< Transition probability
m Equations of motion
< Description of single spins
m Continuum limit
< Description of systems of spins: Ferromagnets, Antiferromagnets,
Spin waves

m Berry phase: Realisation of a controlled phase shift gate in NMR

m Suitable phase shift:
Controlled phase shift gate — Part of a cNOT-gate
< Important part of a quantum computer
m Geometric nature of phase: Phase resilient to errors
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Addendum: Quantum Ferromagnet

m Hamiltonian: H=—|J| }_ &;- §;
N (i)

< With [n) = @ |n;): H(n) = (n|H|n) = —|J|S®> > n; n;
= (i)
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Addendum: Quantum Ferromagnet

m Hamiltonian: H=—|J| }_ &;- §;
(i)
— With |n) = ®|n.> H(n) = <“|7'l| ) =—[JIS* > ni-n

n®=1 (i,J)
m Continuum I|m|t . )
m Normal vector: n; - nj = 1 - [n? — 2n; - nj + n? — 2]
= % [mi —m]? — 1
< H(n)=-1ls? Z[" m?- > 1

(i, J) (isd)
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Addendum: Quantum Ferromagnet

m Hamiltonian: H=—|J| }_ &;- §;

N (i, J)
< With [n) = @ |n;): H(n) = (n|H|n) = —|J|S®> > n; n;
m Continuum limit L i , () N: # of sites
m Normal vector: nj-nj = 1 - [nf — 2n; - nj + nf — 2] N
=3 [mi—np’-1 £
= H(n)=-58* 3 I —n* - 31

(i, J) (o
m Cubic lattice in 2D: > 1=N>—4-2—4-(N—2)
(i./y = N(N — 4) = const.
m Spatial allocation: H(n) = —%52 > 7[n(r) — n(r — Ar)]? + const.

r

w Limit: H(n) > H(n(r)) = ~'4.58? [ 45 [Von(n)]? + const

d—2
Fo

— Action: S[n(r)] = —/:dt hS {/%Am/s(n(r)) . h(r)} — H(n(r))

28 /27



Addendum: Quantum Ferromagnet

m Hamiltonian: H=—|J| }_ &;- §;

N (i)

— With |n) = ® In)): H(n) = (n|H[n) = —|J|S? > n; - n;
1

|— P . .
m Continuum limit L i , () N: # of sites
m Normal vector: nj-nj = 1 - [nf — 2n; - nj + nf — 2] N
i =3 [mi—np’-1 50
= H(n)=-58* 3 I —n* - 31

(i, J) (o
m Cubic lattice in 2D: > 1=N>—4-2—4-(N—2)
(i./y = N(N — 4) = const.
m Spatial allocation: H(n) = ‘Jl s? Z[n(r) —n(r — Ar)]? + const.

m Limit: H(n) — H(n(r)) = — 12/ 52 n(r)]? + const.

< Action: S[n(r)] = — / dths V AN/S(n(r)) (r)} — H(n(r))
m Large S expansion

m Equation of motion: iS5 - n(r) = n(r) x [VaH(n(r))]

m With V,[V.n(r)]* = 2[Vr V.n] - Var = 2An(r)

< hS. I"I(l’) = |J|52 n(r) X A,n(r) w
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