Field-theory of the quantum Heisenberg

antiferromagnet in two dimensions

Quantum field-theory of low dimensional systems

Wolfgang Voesch

Professor A. Muramatsu
Institute for Theoretical Physics III
University of Stuttgart

July 1, 2014



Motivation

0.03 "

o Two-Dimensional Antiferromagnetic
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Introduction a:
Spin coherent states

Partition fu ion
isenberg antiferromagnet in d=1

Recapitulation - Spin coherent states

e start with spin-states, the eigenstates to S? and S.:
|s,m)  with m=—s,...,s

e choose fundamental state |1)) = |s, s), with m = s

o introduce the spin coherent state
[n) = 5|y

with m = (sin ¢, — cos ¢,0) and 0 < § < 7: vector on unit
sphere
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Spin coherent states

Partition function
Heisenberg antiferromagnet in d=1

Recapitulation - Partition function

@ partition function on single-spin system

Z="Tr (e*’BH> = /dn (n|e PH n)

o with time-slicing

o Sp: the Berry-Phase
o Spy: the action depending on the system’s Hamiltonian
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Heisenberg antiferromagnet in d=1

@ partition function of the system

= /Dnexp isZ/dT (Aa‘rni)/d7—<nH’n>

| S
SH

Sp

with H = J 3, ;. sis;

o Lagrangian

1

s
= 162 i—€,,n(0yn x Oyn)
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Lo £topol

(0m)” + 53 (9pm)? -

/




Haldane’s mapping
Action and Berry-phase
Lagrangian

Heisenberg antiferromagnet in d=2

Heisenberg antiferromagnet in d=2

o Heisenberg Hamiltonian:

with J >0

@ partition function:

7z = /Dn e =S
@ action:

S=i Z /dzxdTAi(x, T) - Orsi(x,7) + J Z S;S;

<i,7> <i,7>
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Heisenberg antiferromagnet in d=2

Néel state

e interested in solving the Heisenberg 2
antiferromagnet in d=2;
expectations:

e short range correlation
e short range antiferromagnetic order

o Néel state is classical ground state
o derivation from Néel state Néel state
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@ idea

o modify Néel state, cubic lattice
e short and long length scale
fluctuations
— eliminate short wavelength
fluctuations
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Heisenberg antiferromagnet in d=2 i pping

Haldane’s mapping

o Haldane mapped effective long-wavelength action into
nonlinear sigma model with d =2+ 1
o separate short and long length scale fluctuations

e L; small fluctuation R

—

| 212
s = (—1)isy/1— “STn + aL; ty

X s,
X
. 212
‘Si|2 = (—1)2282 <1 - L 21 > n? + CLQLZ2 = 52 } >
s

with the constraints:

) Il? =1 later 2 _S

- alLi| < s — Z = [ Dn §(n” — 1)§(Ln)e

- LZ'nZZO
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Heisenberg antiferromagnet in d=2

Kinetic term

e evaluate kinetic term of

S=1i Z /d2$dTAi<X, T) - Orsi(x,7) + Jg Z SiSj

<i,7> <1,5>

(]

evaluate A;(x,7) and 0;s;(x, T) separately

for simplicity neglect position indication i (X; — X)
Start with A(x,7) = A(n(x,7),L(x,7))
reminder: s = (—1)isy/1 — “Z§2n +aL

'S a?l? a
A, L) =4, ((-1)2) = 4, ( - <—1>’L>

S S S

. . 272
first order series expansion around 4/1 — as’; n

(]

(]
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Kinetic term - first part

o first order expansion in a for the point

a’L? a’L? 3
1-— =2 n:(l— 282>n+(9(a)zn

@ expansion around the point

=Au ((‘Dé) = Ay ( 1- CLZ/QH + (—1)“11")

~A, () + 0,4, (n) - [(—1)1 %2 |

Au(n,L

~—

10 /33



Heisenberg antiferromagnet in d=2

’S mapping
and Berry-phase

Kinetic term - second part

e continue with derivation of second part 9;s;(n;, L;)

05! (n, L)

a’?L(T)?
252

<o [0 (1= ZE5E ) () at ) + 0(a?)

~(—1)'s-1- 00" + ad. L* + O(a®)
~(—1)'sd.n* + ad, L*

=0, [(—1)% 1-— nt(T) + aL“(T)]
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Kinetic part - evaluation of the whole expression

e now evaluate the whole expression

S

Aydrsl ~ | Ay (n) + 0,4, (n) - [(-1)@'““” .

- [(—1)'s9-n* + a0, L")
~(—1)'sA,(0)drnu + ad, A, (n) LY 00" + ad,(n)d.L* + O(a?)
i / i

e next step: evaluate d, A, (n)L"0n"
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Lagrangian

Kinetic term - further calculations

e auxiliary calculation for 0, A, (n)L" 0 n"
e constraint for the vector potential V x A =n

6a@765A7 = Nea
€uva €apy08Ay =€uva Na

o use identity €10 €agy = 0480y — 64003
0uAy, — OLA, = €uva Na

O A, = €upa Na + 0, Ay
e plug this in the result in 0, A, (n)L"0.n*
Oy Au(m) LY 0" = €ypa naL”0rnt + 0,A, LY Ornt
e now have a look at the last part

oA, on”
our ar O

0, A, LY 0t = LV
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Kinetic term - the result

e now plug it back in A, - 9;st'
A, - 0rst %(—1)isAu87ny + a0, A LY O-n" + aA, 0L
z(—l)isAuaTn,u + aeypua no L’ 0-nt'+
+al"0;A, + aA, 0. LV

:(—1)"3Au67n,u + aeypa naL? 00" + ad-(A,LH)

o all components of the kinetic term

Ad.s = (—1)'sAd,n — aL - (n x 9;n) + a9, (AL)
=0

o the total time derivation

g B  closed
S x / dr 0-(AL) = AL|, = 0
0

loop 14 /33
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Interaction term

o reminder:

S; = (—1)%’5Wni+aLi ~ (—1)%’5 (1 — %) n; +ak;

e calculating the interaction, neglecting O(a?):

i ale2 j a2L?
sisj = [(—1)'s 1 — 532 n;, +al;| |(—1)s 1_W n; +al;
azL?
252

z(—l)i+js2ninj — (—1)i+j52ninj
+ a’L;L; + O(a*)
e used nL =0

SiS; %(—1)”132 n;n; +a? [LiLj — (Q)ninj (L? + L?)]
P
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Evaluation of v - part I

e evaluate first bit

1 1
—nn; +1—-— =
G=ming oG- )
al/ a
[/
° withn?zl&ndn?zl
2 p2
w—nzn]—&—l——z——J
2 2 {
1 9 p-1,9/\
=1- i(nl n;)
p‘q_l
e evaluate n; — n;
e summation over nearest neighbor 5

i—{p,q}
i—={{p+1q}{p,a+1}}

16 /33
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Evaluation of v - part II

e summation over nearest neighbors

leads to
n; —n; =My —Npi1q) + (Npg — Npgi1) als a
—q | Ppa " Mptla | Dpg — np,qH}
a a
=a [0;n(Xp,q) + Oyn(xp,q)]
=a [6mnl + Oyni] p-1a @
:aVni 0.4-1
° (n; — n]) = (Vnz) .
p

o finally

a2

w :ninj =1- E(VHZ)Q
17 /33
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Heisenberg antiferromagnet in d=2

Evaluation of ¢

@ evaluate of the term:

¢=a* [LiLy - CY nin, (12 + 7))

. 2
e reminder: n;n; =1 — % (Vn,)?

e for nearest neighbour (—1)*/ = —1

¢ =a’L;L; + — (L2+L2)+(’)( 4

CL2 )
~ (Li + L)
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Heisenberg antiferromagnet in d=2

Evaluation of the interaction term

e now % and ( combined

(_1)i+j a2

SiS; %(—1)i+j82 — 2a2(v1’li)2 + ?(Lz + Lj)Q

e again (—1)i"J = —1 for nearest neighbours

The Hamiltonian
H=J Z SiS;

<ig>
= —-J Z s —l—— Z [s*(Vn;)? + (L; + Lj)?
<i,j> <i,5>

= classical energy
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continuum limit for the interaction term

e continuum limit for interaction term of the action

e a—0
o Lj—)LZ:L
° Z<i’j>a2—>fd2x

o continuum limit in the action
B
Sy=-J7 / drs*+
<ij>70
2J32 2 2 2
+ [dr Y a = (s*(Vn(x))? + (L; + L;)?)

<1,7>

Su —>—J/d2x /OB dr s2+/d7'/d233 (‘IQSQ(Vn(x))2 +J(4L2)>
=0

20/33
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A

y antiferromagnet in d=2

S =i Z (—1)i+j8/dTA (n;)0-n; —a/d2$dTL (n x 0;n)+

<i,7>

=Sp

2
/dedT(Vn)2+4J/d2xd7'L2

Su

e now: evaluate Berry-phase Sp
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Heisenberg antiferromagnet in d=2

Mathematical insertion - part I

f(z) in [a, c] with N steps z; and z; =b+i-a and a = <° then
for N — oo and a = 0

N

> () > [ defa)

i=1
later we will need N = N/2 and @ = 2a. Thus

N/2

;%f(xi) —>/b dzf(x)
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SB = iz<i’j>(—1)"+jsdeAi(ni)aTni

o M,N —occand a—0

o M N M N/2
Z (1) = Z Z(_l)pﬂan = Z(_l)p Z (Xp2g — Xp,2g-1)
<1,5> p=1 q=1 p=1 q=1
M N/2 M
—1)P Xp,2qg — Xp,2g—1 —1)P
:Z ) 2 P29 P;2q :Z< ) /dqaqxp(q)
2 a 2
p=1 q=1 p=1
Oq%p,q
M/2
1 Xop(q) — X2p-1(q)
=7 z:l 2a/dq 0y =L . P
p:

1
=1 / dp dq 0,04x(p, q)



Haldane’s mapping
A n and Berry-phase
Lagrangian

Heisenberg antiferromagnet in d=2

Mathematical insertion - part 111

o we will need
Or(A-0m)=0,A-dm+A-0,0n=7
e with Vx A =nand 0,4, — 0,A, = €uana
OrA = 2= Ay 0pmy = 0, A0y = €ppanadany+0,A,0um,,

® =€,an00:n,0:1y + 0, A0, 0y, + A0 01y,

=0, (A, 0ymy)=0
1
= - ifuu 6abcnaaunbal/nc
o all components

1
Oz(A - 0rn) = _§6uvn(aun X Oyn)



Heisenberg antiferromagnet in d=2

Calculation of the Berry-phase

Z<i7j>(—1)i+jxi = %fdp dg 9p0q%(p, q) and Oz (A - 9rn) = —7ew,n(0 nx oyn)

SB =i Z (—1)i+j8/dT Ai(ni)(?Tni

<,j>

:iz /dT/dx dy 0y [0, (A(n)0rn)] " “¢ a-0 Q=7
s Q=2
=— iS/dy 8y/d7'/dx €u,n(0yn x O,n) Q=5
=8mQ(y) Q=1 -
—— 7 [ 4y 2,Q0) <
——

=0
=0
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Heisenberg antiferromagnet in d=2

Identifying the Lagrangian

S:—é/&Mﬂpmx@m+

Js® 2 2 2 2
+ — [ d*zd7r(Vn)* +4J [ d°zd7L

2
sz/ﬁg/wqxﬂ

The Lagrangian

i Js? 9 9

e we know
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Heisenberg antiferromagnet in d=2

The Lagrangian

@ the partition function is given by
Z= / DnDLe
@ solve the gaussian integral
2 g2
/DLe—aL +BL+y x e@"r’Y
e and with the identity (n x 9,n)? = (9,n)? we find

7 /Dne—fd2a:d7'£

e with
1
r—
16a2J

(0m)° + 52 (Vn)?
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Comparision of the Heisenberg antiferromagnet in d=1
and d=2

e compare Lagrangians

ﬁ(d:l) _

J .S
16a2J(8Tn)2 + 325((9mn)2 — qun(@un X O,n)

_ 1 J
(d=2) 2, 2 2
L =16 2J(aTn) +s 2(Vn)

@ the partition function

S(d=1) o /Dne—fdxdTﬁ(dl) o~ /Dneme

7(d=2) /Dne—fdxdw<d=2>
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Heisenberg antiferromagnet in d=2

The Lagrangian and the nonlinear sigma model

Final Lagrangian in d=2

1 2 J 2
= 16a 2J(8 n) E(Vn)
@ bring on new form
_1]1 2
L= % c(a )* +¢(Vn)

with an
g= g2\@, c=2v2asJ
s

o nonlinear sigma model in d =2+ 1
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Nonlinear sigma model d=2+1

@ change coordinate
(z,y,c7) = (21, 22, 23)

e new Lagrangian

3
/ c 2
L= > (9,m)
pn=1
e new partition function
1 3
Z = /Dn exp —/d3:1: (9,m)?
2f =

with f=g/c
e analyzing an antiferromagnet in d = 2 is equivalent to
analyzing a NLoM ind =241
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Results of NLoM

e order parameter f(J)
e correlation length &

T4
“.... Quantum Critical o
‘.”. 1 .. *
 foc =
5T
Renormalised v _
Classical B Quantum Disordered
EoxeT : & o const
t .
Néel-Line LRO fe /



Connection to the NLoM
Overview Results of the NLoM

Results of NLoM

e order parameter f(J)
e correlation length &

T“

v

Renormalised
Classical

£ x et

Quantum Critical

' Quantum Disordered

& o« const

Néel-Line LRO



Overview

Results of NLoM

Connection to the

NLoM
Results of the NLoM

e order parameter f(J)
e correlation length &

T4
0.03+
........... .. 'R
.."~.. 0.02
“.‘ 0.01+
Renormalised
Classical J H 0100 200 300 400 500 600
4 v iy T(K)
x et
§ i
L]
Néel-Line LRO fe

7 >



Conclusion

Conclusion

e we started with action

S=i Z /dQJIdTAi(X, T) - Orsi(x,7) +J Z SiS;

<i,j> <i,j>
e introduced Haldane’s mapping
o split short and long range fluctuations
@ Berry-phase vanishes, no topological term

o Lagrangian

_ 1t 2 2
L= % c(&n) +¢(Vn)

e analyzing an antiferromagnet in d = 2 is equivalent to
analyzing a NLoM ind =241



Conclusion

Thank you
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