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Abstract

Studying various phases of matter has always fascinated physicists even since the early beginnings
of science. Particularly intriguing are phases that simultaneously exhibit characteristics of different
structures of matter. An example for such a phase is the supersolid state, which exhibits both
the periodic structure of a crystalline solid and the dissipationless flow and phase coherence of a
superfluid. The idea of a supersolid dates back more than fifty years and in recent years, researches
have succeeded to also experimentally realize supersolid phases.
Even though the properties of a supersolid are astonishing and interesting in themselves, in
this work, we will not focus on exploring these characteristics in more detail. Instead, we will
introduce a mobile impurity particle into a supersolid and analyze its dynamics and motion. It is
already well-known that mobile impurities in a static periodic lattice, such as in a solid, undergo
Bloch oscillations, and recent studies have revealed that these oscillations are also possible in
one-dimensional quantum liquids, such as superfluids, despite the absence of a periodic lattice.
Hence, the question arises, whether these oscillations could also be observable in a supersolid, which
combines both characteristics of a solid and a superfluid.
Therefore, the main goal of this thesis is to investigate the motion of a mobile impurity in a
supersolid and to examine whether the dispersion relation of the impurity exhibits a periodicity.
The supersolid system we are interested in analyzing the impurity motion within is described by an
effective low-energy theory at zero temperature in one dimension. In a one-dimensional system,
there is no long-range order. However, at zero temperature, the system can exhibit quasi-long-range
order, implying that correlations in the system decay algebraically. Moreover, the lattice of the
supersolid is not static, but instead fluctuates. This fact must also be incorporated in the study,
since these fluctuations affect the impurity motion.
To analyze the impurity dynamics, we consider an effective Hamiltonian describing the supersolid
and a free impurity and introduce additional interaction terms which account for the coupling
between the two. Using both perturbation theory and a path integral treatment, we calculate the
second-order energy correction to the ground state of the free impurity, analyze its stability by
computing its decay rate and derive an effective impurity action by integrating out the background
fluctuations.
We find that for small impurity momenta, the impurity remains stable and we obtain a parabolic
dispersion with a renormalized effective mass. As the impurity momentum increases, a threshold
is reached beyond which decay channels open, and the impurity acquires a finite lifetime. Due to
these scattering processes at higher momenta, it seems rather unlikely to observe Bloch oscillations
in a supersolid background. However, this conclusion is only a conjecture and verifying it requires
a more detailed investigation of the regime corresponding to large impurity momenta.





Zusammenfassung

Schon seit Anbeginn des naturwissenschaftlichen Arbeitens waren Forscher fasziniert von den
verschiedenen Eigenschaften, die diverse Phasen von Materie aufweisen können. Im Laufe der Zeit
wurden immer mehr neue und spannende Phasen entdeckt und untersucht. Besonders verblüffend
sind dabei Phasen, die die Eigenschaften mehrerer Strukturen gleichzeitig aufweisen. Ein Beispiel
einer solchen Phase ist die suprasolide Phase von Materie, denn diese weist gleichzeitig zweierlei
Strukturen auf. Zum einen besitzt sie die Eigenschaften eines Festkörpers, der sich durch die
periodische Anordnung der einzelnen Gitteratome auszeichnet. Zum anderen weist sie auch die
Eigenschaften eines Suprafluids auf. Ein Suprafluid ist eine Flüssigkeit, die sich in einem speziellen
quantenmechanischen Zustand befindet und dementsprechend besondere Eigenschaften besitzt.
Dieser Zustand wird dadurch charakterisiert, dass er keine innere Reibung besitzt und demnach
einen Fluss im System beliebig lange aufrechterhalten kann. Zudem sind die Teilchen in einem
suprafluiden Zustand korreliert, da eine Kohärenz zwischen deren Phasen besteht. Ein Suprasolid
kombiniert diese beiden Eigenschaften einer periodischen Struktur und eines reibungsfreien Zustands,
bei dem eine Phasenkohärenz zwischen den einzelnen Atomen, die das Suprasolid bilden, auftritt.
Die Idee eines solchen suprasoliden Materiezustands entstand schon vor mehr als fünfzig Jahren.
Experimentelle Beweise für dessen Existenz konnten jedoch erst in den letzten Jahren erfolgreich
gefunden werden.
Auch wenn die Eigenschaften eines Suprasolids an sich schon sehr faszinierend und interessant sind,
wollen wir diese im Rahmen dieser Arbeit nicht genauer untersuchen. Stattdessen setzen wir ein
zusätzliches mobiles Fremdatom, das wir als impurity bezeichnen, in ein Suprasolid hinein und
untersuchen dessen Bewegung. Es ist schon bekannt, dass mobile impurities in einem periodischen
Gitter, wie es in einem Festkörper auftritt, sogenannte Bloch-Oszillationen durchführen. Das
bedeutet, dass sich das Teilchen unter dem Einfluss einer konstanten externen Kraft nicht gleichmäßig
beschleunigt in eine Richtung fortbewegt, sondern periodisch oszilliert. Zudem haben Forschungen
der letzten Jahre gezeigt, dass solche Oszillationen auch in eindimensionalen Quantenflüssigkeiten
wie Suprafluiden auftreten können. Daher stellt sich die Frage, ob diese Oszillationen auch in
einem Suprasolid möglich sind, da dieses die Eigenschaften eines Festkörpers und eines Suprafluids
kombiniert.
Das Hauptziel dieser Arbeit ist es demnach, die Bewegung und Dynamik einer mobilen impurity
in einem Suprasolid zu untersuchen. Um herauszufinden, ob Bloch-Oszillationen in einem solchen
System möglich sind, müssen wir die Dispersionsrelation der impurity analysieren. Diese beschreibt
die Energie der impurity in Abhängigkeit von deren Impuls und wenn diese Funktion eine Periodizität
aufweist, deutet dies auf das Auftreten von möglichen Bloch-Oszillationen hin. Das suprasolide
System, in dem wir die Bewegung der impurity analysieren wollen, wird im Rahmen einer effektiven
Niedrigenergietheorie bei Nullpunkttemperatur und in einer Dimension beschrieben. In einem
eindimensionalen System existiert keine langreichweitige Ordnung. Befindet sich das System jedoch
bei der Nullpunkttemparatur, kann eine sogennante quasi-langreichweitige Ordnung auftreten. Dies
bedeutet, dass Korrelationen im System algebraisch zerfallen. Zudem ist das periodische Gitter im



Suprasolid nicht statisch, sondern fluktuierend. Bei der Analyse muss dies berücksichtigt werden,
da Fluktuationen die Bewegung der impurity beeinflussen.
Die Analyse dieser Bewegung basiert auf einem effektiven Hamiltonian, der das Suprasolid, die freie
impurity, sowie auch die Kopplung zwischen den beiden beschreibt. Mithilfe von Störungstheorie
berechnen wir die Energiekorrektur zweiter Ordnung zum Grundzustand einer freien impurity und
untersuchen ihre Stabilität, indem wir ihre Zerfallsrate berechnen. Zudem verwenden wir den
Pfadintegral-Formalismus und integrieren die Fluktuationen des Suprasolids im Hintergrund aus,
um eine effektive Wirkung für die impurity zu erhalten.
Wir werden sehen, dass die impurity für kleine Impulse stabil bleibt und nicht zerfällt. In diesem
Regime bleibt ihre Dispersionsrelation quadratisch, jedoch bewegt sie sich mit einer effektiven
Masse, die größer ist als ihre reine Ruhemasse. Wird der Impuls der impurity erhöht, öffnen sich
ab einem bestimmten Grenzwert Zerfallskanäle und ihre Lebensdauer wird endlich. Durch die
Öffnung von Zerfallskanälen ist die impurity für große Impulse an Streuprozessen beteiligt, sodass
das Beobachten von Bloch-Oszillationen in einem suprasoliden Hintergrund eher unwahrscheinlich
erscheint. Diese Schlussfolgerung ist jedoch lediglich eine Vermutung, deren Überprüfung eine
genauere Untersuchung des Regimes für größere Impulse der impurity erfordert.
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1 Introduction

Exploring the structure of matter has been a central topic in science since its very beginnings.
Condensed matter physics aims to analyze the structure and properties of various phases of matter.
Over time, researchers have discovered increasingly fascinating phases. Particularly interesting are
those phases that combine the characteristics of different types of order. One intriguing example of
such a phase is the supersolid phase, since it exhibits both the characteristics of a solid and those
of a superfluid simultaneously [1].
In a solid, atoms or molecules are arranged periodically, forming a crystal lattice. This periodic
arrangement breaks continuous translational symmetry, leaving only discrete translational symmetry.
As a result, solids exhibit long-range density order (LRO), meaning that their periodic structure
persists even at large distances [1].
In contrast, liquids retain continuous translational symmetry because their constituent particles
do not have a fixed, permanent structure. A superfluid is a special kind of liquid that can sustain
dissipationless, frictionless flow indefinitely. This remarkable property emerges below a certain
critical temperature, where the system undergoes a phase transition into a Bose–Einstein condensate
(BEC). In a BEC, a macroscopic fraction of particles occupy the same quantum state, forming
a coherent quantum system. However, not every BEC is necessarily a superfluid. For superfluid
behavior to occur, the system must spontaneously break its continuous U(1) gauge symmetry. This
spontaneous symmetry breaking gives rise to a massless excitation, the Goldstone mode, and leads
to off-diagonal long-range order (ODLRO). This kind of order implies that there is a quantum
phase coherence between particles across arbitrary distances, such that the particles behave in a
correlated way. [1, 2]
A supersolid combines both types of order: the crystalline LRO of a solid and the phase-coherent
ODLRO of a superfluid. At first glance, this coexistence may seem counterintuitive, but it simply
reflects the simultaneous spontaneous breaking of the continuous translational and U(1) gauge
symmetries.
The above discussion applies generally to three-dimensional systems. In this thesis, however, we
focus on a one-dimensional supersolid. In one dimension, the concept of symmetry breaking must be
modified due to the Mermin–Wagner theorem, which states that continuous symmetries cannot be
spontaneously broken at finite temperature in dimensions d ≤ 2. Nevertheless, at zero temperature
T = 0, systems can exhibit quasi-long-range order (QLRO), characterized by algebraically decaying
correlations. Thus, in a one-dimensional supersolid at zero temperature, we expect QLRO for the
solid component and ODQLRO for the superfluid component.

Despite significant progress, the phenomenon of supersolidity is not yet fully explored and continues
to be a topic of current research. The idea of a supersolid dates back more than fifty years [1].
Early attempts focused on finding a supersolid phase of 4He, because this was the first substance
where superfluid phenomena could be observed [2]. However, experimental evidence for a supersolid
phase in 4He has not been found so far [3].

| 13



Chapter 1 Introduction

In recent years, experimental advances have led to the realization of supersolid behavior in various
systems, for example in dipolar quantum gases [4, 5, 6]. There, supersolid phases have been observed
in ultracold gases of dysprosium atoms, where each lattice site contains many particles.

In this thesis, however, our focus is not on the intrinsic properties of a pure supersolid but rather
on the behavior of a mobile impurity introduced into a one-dimensional supersolid. This idea
is motivated by previous studies of impurities in one-dimensional superfluids [7, 8], where it
was discovered that an impurity can undergo Bloch oscillations. These oscillations, traditionally
associated with particles in static periodic lattices, were not only predicted theoretically, but also
observed experimentally in quantum liquids [9, 10]. This finding is remarkable, as it demonstrates
that Bloch oscillations, and hence a periodic dispersion relation, can occur even in the absence of a
static periodic lattice.
Thus, we know that in a pure superfluid, a moving impurity exhibits a periodic dispersion relation.
Similarly, in a crystal with a static periodic potential, the dispersion relation of the impurity is also
periodic, leading to Bloch oscillations in both systems. Since a supersolid combines both solid-like
and superfluid characteristics, this naturally raises the question, how a mobile impurity behaves
in such a hybrid phase. In principle, two distinct periodicities may influence the dispersion of the
impurity, one originating from the superfluid component and another from the crystalline structure.
In this work, we want to understand how these two periodicities interact. In particular, we want to
analyze whether the impurity dispersion remains periodic and whether Bloch oscillations can also
occur within a supersolid. Moreover, since a one-dimensional supersolid features a fluctuating rather
than a static periodic potential and exhibits QLRO instead of LRO, it is important to understand
how these fluctuations affect the motion of the impurity.
In summary, the main goal of this thesis is to study the dynamics of a mobile impurity embedded
in a one-dimensional supersolid at zero temperature.
Recently, impurities in one-dimensional supersolids have been investigated for example by Simons
et al. in [11]. Using a dipolar model within Bogoliubov theory, they examined how the impurity
becomes dressed by supersolid excitations, effectively forming a polaron. Their analysis employed a
variational path integral approach to characterize its properties.
In contrast, in this thesis we use a different framework, going beyond mean-field theory, to describe
a one-dimensional supersolid and analyze the impurity motion within it. The structure of this work
is outlined below.

In Chapter 2, we first explore the motion of a mobile impurity in a pure superfluid. We explain
the origin of its periodic dispersion relation both qualitatively and quantitatively and derive an
analytical expression for it.
In Chapter 3, we study a conceptual system consisting of an impurity with an intrinsic periodic
dispersion placed in a static periodic potential. Using Bloch’s theorem, we numerically investigate
the resulting dispersion to build intuition for systems with two interacting periodicities, as in a
supersolid.
In Chapter 4, we introduce a toy model of an impurity moving in a fluctuating periodic background.
We analyze its dynamics using both perturbation theory and the path integral formalism. This
model serves as a stepping stone toward understanding the full supersolid system.
In Chapter 5, we present an effective low-energy theory for a one-dimensional supersolid and
introduce a mobile impurity in the system in order to investigate its motion using analogous
methods as in the previous chapter.
Finally, we conclude by summarizing the main results and outlining open questions for future
research.
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2 Mobile impurity in a superfluid

In this chapter, we consider a mobile impurity in a pure one-dimensional superfluid condensate
consisting of weakly interacting bosons based on the work by Schecter et al. in [7, 8]. The main
objective is to investigate the behavior of the impurity by calculating its dispersion relation. First
of all, we give a brief overview of the general concept of a mobile impurity in a superfluid and
introduce the idea of an object called depleton consisting of the impurity and the depletion of the
background liquid around it. We discuss its motion on a phenomenological level and qualitatively
explain why it can show Bloch oscillations. However, we also want to understand these qualitative
statements on a mathematically sound level. The subsequent section is therefore devoted to a
mathematically precise analysis of the system. At first, we describe the superfluid system with a
moving impurity using the Gross-Pitaevskii formalism and provide a Lagrangian describing the
dynamics of the wave function for the superfluid background. We then perform a transformation to
the reference frame where the impurity is at rest in order to set up and solve the equation of motion
for the wave function. We obtain a soliton solution which is analyzed for the two different regimes of
strong and weak coupling between impurity and superfluid. This solution can be used to calculate
physical quantities of the system like its full momentum and finally the energy which results in
the dispersion relation of the depleton. Since an analytical solution is only possible within the
strong coupling limit approximation, we also provide numerical results for the dispersion relation at
different coupling strengths.

2.1 General concept of impurities in superfluids

This section introduces the general concept of a mobile impurity in a one-dimensional superfluid
and provides a qualitative explanation of its Bloch oscillations, with the following discussion based
on [7, 8].

A slowly moving impurity in a one-dimensional superfluid background depletes the particles of the
host liquid in its vicinity, leading to a so-called depletion cloud around the impurity. This results in
gradients of the density and the current in the superfluid. At small momenta P , the energy of the
impurity can still be approximated by the parabolic relation E(P ) = P 2/2M∗, where its dynamics
is governed by an effective mass M∗. If additionally the interaction between the impurity and the
background is weak, the impurity only slightly disturbs the host liquid and this disturbance can be
analyzed using Bogoliubov theory. Within this approach, the impurity is described by so-called
Bose-polarons, which are composite objects formed by the impurity and a cloud of elementary linear
excitations from the condensate around it. This concept has been explored, for example, in [12,
13]. However, when the velocity of the impurity increases or its interaction with the background

| 15



Chapter 2 Mobile impurity in a superfluid

strengthens, the response of the liquid becomes highly nonlinear. In this regime, the simple polaron
picture with linear excitations no longer applies and the dispersion relation of the impurity changes
significantly.
To capture this, a new type of quasiparticle, called depleton, is introduced. It represents the impurity
together with the nonlinear depletion cloud it creates in the host liquid. A striking characteristic of
the dispersion relation of the depleton is its periodic dependence on momentum, with a period of
2πℏn, where n denotes the density of the one-dimensional background fluid [14]. Above the depleton
energy, the excitation spectrum transitions into a continuum of many-body states consisting of
the moving impurity and phononic excitations. Therefore, the depleton dispersion is essentially
marking the bottom edge of the excitation spectrum. This indicates that, for any fixed value of the
total momentum, the dispersion relation of the depleton defines the minimal many-body excitation
energy the system can realize.
In the following, we provide a qualitative explanation for the emergence of periodicity in the
depleton dispersion. As a basis for the physical reasoning, we analyze the system on a ring of
length L, assuming periodic boundary conditions. Since the wave function is periodic in this case,
the momentum of the particles in the ring is quantized in units of 2πℏ/L. If there are N = nL
particles in the ring and each particle experiences a momentum shift by one quantized unit, the
total momentum of the system changes by 2πℏ/L ·N = 2πℏn. This momentum can be transferred
to the superfluid background, which is Galilei invariant, with the energy cost nL · (2πℏ/L)2 /2m.
In the thermodynamic limit, L→ ∞, N → ∞, n = const., the total energy approaches zero, which
is why the energy cost for the momentum transfer is negligible. Therefore, a total momentum of
2πℏn can be added to the system without affecting the energy in the thermodynamic limit and the
ground state energy E(P ), corresponding to the dispersion relation of the depleton, is a periodic
function with period 2πℏn.
Physically, this periodicity originates from the transfer of momentum between the accelerated
impurity and the supercurrent of the surrounding fluid. The motion of the impurity induces a
sharp phase drop Φ across its position, which would create a discontinuity in the phase of the
background liquid without compensation. To maintain periodic boundary conditions, the remaining
part of the liquid must develop a uniform phase gradient of Φ/L to distribute the phase change
evenly across the length of the ring. Since a phase gradient corresponds to particle motion, this
gives rise to a supercurrent carrying the momentum ℏnΦ. Thus, the creation of the supercurrent
allows to redistribute the momentum introduced by the impurity across the bulk of the liquid.
Importantly, although the supercurrent absorbs momentum, it contributes negligibly to the energy.
As already mentioned, this is because, in the thermodynamic limit, the background fluid behaves as
an infinitely massive reservoir, capable of accepting any amount of momentum without incurring any
energy cost. Consequently, the energy and momentum associated with the depleton core become
periodic functions of the induced phase drop Φ, with a period of 2π. As a result, the energy and
momentum of the depleton core oscillate as functions of the total momentum with period 2πℏn,
where the oscillatory part is linked to the depleton core, and the excess momentum is carried by
the supercurrent.
An analogous form of periodic dispersion would also emerge if the host liquid was treated as a rigid
crystal with an effective lattice spacing a = 1/n, where n is the particle density. In this picture,
the momentum range between P = −ℏπn and P = ℏπn corresponds to the first Brillouin zone of
the hypothetical crystal. Within this framework, the impurity dispersion explained earlier can be
interpreted as the lowest Bloch band associated with this periodic structure.
Given this periodic dispersion relation, one would expect to observe Bloch oscillations of the
impurity, if it is subjected to an external force [15]. This expectation is based on the fact that
for a an external force F , the total momentum of the system changes according to P = Ft. For
a sufficiently weak force, the system evolves adiabatically, causing the depleton’s energy E(P )
and group velocity V = ∂E/∂P to become periodic in time, with a period given by 2πℏn/F .
According to these considerations, the impurity oscillates around a fixed position while continuously
transferring momentum to the background fluid, generating a supercurrent. Therefore, no net energy
is absorbed from the external field, and the system as a whole remains energetically unchanged on
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Mathematical analysis Chapter 2

average, which is quite remarkable.
Experimental observations have confirmed the occurrence of such Bloch oscillations [9, 10], despite
the fact that the theoretical argument presented above does not account for the absence of true
long-range order in one-dimensional quantum liquids, even at zero temperature. However, at finite
temperatures and under stronger external forces, the emergence of Bloch oscillations becomes
significantly more complex. A detailed analysis of this regime lies beyond the scope of the present
work and can be found in [7].

Having established a qualitative intuition for the motion of a mobile impurity in a one-dimensional
superfluid, we now proceed to a detailed mathematical analysis of its dispersion relation.

2.2 Mathematical analysis

2.2.1 Description of the system

In this section, we describe the physical system we are considering. For the whole analysis, we
assume T = 0. We have a superfluid background with equilibrium condensate density n. It consists
of weakly interacting identical bosons with mass m, whose strength of repulsion is characterized by
U . The whole dynamics of the system can be described within the Gross-Pitaevskii formalism. The
Gross-Pitaevskii Lagrangian density for a pure superfluid in one dimension is given by [16]

LGP = iℏΨ∗∂tΨ− ℏ2

2m
(∂xΨ

∗) (∂xΨ)− U

2

(
|Ψ|2 − n

)2
, (2.1)

with Ψ = Ψ(x, t) the wavefunction or order parameter of the confined condensate. The sound
velocity of the system relates to the system parameters via c2s = Un/m. The coefficient in front
of the term |Ψ|2 is the chemical potential µ = Un, which depends on the strength of the contact
interaction U .

Now we want to insert an impurity with mass M ≫ m into the system which moves with a
constant velocity v. The interaction between the impurity potential and the superfluid condensate
is considered to be repulsive and short-ranged, such that it is located at the impurity position
xI = vt. Therefore, the interaction can be modeled by a delta function potential moving with v
according to V (x − vt) = gξ · δ(x − vt). The strength of the interaction is characterized by the
parameter g with g ≫ µ, which implies that it is energetically more favorable to modify the density
|Ψ|2 rather than to maintain a finite density at the impurity. The parameter ξ = ℏ/

√
mnU is the

healing length, which determines the characteristic length scale for the order parameter to recover.
In other words, it indicates how quickly the wave function of the condensate can realign in response
to external perturbations. With the impurity, the Lagrangian density for the superfluid background
in the lab reference frame reads

L = iℏΨ∗∂tΨ− ℏ2

2m
(∂xΨ

∗) (∂xΨ)− U

2

(
|Ψ|2 − n

)2 − V (x− vt)|Ψ|2. (2.2)

The impurity in the system expels particles of the host liquid from its vicinity which leads to the
formation of a soliton-like depletion cloud that moves with the impurity. Therefore, the impurity
affects the superfluid background resulting in time-dependent energy changes. This complicates
the system’s dynamics, making it more difficult to solve. However, we can reduce the problem to
a stationary, time-independent one by using the Born-Oppenheimer (BO) approximation which
allows us to treat the motion of the impurity and the wavefunction of the condensate separately.
The reason for this is the huge mass difference M ≫ m between the impurity and the superfluid
host atoms leading to different time scales of their respective motion. Given the same amount
of momentum, the impurity moves much slower than the particles of the host liquid around it.
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Chapter 2 Mobile impurity in a superfluid

Therefore, the wavefunction equilibrates much faster compared to the impurity motion which is
why we can assume an instantaneous adjustment of the wavefunction to the perturbation caused by
the impurity. Hence, it is possible to treat the wave function as time-independent.

This enables us to describe our system in the reference frame where the impurity is at rest and
the superfluid background flows. The transformation can either by done by a simple variable shift
or by a Galilean transformation. In the following, we will use the former to set up and solve the
equation of motion and the latter to calculate the corresponding energy.

2.2.2 Soliton solution for the superfluid wave function

In order to obtain the solution for the superfluid wave function interacting with a moving impurity,
we perform a transformation from the lab frame to the impurity rest frame. This transformation is
performed by x′ = x− vt, t′ = t and Ψ′(x′, t′) = Ψ(x− vt, t), so all quantities in the impurity rest
frame are indicated by a prime (′). Applying this to the Lagrangian density (2.2) yields the new
Lagrangian density in the impurity rest frame

L′ = iℏΨ∗′∂t′Ψ
′ − ℏ2

2m
(∂x′Ψ∗′) (∂x′Ψ′)− U

2

(
|Ψ′|2 − n

)2 − V (x′)|Ψ′|2 − iℏvΨ∗′∂x′Ψ′. (2.3)

The corresponding Hamiltonian density is given by

H′ =
ℏ2

2m
(∂x′Ψ∗′) (∂x′Ψ′) +

U

2

(
|Ψ′|2 − n

)2
+ V (x′)|Ψ′|2 + iℏvΨ∗′∂x′Ψ′. (2.4)

The first two terms describe the kinetic energy density of the condensate and the interaction of
the bosonic host atoms among each other, respectively. The interaction of the wave function with
the impurity potential is represented by the third term, while the last term drives the flow of the
condensate. From this we can derive the equation of motion for the wave function which leads to

iℏ∂t′Ψ′ = − ℏ2

2m
∂2x′Ψ′ + U

(
|Ψ′|2 − n

)
Ψ′ + V (x′) + iℏv∂x′Ψ′. (2.5)

Due to the BO approximation explained above, we can solve the stationary, time-independent
equation, meaning that ∂t′Ψ′ = 0. To solve the equation of motion, we can do the complex ansatz
Ψ′(x′) =

√
n [r + iR(x′)] with r being constant and insert it into (2.5). Since the real and imaginary

part of the right hand side must be zero independently, we get two equations

ℏv∂x′R(x′) = Unr
[
r2 +R2(x′)− 1

]
+ rV (x′), (2.6)

∂2x′R(x′) =
2m

ℏ2
UnR(x′)

[
r2 +R2(x′)− 1

]
+

2m

ℏ2
V (x′)R(x′), (2.7)

which must be satisfied simultaneously. On account of the fact that we have a short-range potential
V (x′) = gξδ(x′), we solve the equations for x′ ̸= 0 at first. Solving (2.6) for x′ ̸= 0 yields
R(x′) = −

√
1− r2 tanh

(
Unr/(ℏv)

√
1− r2x′

)
, which can be inserted into (2.7) in order to solve for

r = v/cs. Overall, we get the soliton solution

Ψ′
x′ ̸=0(x

′) =
√
n

[
v

cs
− i

√
1− v2

c2s
tanh

(
x′

l

)]
, (2.8)

where we defined 1/l = mcs/ℏ
√
1− v2/c2s . However, this function solves (2.5) only for x′ ̸= 0, but

not at the location of the impurity. To obtain a solution which is valid everywhere, we can construct
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a solution by matching two shifted soliton solutions according to

Ψ′(x′) =
√
n

{
Ψ′

+(x
′), x′ > 0

Ψ′
−(x

′), x′ < 0
(2.9)

with

Ψ′
±(x

′) =

[
v

cs
− i

√
1− v2

c2s
tanh

(
x′ ± x0

l

)]
eiχ± . (2.10)

A schematic sketch of the overall soliton solution is depicted in Fig. 2.1.

1

0
x′

|Ψ′(x′)|2

Figure 2.1: Schematic sketch of the overall soliton solution (2.9) (solid curve) for the wave function of
the superfluid constructed by matching two shifted soliton solutions (2.10) (dotted curves). The impurity is
positioned at x′ = 0 in the reference frame where the impurity is at rest.

The parameters x0 > 0 and χ± are determined by the boundary conditions for the wave function
at x′ = 0 due to the delta potential. Sine the wave function must be continuous at the origin,
Ψ′

+(0) = Ψ′
−(0) must hold. Taking the real and imaginary parts separately yields the two equations

r cosχ+ + z
√

1− r2 sinχ+ = r cosχ− − z
√
1− r2 sinχ−, (2.11)

r sinχ+ − z
√
1− r2 cosχ+ = r sinχ− + z

√
1− r2 cosχ−, (2.12)

where we defined z = tanh (x0/l). These equations lead to the conditions χ+ = −χ− =: χ and

tanχ = z

√
1− r2

r
. (2.13)

The delta potential enforces the first derivative of Ψ′ to be discontinuous at the origin according to
d

dx′Ψ
′
+(0)− d

dx′Ψ
′
−(0) = 2mgξ/ℏ2Ψ′(0). After some algebra, this condition leads to the equation(

1− r2
)3/2 (

1− z2
)
z =

g

µ

(
r2 +

(
1− r2

)
z2
)
. (2.14)

In principle, one could solve (2.14) to obtain z and hence x0 and then use this result together with
equation (2.13) to obtain χ. But since analytically solving these equations is very cumbersome, we
will not do so here. Instead, we will consider some relevant limits where the solution is analytically
tractable. Finally, we will resort to numerical methods to obtain a more general solution. However,
before doing so, we will rewrite the parameters of Eqs. (2.13) and (2.14) in order to relate them to
physical quantities.
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Since we know that the velocity v of the impurity cannot be larger than the system’s sound velocity
cs, it always holds that 0 ≤ |v/cs| ≤ 1. Therefore, we can rewrite

√
1− r2 =

√
1− v2/c2s =

sin (Φs/2) and r = v/cs = cos (Φs/2), where we have defined the phase of the soliton Φs, v>0 =

2arctan
√
c2s/v

2 − 1 for positive velocities v > 0 and Φs, v<0 = 2π−2 arctan
√
c2s/v

2 − 1 for negative
velocities v < 0. Within these definitions, we choose Φs ∈ [0, 2π], such that, in the limiting cases of
the velocity, v = 0 corresponds to Φs = π, v = cs to Φs = 0 and v = −cs to Φs = 2π. Moreover, we
define a phase of the wave function Φ0 according to Φ0/2 := χ. Using these definitions, we can now
rewrite Eqs. (2.13) and (2.14) which results in

tan
Φ0

2
= z tan

Φs

2
, (2.15)

sin3
Φs

2

(
1− z2

)
z =

g

µ

(
cos2

Φs

2
+ z2 sin2

Φs

2

)
. (2.16)

Since Φs ∈ [0, 2π] and z ∈ [0, 1], it is clear that the left hand side of Eq. (2.16) is smaller than
one. The right hand side is a sum of two positive terms, which must then also be smaller than one
individually. In particular, it must be true that 1 ≥ g/µ cos2 (Φs/2) = g/µ (v/cs)

2. Since g > µ,
this gives an upper bound for the velocity of v ≤

√
µ/g cs. Therefore, there is a critical velocity vc

above which no solution exists. Using stronger assumptions, this bound can be improved.

If we introduce the total phase drop across the impurity Φ = Φs −Φ0, which is schematically shown
in Fig. 2.2 as a function of x′, and parameterize the soliton solution (2.9) by this quantity, we can
find a solution to the coupled equations for any Φ. The justification for defining Φ as the difference
between the phases of the soliton and the wavefunction is given in Appendix A. To incorporate Φ

x′

Φ(x′)

0

Figure 2.2: Schematic sketch of the total phase Φ(x′) of the superfluid wave function across the impurity
which is positioned at x′ = 0 in the reference frame where the impurity is at rest.

into Eqs. (2.15) and (2.16), we replace Φ0 = Φs − Φ to obtain the final coupled equations

tan
Φs − Φ

2
= z tan

Φs

2
, (2.17)

sin3
Φs

2

(
1− z2

)
z =

g

µ

(
cos2

Φs

2
+ z2 sin2

Φs

2

)
, (2.18)

which now depend only on the phase across the impurity Φ, the phase of the soliton Φs as defined
above, and the parameter z = tanh (x0/l). The latter characterizes the density drop at the impurity
position x′ = 0. Smaller values of x0, and consequently of z, correspond to a larger density drop.
Solving these equations yields parameters z = z(Φ, g/µ) and Φs = Φs(Φ, g/µ) depending on Φ
and the ratio g/µ which determines the coupling strength between impurity and superfluid. As
mentioned before, however, we will not solve the equations in general. Instead, we will analyze
them for specific limits of g/µ before providing an analytical solution. First of all, we consider the
strong coupling limit g ≫ µ, which applies to the system described in Section 2.2.1.
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Strong coupling limit

Our goal is to solve Eqs. (2.17) and (2.18) for strong couplings g ≫ µ. To do so, we can expand Φs

and z in the small parameter µ/g ≪ 1 according to Φs ≃ π + µ/g Φ
(1)
s and z ≃ µ/g z(1). Inserting

these expressions into the trigonometric functions in the aforementioned equations and expanding
for small µ/g yields the solutions Φs(Φ) ≃ π − µ/g sinΦ and z(Φ) ≃ µ/g cos2 (Φ/2). In this limit,
the velocity of the impurity is given by

v(Φ) = cs cos
Φs

2
≃ cs cos

(
π

2
− µ

2g
sinΦ

)
≃ csµ

2g
sinΦ = vc sinΦ. (2.19)

Hence, the critical velocity is given by vc = csµ/(2g). For velocities v > vc, there is no solution to
the equations (2.17) and (2.18). Because µ/g is small, the critical velocity is much smaller than the
system’s sound velocity cs. This means that, for strong couplings, the impurity cannot move very
fast through the superfluid.

In contrast to the strong coupling limit, we cannot find simple analytic expressions for the solutions
in the weak coupling limit. However, we can estimate the critical velocity vc for which the solutions
exist at all, which we will do in the following.

Weak coupling limit

The critical velocity vc in the weak coupling limit g ≪ µ is estimated by considering Eq. (2.18).
Due to the weak coupling, the impurity affects the wavefunction only a little and the phase of the
soliton is small Φs ≪ 1. Therefore, we can expand the trigonometric functions in (2.18) leading to(

Φs

2

)3 (
1− z2

)
z ≃ g

µ

(
1 +

(
z2 − 1

) Φ2
s

4

)
≃ g

µ
. (2.20)

Since z ∈ [0, 1], the maximum value of (1− z2)z is at z∗ = 1/
√
3. Inserting this into (2.20) yields

Φs/2 ≃
(
3
√
3g/(2µ)

)1/3
. This expression now can be used to estimate the critical velocity according

to

vc = cs cos
Φs

2
≃ cs

(
1− 1

2

(
Φs

2

)2
)

≃ cs

1− 1

2

(
3
√
3g

2µ

)2/3
 ≃ cs. (2.21)

The last approximation is justified by the fact that g/µ≪ 1 in this limit. Thus, the critical velocity
is approximately equal to the sound velocity of the system, meaning that a weakly coupled impurity
can move much faster through the superfluid, in line with physical intuition.
As we will see later in Section 2.2.5, the numerical analysis of the system clearly demonstrates that
in the weak coupling limit, the solution is significantly more complex than in the strong coupling
regime and does not admit a simple analytical expression.

Now that we have a solution for the superfluid wave function, we are interested in physical quantities
of the full depleton consisting of the impurity and the depletion cloud around it. Hence, we use
the soliton solution in order to calculate the momentum of the system and finally the depleton’s
dispersion relation.

2.2.3 Momentum of the system

In this section, we give expressions for the momentum of the full system in both the lab frame
and the impurity rest frame. For the latter we distinguish between two different transformations
from the lab frame to the impurity rest frame. The first transformation via a simple variable shift
was already introduced in Section 2.2.2, while the Galilean transformation will be introduced in
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the course of this section. We will see that the momentum of the system is correctly predicted by
the Galilean transformation, but not by the transformation via a variable shift. This is the reason
for also introducing the Galilean transformation, since here we obtain the correct momentum and
therefore also the correct energy of the whole system which is essential for calculating the depleton’s
dispersion relation. However, it is still justified to calculate the solution for the wave function
Ψ′ in the variable-shifted system, because the action remains invariant under this transformation
and since it is easiest to find a solution for the wave function in this system, we have chosen this
approach.
First, we consider the momentum of the whole system in the lab frame.

Lab frame

The soliton solution in the impurity rest frame obtained via a variable transformation is given by
Eqs. (2.9) and (2.10). In the lab frame it only depends on time according to x′ = x− vt. Therefore,
it is straightforward to transform the solution back to the lab frame and we get

Ψ±(x− vt) =

[
v

cs
− i

√
1− v2

c2s
tanh

(
x− vt± x0

l

)]
eiχ± . (2.22)

This solution can be used to calculate the momentum of the wave function for the superfluid
background, which corresponds to the momentum of the depletion cloud Pd in the lab frame. In
field operator language, where the field operator is identified with the superfluid wave function, this
momentum is given by

Pd = − iℏ
2

∫ ∞

−∞
dx (Ψ∗∂xΨ−Ψ∂xΨ

∗)

= − iℏ
2

[∫ 0

−∞
dx
(
Ψ∗

−∂xΨ− −Ψ−∂xΨ
∗
−
)
+

∫ ∞

0

dx
(
Ψ∗

+∂xΨ+ −Ψ+∂xΨ
∗
+

)]

= −2ℏn
cs

√
1− v2

c2s

(
1− tanh

(x0
l

))
v = −mNv.

(2.23)

In the last equality we have introduced the quantity N , which describes the number of expelled
particles from the background liquid by the impurity. It is calculated via

N =

∫ ∞

−∞
dx
(
n− |Ψ(x)|2

)
= n

[∫ 0

−∞
dx
(
1− |Ψ−(x)|2

)
+

∫ ∞

0

dx
(
1− |Ψ+(x)|2

)]

=
2ℏn
mcs

√
1− v2

c2s

(
1− tanh

(x0
l

))
=

2ℏn
mcs

sin
Φs

2
(1− z) .

(2.24)

The expelled particles are part of the depletion cloud around the impurity which is illustrated
schematically in Fig. 2.3. Given this definition of N , the expression in Eq. (2.23) for the momentum
Pd of the depletion cloud is also very intuitive. This is because mN represents the total mass of the
particles in the depletion cloud and v corresponds to their velocity, as the depletion cloud moves
together with the impurity. The negative sign indicates the expulsion of the particles from the
vicinity of the impurity.

In the strong coupling limit g ≫ µ, the number of expelled particles can be approximated according
to

N =
2ℏn
mcs

sin
Φs

2
(1− z) ≃ 2ℏn

mcs
sin

(
π

2
− µ

2g
sinΦ

)(
1− µ

g
cos2

Φ

2

)
≃ 2ℏn
mcs

, (2.25)

so it is constant in the leading approximation. This is in line with the BO approximation introduced
in Section 2.2.1.
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x

|Ψ(x− vt)|2

N

0
v

Figure 2.3: Schematic snapshot of the soliton solution |Ψ(x− vt)|2 for the superfluid wave function in the lab
frame at time t = 0 (blue curve), where the impurity (represented by the black dot) is positioned at x = 0. It
moves with velocity v in the right direction. The expelled particles N belong to the depletion cloud and are
marked by the gray area.

The total momentum of the system in the lab frame P consists of the momentum of the depletion
cloud Pd in Eq. (2.23), the momentum of the moving impurity Mv and the momentum of the
supercurrent in the background given by ℏnΦ. The latter arises from the phase drop across the
impurity Φ, since the discontinuity in the background liquid caused by this phase drop must be
compensated by an induced supercurrent. A qualitative discussion of the origin of this supercurrent
was provided in Section 2.1. Overall, we have

P = ℏnΦ+Mv −mNv. (2.26)

Impurity rest frame with variable shift

The calculation for the momentum of the depletion cloud in the impurity rest frame with variable
shift P ′

d is analogous to the one in the lab frame in Eq. (2.23). This is due to the fact that the wave
functions (2.22) and (2.10) for the lab frame and the impurity rest frame, respectively, differ only
by a shift x′ = x− vt, which does not matter when integrating over the whole space. Therefore, we
have P ′

d = Pd = −mNv. In the impurity rest frame, there is no momentum contribution from the
impurity, so the total momentum is given by

P ′ = ℏnΦ−mNv. (2.27)

Here, we can directly see that the transformation via variable shift does not yield the correct total
momentum of the system. When we consider an impurity moving with velocity v and perform a
transformation to its rest frame, the impurity is obviously at rest, but instead there is a current of
the particles in the host liquid which flows at −v. Hence, if Ns represents the number of particles
in the host liquid that do not correspond to the depletion cloud, the momentum in the impurity
rest frame should contain the term −mNsv instead of −mNv, since the depletion cloud moves with
the impurity and is therefore also at rest in the impurity rest frame. In order to obtain the correct
momentum, we have to perform a Galilean transformation to the impurity rest frame, which is
introduced in the following.

Galilean transformation to impurity rest frame

The Galilean transformation, denoted by a bar on the respective variable ( ), acts on the x and t
coordinates in the same way as a pure variable shift, according to x = x−vt and t = t. However, in the
Galilean transformation the wave function is also transformed via Ψ(x, t) = e−im/ℏ(vx−v2t/2)Ψ(x, t).
Applying this transformation to the Lagrangian density (2.2) in the lab frame, we obtain the
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Lagrangian density in the impurity rest frame

L = iℏΨ∗
∂tΨ− ℏ2

2m

(
∂xΨ

∗) (
∂xΨ

)
− U

2

(∣∣Ψ∣∣2 − n
)2

− V (x)
∣∣Ψ∣∣2

+ iℏ
v

2

(
Ψ

∗
∂xΨ−Ψ∂xΨ

∗)− iℏvΨ∗
∂xΨ.

(2.28)

When integrating over the full space to obtain the Lagrangian L =
∫∞
−∞ dx L, the terms in the

second line of (2.28) cancel and only the terms in the first line are left. This means the Lagrangian,
and hence also the Hamiltonian, is forminvariant under a Galilean transformation. Therefore, the
equation of motion for the Galilean transformed wave function Ψ is the same as the one for the
wave function Ψ in the lab frame. But for the latter we already calculated the solution, given by
Eq. (2.22). Using this solution, we can calculate the Galilean transformed solution for the wave
function Ψ according to

Ψ(x) =
√
n

{
Ψ+(x), x > 0
Ψ−(x), x < 0

(2.29)

with
Ψ±(x, t) = e−im/ℏ(vx−v2t/2)Ψ±(x− vt, t) = e−im/ℏ(vx+v2t/2)Ψ±(x). (2.30)

This solution can be used to calculate the momentum of the wave function via

P d = − iℏ
2

∫ ∞

−∞
dx
(
Ψ

∗
∂xΨ−Ψ∂xΨ

∗)
= − iℏ

2

∫ ∞

−∞
dx (Ψ∗∂xΨ−Ψ∂xΨ

∗)−mv

∫ ∞

−∞
dx |Ψ|2

= −mvN −mv

∫ ∞

−∞
dx n+mv

∫ ∞

−∞
dx
(
n− |Ψ|2

)
= −mvNs,

(2.31)

where we have used the result for the momentum of the depletion cloud in the lab frame from
Eq. (2.23) and the definition for the number of expelled particles from (2.24). Additionally, we used
the definition Ns =

∫∞
−∞ dx n for the number of particles in the superfluid host liquid. Hence, with

the Galilean transformation, the momentum of the wave function yields the correct result. Including
the momentum of the supercurrent in the superfluid background, we obtain the momentum in the
impurity rest frame

P = ℏnΦ−mNsv. (2.32)

In the following, we will use the Galilean transformation to calculate the energy of the whole system
and from this the dispersion relation of the depleton.

2.2.4 Dispersion relation of the depleton

The energy of the wave function in the Galilean transformed system is given by Es =
∫∞
−∞ dx H

with the Hamiltonian density H obtained from the Lagrangian density (2.28). As explained in
Section 2.2.3, the Lagrangian and the Hamiltonian are forminvariant under a Galilean transformation,
which is why we can write the Hamiltonian density in the impurity rest frame via Galilean
transformation as

H =
ℏ2

2m

(
∂xΨ

∗) (
∂xΨ

)
+
U

2

(∣∣Ψ∣∣2 − n
)2

+ V (x)
∣∣Ψ∣∣2 . (2.33)
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Inserting the Galilei transformed soliton solution (2.29), (2.30) into (2.33), we obtain

H =
ℏ2

2m
(∂xΨ

∗(x)) (∂xΨ(x)) +
U

2

(
|Ψ(x)|2 − n

)2
+ V (x) |Ψ(x)|2

+ iℏ
v

2
(Ψ∗(x)∂xΨ(x)−Ψ(x)∂xΨ

∗(x)) +
1

2
mv2 |Ψ(x)|2 .

(2.34)

Now we can use the soliton solution from Eq. (2.22) and integrate over the whole space in order to
obtain the overall energy of the superfluid wave function in the Galilei transformed system. This
results in

Es =

∫ ∞

−∞
dx H =

4

3
ℏncs

(
1− v2

c2s

)3/2(
1− 3

4
z − 1

4
z3
)
− Pdv +

1

2
mv2 (Ns −N) , (2.35)

where we have used the expression for the momentum of the depletion cloud Pd from Eq. (2.23) and
the number of expelled particles N from Eq. (2.24). The last two terms represent the additional
energy appearing in the impurity rest frame due to the Galilean transformation, while the expression
in the first term describes the energy Es of the wave function in the lab frame.
Finally, the overall energy E of the full system in the lab frame including the superfluid background
and the moving impurity is given by the sum of the kinetic energy of the impurity 1

2Mv2 and the
energy of the wave function Es according to

E =
1

2
Mv2 + Es =

1

2
Mv2 +

4

3
ℏncs sin3

Φs

2

(
1− 3

4
z − 1

4
z3
)
. (2.36)

Here, we have used the definition for the soliton phase Φs introduced in Section 2.2.2. Now we
have an expression for the energy of the system in the lab frame. The parameters z = z(Φ) and
Φs = Φs(Φ) are determined by the solution of Eqs. (2.17) and (2.18). However, our main objective
is to obtain the dispersion relation of the depleton E(P ), where P is the momentum of the whole
system in the lab frame from Eq. (2.26). Since it is not possible to derive an analytical expression
for the solutions Φs(Φ) and z(Φ), and therefore not for the energy E(Φ) either, we will first consider
the strong coupling limit, where the solution is analytically tractable.

Strong coupling limit

In the strong coupling limit g ≫ µ, the solutions for Φs(Φ) and z(Φ) can be approximated according
to Φs(Φ) ≃ π− µ/g sinΦ and z(Φ) ≃ µ/g cos2 (Φ/2), as introduced in Section 2.2.2. Inserting these
approximations into the expression for the energy in Eq. (2.36) and simplifying, we obtain

E(Φ) ≃ 1

2
Mv2 − ℏnvc cosΦ (2.37)

for the system’s energy in the strong coupling limit with the critical velocity vc = csµ/(2g). This
relation in Eq. (2.37) holds up to a finite constant, which we neglected here. As mentioned before,
we are interested in the energy E(P ). Therefore, we use the expression for the momentum of the
system in the lab frame (2.26), rearrange it to obtain v(P,Φ) and insert it into the energy (2.37).
This yields

E(P,Φ) =
1

2
M

(
P − ℏnΦ
M −mN

)2

− ℏnvc cosΦ. (2.38)

In order to obtain the total energy E(P ), we have to minimize with respect to Φ which leads to

∂E

∂Φ

!
= 0 ⇔ M

P − ℏnΦ
(M −mN)

2 = vc sinΦ. (2.39)
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In the strong coupling limit, we have vc ≪ cs and therefore we can approximate

M
P − ℏnΦ

(M −mN)
2 = vc sinΦ ≃ 0 ⇔ Φ ≃ P

ℏn
. (2.40)

Inserting this approximation for Φ(P ) into the energy (2.37) yields

E(P ) ≃ −ℏnvc cos
(
P

ℏn

)
= −EJ cos

(
P

ℏn

)
. (2.41)

This expression determines the dispersion relation of the depleton and is a pure periodic function
of the momentum. It has a standard Josephson form with Josephson energy EJ = ℏnvc. In the
following, we will briefly explain how this leads to Bloch oscillations under the influence of an
external force.

Bloch oscillations

If we increase the momentum of the system linearly by an external force F , the classical relation
P = Ft holds. For the dispersion relation given in Eq. (2.41), this means that the velocity changes
periodically with time instead of increasing continuously. This can be seen by calculating the group
velocity according to

v(t) =
∂E(P )

∂P

∣∣∣∣∣
P=Ft

= vc sin

(
Ft

ℏn

)
. (2.42)

This shows that the impurity undergoes Bloch oscillations with period tB = 2πℏn/F . In reality,
however, the motion of the impurity may deviate slightly from this prediction. The reason for this
is that, while the impurity gets slowly accelerated over the course of one Bloch cycle, low energy
phonons are radiated. This results in the period, amplitude and drift being renormalized. However,
the influence of phonons on the impurity motion is not explored further in this work. A detailed
analysis including the coupling to phonons is provided in [7].

Overall, we have shown that a moving impurity in a one-dimensional superfluid background exhibits
a periodic dispersion relation and therefore can show Bloch oscillations when applying an external
force. However, this analytical calculation only applies to the strong coupling limit. There is no
closed form for the energy solution for arbitrary coupling strengths. Hence, we resort to numerical
methods in order to find the dispersion relation for various coupling strengths. These numerical
results will be presented in the following section.

2.2.5 Numerical solution for the dispersion relation

In order to obtain a numerical solution for the dispersion relation for different coupling strengths
g/µ, we first have to solve the equations (2.17) and (2.18) for the parameters z(Φ) and Φs(Φ)
numerically. The resulting plots are shown in Fig. 2.4. Furthermore, we can plot physical quantities
of the system like the number of expelled particles N(Φ) from Eq. (2.24) and the velocity of the
impurity v(Φ) = cs cos (Φs(Φ)/2). The results are depicted in Fig. 2.5. Moreover, the overall
energy of the system is given by Eq. (2.36). However, this expression depends on the total phase
drop Φ, since all the quantities appearing therein depend on Φ. Therefore, in order to obtain the
dispersion relation E(P ), we first need to plot the relation between Φ and P . For this, we use the
momentum of the system in the lab frame from Eq. (2.26) and insert N(Φ) from Eq. (2.24) as well
as v(Φ) = cs cos (Φs(Φ)/2). This results in

P (Φ)

ℏn
= Φ+

[
Mcs
ℏn

− 2 sin

(
Φs(Φ)

2

)
(1− z(Φ))

]
cos

(
Φs(Φ)

2

)
. (2.43)
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Figure 2.4: Numerical solution of Eqs. (2.17) and (2.18) for the phase of the soliton Φs(Φ) (left) and the
parameter z(Φ) (right), both depending on the total phase drop across the impurity Φ. The results are plotted
for different coupling strengths g/µ between 0.1 (weak coupling) and 5 (strong coupling). It can be seen that
as the coupling weakens, the variation in both parameters over a period of Φ increases.

This relation can be used to obtain Φ(P ). Inserting it into the energy in Eq. (2.36) using v(Φ(P )) =
(P − ℏnΦ(P ))/(M −mN(Φ(P ))) finally yields the dispersion relation

E(Φ(P )) =
1

2
ℏncs

(
P
ℏn − Φ(P )

)2
Mcs
ℏn − 2 sin

(
Φs(Φ(P ))

2

)
(1− z(Φ(P )))

+
4

3
ℏncs sin3

(
Φs(Φ(P ))

2

)(
1− 3

4
z(Φ(P ))− 1

4
z3(Φ(P ))

)
= E(P ).

(2.44)

In order to obtain the first term, we approximated M ≃M −mN(Φ(P )). Both the resulting plots
for P (Φ) and E(P ) are depicted in Fig. 2.6.

Overall, the numerical analysis shows that the dispersion relation E(P ) remains periodic also
for weaker coupling strengths g/µ. Therefore, Bloch oscillations should be observable for various
coupling strengths between the impurity and the superfluid background.
For weak coupling strengths, the dispersion relation exhibits additional local minima corresponding
to metastable or excited states of the impurity. In this work, however, we do not further investigate
the impurity dynamics in this weak coupling regime.

As a final remark, it should be noted that the mass of the impurity plays a crucial role in determining
its dispersion relation. In our numerical analysis, we set the dimensionless parameter Mcs/ℏn = 1.
For sufficiently large masses M , metastable branches emerge, characterized by a swallowtail structure
in the dispersion relation. However, we do not explore these branches here and a detailed analysis
can be found in [17].
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Figure 2.5: Numerical solution for the number of expelled particles N(Φ) from Eq. (2.24) (left) and the velocity
of the impurity v(Φ) = cs cos (Φs(Φ)/2) (right), both depending on the total phase drop across the impurity
Φ. The results are plotted for different coupling strengths g/µ between 0.1 (weak coupling) and 5 (strong
coupling). As the coupling between impurity and superfluid becomes stronger, the number of expelled particles
approaches a constant, as approximated in Eq. (2.25). The weaker the coupling becomes, the more N varies
depending on Φ. The velocity of the impurity is given by a pure sine wave for strong couplings, as predicted in
Eq. (2.19). As the coupling weakens, there is greater variation in the velocity over a period of Φ and the curve
deviates more from a pure sine shape.
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Figure 2.6: Numerical solution for the total momentum of the system P (Φ) from Eq. (2.43) depending on the
total phase drop across the impurity Φ (left) and the overall energy E(P ) from Eq. (2.44) as a function of the
momentum P (right). The results are plotted for different coupling strengths g/µ between 0.1 (weak coupling)
and 5 (strong coupling). The parameter Mcs/ℏn is set to 1 for the numerical calculation. The plot for the
momentum shows a linear behavior in the strong coupling limit which justifies the approximation Φ ≃ P/ℏn in
Eq. (2.40). As the coupling weakens, the curve deviates more from a linear shape, particularly in the range
around Φ = 0. The dispersion relation is given by a cosine for large coupling strengths, as calculated in
Eq. (2.41). The weaker the coupling becomes, the more the curve deviates from a cosine shape. For very
weak couplings we observe two additional local minima, which correspond to metastable or excited states of
the impurity.
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3 Mobile impurity in a static periodic potential

In this chapter, we study a theoretical model consisting of an impurity with a periodic dispersion
relation, placed in a static, one-dimensional periodic background potential. The impurity dispersion
is taken to be the cosine function from Eq. (2.41), derived in Chapter 2 for a mobile impurity in a
one-dimensional superfluid. We will analyze the resulting dispersion relation for the impurity in this
system using Bloch’s theorem. To this end, we begin with a brief overview of Bloch’s theorem and,
as a direct consequence, derive the general form of the associated band structure. Subsequently, we
apply these concepts to the previously described impurity-background system and present numerical
calculations of its band structure.

However, it is important to emphasize that the system under consideration is only a conceptual
model rather than a tangible, physically realized one. It does not have a real and direct physical
interpretation, as it represents a composite system consisting of two subsystems. On the one hand,
we have a static one-dimensional periodic background potential and on the other hand, we have
an impurity that has an intrinsic periodic dispersion relation. This periodicity of the impurity
dispersion arises from its motion in a bosonic superfluid background, as described and analyzed in
Chapter 2. However, this origin is not captured by the description of the system considered here,
as superfluidity is not included in our model at all. In our theoretical construct, we simply assume
the periodic dispersion relation to be given, without considering the specific physical setup required
for its emergence.
Nevertheless, studying the impurity motion in such a system provides valuable preliminary insights,
as our ultimate goal is to analyze the behavior of a mobile impurity in a supersolid, which is a
phase exhibiting properties of both a superfluid and a solid. This initial consideration serves as a
first step toward developing an intuitive understanding of the effects arising from the combination
of these two characteristics. As noted earlier, however, this model should not be overemphasized,
and its physical interpretation must be approached with caution.

3.1 Bloch’s theorem

This section provides a brief overview of the main aspects of Bloch’s theorem, based on [18, 19].
A one-dimensional solid with lattice constant d can be described by a static periodic potential
V (x) = V (x + d). The system is assumed to be finite with total length L, and L and d are
taken to be commensurate, such that L/d ∈ N. Bloch’s theorem states that the eigenstates of a
particle in a periodic potential can be written as plane waves modulated by a periodic function
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uk,z(x) = uk,z(x+ d) with the same periodicity as the potential according to

Ψk,z(x) = uk,z(x)e
ikx. (3.1)

The momentum k belongs to the first Brillouin zone (BZ) and z is the band index. It holds that

TdΨk,z(x) = Ψk,z(x+ d) = eikdΨk,z(x), (3.2)

meaning the wave function is periodic up to a phase. This means that the so-called Bloch states
Ψk,z(x) are eigenstates of the translation operator Td with eigenvalues eikd. The particle density is
given by

n(x) = Ψ∗
k,z(x)Ψk,z(x) = u∗k,z(x)uk,z(x), (3.3)

and therefore also exhibits the same periodicity as the lattice.

As a consequence of Bloch’s theorem, the dispersion relation of a particle in a periodic potential
exhibits a band structure, which we will derive in the following.

3.1.1 Derivation of the band structure

In order to obtain the dispersion relation of a particle in a periodic potential, we consider the
general stationary Schrödinger equation

(Ep(k) + V (x))Ψ(x) = E(k)Ψ(x), (3.4)

where E(k) characterizes the particle’s eigenenergy corresponding to the eigenstate Ψ(x). The
dispersion relation of the free particle is denoted by Ep(k), which is, at this stage, still arbitrary. To
simplify the calculations, we reformulate the problem in Fourier space. The Fourier representation
of the periodic potential is given by

V (x) =
∑
G

VGe
iGx, (3.5)

where the summation is over all reciprocal lattice vectors G = g · z with the smallest reciprocal
lattice vector g = 2π/d and z ∈ Z. As an ansatz for the solution we choose

Ψ(x) =
∑
k

cke
ikx (3.6)

in the Fourier representation. Due to the periodic boundary conditions, the momentum is quantized
and restricted to discrete values given by k = 2π/L · z with L the length of the system. Therefore,
the number of allowed k-values within the first BZ is N = L/d. A schematic sketch of these allowed
k-values in the first BZ is shown in Fig. 3.1. Inserting the expressions in Eqs. (3.5) and (3.6) into

k

0
π
d−π

d

2π
L

1st BZ

g

Figure 3.1: Schematic sketch of the allowed values for the momentum k of the wave function in Eq. (3.6),
represented by the blue dots. The discrete values are separated by the distance 2π/L, where L denotes the
length of the system. Shown is the first Brillouin zone, which extends over a range determined by the smallest
reciprocal lattice vector g = 2π/d, where d is the lattice constant of the periodic potential in real space.
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the Schrödinger equation (3.4), we obtain

∑
k

eikx

(
(Ep(k)− E) ck +

∑
G

VGck-G

)
= 0, (3.7)

where we replaced k → k −G in the second summand, which only changes the summation order.
Since this equation has to hold for all k, each summand must vanish separately. Therefore, it has
to be true that

(Ep(k)− E) ck +
∑
G

VGck-G = 0, (3.8)

which is often referred to as Schrödinger equation in reciprocal space or central equation. It is
evident from this equation that only those ck are coupled whose k-values differ by a reciprocal
lattice vector G. Thus, the system breaks down into N independent systems, one for each allowed
k-value of the first BZ. Each of the N systems yields a solution, which is a superposition of plane
waves whose wave vectors only differ by a reciprocal lattice vector G according to

Ψk,z(x) =
∑
G

ck-Ge
−iGxeikx = uk,z(x)e

ikx. (3.9)

The last equality is obtained by relating this eigenfunction solution to the wave function given in
Eq. (3.1), as stated by Bloch’s theorem. The momentum k lies within the first BZ. Any momentum
value k′ outside the first BZ can be folded back into it by adding an appropriate reciprocal lattice
vector G, i.e., k = k′ +G. As a result, there exists an infinite number of solutions for each k within
the first BZ. This can be understood as follows.
The Hamiltonian corresponding to Eq. (3.8) is block-diagonal, with each block corresponding to a
specific k within the first BZ. Since there are N possible k-values within the first BZ, there are
N such blocks in total. Each block is essentially Eq. (3.8) for a single k in the first BZ. Because
there are infinitely many reciprocal lattice vectors G = g · z, each block contains infinitely many
coefficients ck-G, making the dimension of each block formally infinite. Diagonalizing a block
therefore yields infinitely many eigenvalues. These eigenvalues form the so-called band structure,
and the set of energies Ez(k) is commonly referred to as the band structure of the system. We note
that the index z, referred to as the band index, is typically denoted by n in the literature. However,
in this work, we retain the notation z to avoid confusion, as the parameter n will be used to denote
a density in the following section.

As a brief note, in the limit of an infinite system L→ ∞, the number of allowed k-values within
the first BZ becomes infinite N → ∞. Consequently, the discrete set of k-values transitions into a
continuum.

3.2 Impurity with periodic dispersion relation in a periodic potential

Having introduced Bloch’s theorem, which describes the eigenfunctions of a particle in a static
periodic potential, and derived the central equation, whose solutions yield the band structure,
we now proceed to analyze the band structure of an impurity particle with an intrinsic periodic
dispersion relation, placed in a periodic potential. We begin with a brief description of the system
under consideration, after which we numerically solve the central equation given in Eq. (3.8) to
obtain the band structure of the impurity dispersion.
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Chapter 3 Mobile impurity in a static periodic potential

3.2.1 Description of the system

We consider an impurity particle with an intrinsic periodic dispersion relation given by the Josephson
form E(P ) = −EJ cos (P/ℏn) from Eq. (2.41). Using the relation P = ℏk with momentum P and
wave number k, we obtain the dispersion relation Ep(k) = −EJ cos (k/n). The index p simply
denotes that this dispersion relation corresponds to the impurity particle. In the reciprocal space,
k acts as a momentum and the period of the dispersion relation is given by 2πn, where n is the
density of the superfluid host atoms. However, as mentioned before, superfluidity is not directly
embedded in our description and we just assume the dispersion relation of the impurity to be given
as the one which arises from the motion in a superfluid.
Now we insert the impurity into a static periodic potential V (x) = V (x+ d) with lattice constant d.
Therefore, d determines the period of the lattice potential in real space. In order to compare this
periodicity with the one from the particle’s dispersion, we need to transform the latter to real space.
The corresponding periodicity of the dispersion relation in real space is given by 2π/(2πn) = 1/n.
Moreover, we assume commensurability which means that the smaller periodicity, in this case
the one from the particle dispersion, fits exactly into the larger one from the lattice according to
d = Z · 1/n with Z ∈ N. The parameter Z represents the commensurability factor and determines
how often the period of the particle dispersion fits into the period of the lattice. Fig. 3.2 shows a
schematic representation of this relation.

x

V (x)

d

1
n

Figure 3.2: Schematic representation of the lattice potential V (x) with period d together with the periodicity
of the impurity dispersion in real space given by 1/n. The commensurability factor describes how often the
period of the impurity dispersion fits into the period of the lattice and in this exemplary illustration it is given by
Z = 3.

In the following, we will numerically analyze the resulting dispersion of the impurity.

3.2.2 Numerical calculation of the band structure

In order to obtain the band structure for the impurity dispersion, we need to solve the central
equation in (3.8). Without loss of generality, the potential of the crystal lattice can be assumed
to contain only one Fourier component according to Vg = V-g =: U . The smallest reciprocal
lattice vector is represented by g = 2π/d. According to Eq. (3.5), the lattice potential then reads
V (x) = U

(
eigx + e−igx

)
= 2U cos (gx). With this form of the potential, the central equation (3.8)

reduces to
Ep(k)ck + Uck-g + Uck+g = Eck. (3.10)

As already mentioned in Section 3.2.1, the dispersion of the impurity particle is given by Ep(k) =
−EJ cos (k/n). Using the commensurability condition Z = nd, we have Ep(k) = Ep(k + Zg), so
the impurity dispersion is periodic with period Zg. Using Bloch’s theorem in k-space, analogous to
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Eq. (3.2), the condition
T̃Zgck = ck+Zg = eiαck (3.11)

holds, where α ∈ [0, 2π] is a newly introduced phase parameter. In analogy to the translation
operator Td in real space, the operator T̃Zg acts in reciprocal space by translating k → k + Zg.
Since T̃Zg commutes with the Hamiltonian, there exists a common eigenbasis {ck}, in which the
relation in Eq. (3.11) holds.

As usual, it is sufficient to reduce our analysis to the first BZ of the lattice, given by [−π/d, π/d].
This is because the lattice has a larger periodicity in real space than the impurity dispersion and
consequently, in reciprocal space, the first BZ of the lattice is smaller than that of the impurity. For
a given k ∈ [−π/d, π/d] we can write the system of equations resulting from the reduced central
equation in (3.10) in matrix notation with a (Z × Z) matrix E. We obtain

E · c⃗k = E · c⃗k, (3.12)

with

E =



Ep(k) U 0 0 . . . Ue−iα

U Ep(k + g) U 0 . . . 0
0 U Ep(k + 2g) U . . . 0
...

...
. . . . . . . . .

...
0 0 . . . U Ep(k + (Z − 2)g) U

Ueiα 0 0 . . . U Ep(k + (Z − 1)g)


(3.13)

and
c⃗k

T =
(
ck ck+g ck+2g . . . ck+(Z-2)g ck+(Z-1)g

)
. (3.14)

The matrix entries Ue±iα in the top right and bottom left corners are necessary because the matrix,
which would in principle be infinitely large, must be truncated and we have to ensure that the first
and last rows of the eigenvalue equation in (3.12) also correspond to the reduced central equation
in (3.10).
For a given k, the eigenvalues of the matrix in Eq. (3.13) are the corresponding energies to this
k-value. By plotting the energies for many k-values within the first BZ, we obtain a bandstructure.
Each energy value for a given k lies on a different band and the commensurability factor Z determines
the number of band clusters or simply bands that are present. The number of distinct α-values
chosen in the numerical implementation sets the number of individual bands within each band. In
our numerical approach, we select this number to be 30. However, in principle, this number can
be infinitely large which results in a continuous spectrum within each band. Fig. 3.3 shows the
resulting band structure with exemplary numerical values for the physical parameters in the system.

This plot in Fig. 3.3 serves only as an illustration of the general appearance of the band structure.
The physical parameters of the system like the potential strength U and the Josephson energy
EJ describing the amplitude of the impurity dispersion, however, influence the overall shape and
structure of the energy spectrum. In the following, we want to analyze this effect of those two
parameters on the band structure. To this end, we present plots of the resulting band structure
for different values of U in Fig. 3.4, while Fig. 3.5 shows the band structure for different values of
EJ. When comparing the plots in Figs. 3.4 and 3.5, we observe that the parameters U and EJ
have opposite effects, meaning that large values of U result in a band structure similar to that
produced by small values of EJ and vice versa. This can also be understood intuitively, as explained
by the following line of reasoning. For small potential strengths U , the cosine-shaped dispersion
of the impurity dominates, resulting in energy bands that closely resemble a cosine function. As
the potential strength increases, this cosine-like shape is progressively suppressed, as depicted in
Fig. 3.4. Accordingly, small amplitudes EJ of the impurity dispersion lead to broad and flat bands.
As the amplitude increases, the impurity dispersion becomes increasingly dominant, causing the
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Figure 3.3: Numerical result for the band structure of an impurity with periodic dispersion relation moving in a
static periodic lattice with lattice constant d. The band structure is obtained by numerically solving the reduced
central equation (3.10) for different k-values within the first Brillouin zone of the lattice [−π/d, π/d]. The energy
spectrum E(k), shown in arbitrary units, displays a periodic structure, with one full period corresponding to the
first Brillouin zone of the lattice. The density n describing the periodicity of the impurity’s intrinsic dispersion
relation is set to 1 for the numerical calculation. The Josephson energy, which determines the amplitude of the
impurity dispersion, is set to EJ = 1, while the parameter U , characterizing the strength of the lattice potential,
is set to U = 1/2. The commensurability factor Z describes how often the period of the particle dispersion fits
into the period of the lattice. In this plot, it is set to Z = 3, which is reflected in the appearance of three distinct
band clusters.

band structure to more closely resemble a cosine shape, as shown in Fig. 3.5.

Moreover, we can analyze the impact of the commensurability factor Z on the band structure.
As stated before, Z determines the number of bands that are present in the spectrum. In all the
previous plots Z is set to 3. Fig. 3.6 shows the resulting band structures when choosing different
values for the commensurability factor.

Overall, we can conclude that an impurity particle with an intrinsic periodic dispersion relation
moving in a static periodic lattice potential still exhibits a periodic dispersion relation. The
periodicity is determined by the lattice constant and the resulting energy spectrum exhibits a band
structure. However, in contrast to the band structure for free particles with dispersion relation
ℏ2k2/(2m), the bands are not extended over the full energy range (0,∞) here. Instead, we have
different band clusters, referred to as bands, whose number is determined by the commensurability
factor. Within one band we have a continuous spectrum with an infinite number of single bands. As
a result, the energy range in which the different bands are found is limited and finite. Nevertheless,
there are still band gaps, defined as energy ranges where Eq. (3.12) admits no solution, that exist
between the different bands.
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Figure 3.4: Numerical results for the band structure of an impurity with periodic dispersion relation moving in
a static periodic lattice with lattice constant d for two different values of the parameter U characterizing the
strength of the lattice potential. The band structures are obtained by numerically solving the reduced central
equation (3.10) for different k-values within the first Brillouin zone of the lattice [−π/d, π/d]. In both plots, the
parameter values are given by n = 1, EJ = 1 and Z = 3. The parameter U is set to 0.2 in the left plot and
to 0.9 in the right plot. For weaker potentials strengths the bands are narrow and steep (left), while greater
potential strengths lead to broad and flat bands (right).

−π/d 0 π/d
k

−1.0

−0.5

0.0

0.5

1.0

E
(k

)
(a
.u
.)

−π/d 0 π/d
k

−3

−2

−1

0

1

2

3

E
(k

)
(a
.u
.)

Figure 3.5: Numerical results for the band structure of an impurity with periodic dispersion relation moving
in a static periodic lattice with lattice constant d for two different values of the parameter EJ determining the
amplitude of the impurity dispersion. The band structures are obtained by numerically solving the reduced
central equation (3.10) for different k-values within the first Brillouin zone of the lattice [−π/d, π/d]. In both
plots, the parameter values are given by n = 1, U = 1/2 and Z = 3. The parameter EJ is set to 0.5 in the
left plot and to 3 in the right plot. For weaker amplitudes EJ the bands are broad and flat (left), while greater
amplitudes lead to narrow and steep bands (right).
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Figure 3.6: Numerical results for the band structure of an impurity with periodic dispersion relation moving in
a static periodic lattice with lattice constant d for two different values of the commensurability factor Z. This
factor determines the relation of the two periodicities in the system given by the lattice periodicity and the
periodicity of the impurity dispersion. The band structures are obtained by numerically solving the reduced
central equation (3.10) for different k-values within the first Brillouin zone of the lattice [−π/d, π/d]. In both
plots, the parameter values are given by n = 1, U = 1/2 and EJ = 1. The parameter Z is set to 2 in the left
plot and to 5 in the right plot, which is reflected in the appearance of two (left) and five (right) distinct bands,
respectively.
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4 Mobile impurity in a fluctuating periodic
potential

In the previous chapter 3, we analyzed the dispersion of an impurity with an intrinsic periodic
dispersion relation, arising from the motion in a pure superfluid, moving in a static periodic
potential. This analysis was intended to develop a preliminary intuition about the dynamics in a
system with two competing periodicities, one from the superfluid and one from the solid, as our
main objective is to investigate a moving impurity in a supersolid. However, this system does not
consistently capture the defining features of a supersolid, as the periodic dispersion of the impurity
is imposed intrinsically, without explicitly incorporating the effects of superfluidity. Moreover, in
a supersolid, the periodic potential reflecting the solid order is not static, but instead allowed to
fluctuate dynamically. Therefore, in this chapter, we introduce a toy model featuring a fluctuating
periodic potential and investigate the dynamics of a mobile impurity coupled to it. Although this
toy model captures only the solid-like properties and not the superfluid aspects, it provides a useful
starting point. In Chapter 5, we will develop a complete model of the supersolid and its coupling
to a mobile impurity. There, we will see that the Hamiltonian of the full supersolid model can be
transformed into a form that shares the same structural features as the Hamiltonian introduced in
this toy model. It is therefore meaningful to first analyze and understand the simpler toy model, as
this provides a foundation for later applying the results to the full supersolid system.

We begin by introducing the toy model and deriving the form of the fluctuating periodic potential
into which a mobile impurity is inserted. To investigate the dynamics of the impurity, we use two
different approaches. First, we analyze the system using perturbation theory. In this framework, we
compute the decay rate of the impurity via Fermi’s golden rule and evaluate the second-order energy
correction to the ground state of the free impurity. Next, we apply the path integral formalism to
study the motion of the impurity. We construct the partition function of the system and integrate
out the fluctuations to derive an effective action for the impurity. Furthermore, we perform a
rough scaling analysis within the renormalization group (RG) framework. In addition, we apply the
Born-Oppenheimer approximation to the effective action and expand it to extract the impurity’s
mass renormalization. Finally, we compare the results obtained from both methods and provide an
overall interpretation of the impurity dynamics derived from these analyses.

4.1 Description of the toy model

In this section, we present a toy model for an impurity particle moving in a periodic fluctuating
potential. The Hamiltonian of this system consists of three different terms. On the one hand, we
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have the Hamiltonian for the free impurity Himp = p2/(2M) with p the momentum and M the
mass of the impurity. On the other hand, we must include the background potential. Since the
impurity moves in a periodic fluctuating background, the corresponding potential can be modeled
by

VI(xI, t) = V0 cos

(
2πxI

d
− u(xI, t)

)
. (4.1)

The bosonic displacement field u(xI, t) is included in order to incorporate spatial modulations of
the periodic background potential and the coordinate xI corresponds to the position of the impurity.
The interaction term is evaluated at this coordinate because the coupling between the impurity and
the background field occurs locally at the impurity position. A detailed derivation of this expression
in Eq. (4.1) is provided in Appendix B.
Finally, we must also include the Hamiltonian of the harmonic bath, which consists of the fluctuating
background field u(x, t). This bath can be described by a Luttinger liquid Hamiltonian

HLL =
ℏ
2π

∫ ∞

−∞
dx

(
vN
(
∂xu(x, t)

)2
+ vJ

(
∂xw(x, t)

)2)
=

ℏ
2π
cs

∫ ∞

−∞
dx

(
1

K

(
∂xu(x, t)

)2
+K

(
∂xw(x, t)

)2)
,

(4.2)

as formulated by Haldane in [20]. This formulation is based on an effective bosonized theory,
where the displacement field u(x, t) and its conjugate momentum, given by ℏ∂xw(x, t)/π, are the
fundamental variables. These fields satisfy the standard commutation relation [u(x), ∂yw(y)] =
iπδ(x − y) holds. The two characteristic velocities of the system are given by vJ = πℏn/m and
vN = κ/πℏ, where vJ and vN are associated with current and density fluctuations, respectively.
The sound velocity is then expressed as cs =

√
vJvN and the dimensionless Luttinger parameter is

defined by K =
√
vJ/vN.

Overall, the full Hamiltonian for the toy model reads

H =
p2

2M
+

ℏ
2π
cs

∫ ∞

−∞
dx

(
1

K

(
∂xu(x, t)

)2
+K

(
∂xw(x, t)

)2)
+ V0 cos

(
2πxI

d
− u(xI, t)

)
. (4.3)

The first two terms correspond to the Hamiltonians of the free impurity and the harmonic bath,
respectively, and describe two decoupled systems. The interaction between them is captured solely
by the final term. It should be noted that this toy model Hamiltonian is formulated within an
effective theory.

4.2 Perturbation theory approach

Now that we have introduced the Hamiltonian of the toy model system, we proceed to analyze the
motion of the impurity using perturbation theory. To this end, we first rewrite the Hamiltonian
in second-quantized form, which allows us to apply the formalism of perturbation theory more
conveniently. We begin by expanding the interaction potential from Eq. (4.1) for small fluctuations
u. The motivation behind this naive expansion is to bring the toy model Hamiltonian into a form
similar to the polaron Hamiltonian, as discussed, for example, in [21]. Using this expanded form,
we calculate the decay rate of the impurity via Fermi’s golden rule and evaluate the second-order
correction to the ground state energy of a free impurity. However, we will see that this naive
expansion is not valid, as it leads to an infrared (IR) divergence in the energy correction. To
resolve this, we subsequently perform both the decay rate calculation and the second-order energy
correction using the full, unexpanded interaction potential.
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4.2.1 Toy model Hamiltonian in second-quantized form

In order to write the toy model Hamiltonian from Eq. (4.3) in second-quantized form, we first
decompose the fields u and ∂xw into discrete modes with wave number q according to

u(x) =

√
π

2L
vJ
∑
q

√
1

ωq

(
aq + a†-q

)
eiqx, (4.4)

∂xw(x) = −i
√

π

2LvJ

∑
q

√
ωq
(
aq − a†-q

)
eiqx. (4.5)

The operators aq and a†q correspond to the annihilation and creation of a phonon in mode q,
respectively. q is the wave number and related to the physical momentum via ℏq. However, in
condensed matter and field theory, it is common to refer to q loosely as ’momentum’, since it
labels the eigenmodes of momentum-like excitations. For this reason, we will also use the term
’momentum’ for q in the following, even though its proper interpretation is that of a wave number.
The phonon dispersion relation is linear and given by ωq = cs|q|, as we are considering acoustic
modes in a one-dimensional system. To work with the annihilation and creation operators, we first
consider the system in a finite box of length L. While the fields u(x) and ∂xw(x) remain continuous
in position space, they are expanded in terms of discrete Fourier modes, resulting in a set of discrete
momentum states or q-states. This discretized framework simplifies the intermediate calculations.
After performing the computations, we take the continuum limit L → ∞, replacing the discrete
mode sums with integrals over continuous momentum q.

Moreover, it is important to note that the fields u and w in the toy model Hamiltonian from
Eq. (4.3) depend not only on the position x, but also on time t. However, within the framework
of perturbation theory, it is sufficient to work with the time-independent operators a(†)q in the
Schrödinger picture. Physically, the field u is time-dependent because phonons represent oscillatory
excitations. Mathematically, though, explicit time dependence is not always required, since the role
of time in perturbation theory is not to describe real-time evolution but rather to capture energy
corrections arising from virtual processes. Consequently, when calculating second-order energy
corrections, the system does not undergo real transitions to other states. Instead, the corrections
result solely from virtual processes. In the case of Fermi’s golden rule, time dependence is introduced
through the Heisenberg picture, which leads to the appearance of the energy delta function in
the formula, as we will see in Section 4.2.2. Therefore, the necessary time dependence is already
accounted for in that framework. For this reason, it is entirely consistent to use time-independent
operators in the Schrödinger picture when performing the mode expansion of the fields u(x) and
∂xw(x) in Eqs. (4.4) and (4.5).

The prefactors of these mode expansions are derived in Appendix C.1. Using the mode expansions
and inserting them into the Hamiltonian from Eq. (4.3), we obtain the toy model Hamiltonian in
second-quantized form

H =
p2

2M
+
∑
q

ℏωq

(
a†qaq +

1

2

)
+ V0 cos

(
2πxI

d
− u(xI)

)
. (4.6)

The summand +1/2 in the brackets contributes only a constant energy shift and can therefore be
neglected in the following.

4.2.2 Naive expansion

In this section, we use a naive expansion of the interaction potential from Eq. (4.6) in order to
analyze the system using perturbation theory. Expanding the cosine up to first order for small
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fluctuations u(xI) yields

V0 cos

(
2πxI

d
− u(xI)

)
= V0 cos

(
gxI − u(xI)

)
≃ V0 cos

(
gxI
)
+ V0 sin

(
gxI
)
u(xI), (4.7)

where we have defined g = 2π/d. Inserting this expansion as well as the mode expansion of u from
Eq. (4.4) into the second-quantized form of the Hamiltonian in Eq. (4.6), we obtain

H =
p2

2M
+
∑
q

ℏωqa
†
qaq + V0 cos

(
gxI
)
+ V0

√
π

2L
vJ
∑
q

√
1

ωq
sin
(
gxI
) (
aq + a†-q

)
eiqxI . (4.8)

This expression is similar to the Hamiltonian of the Fröhlich polaron model from [21], but includes
an additional static potential from the cosine term and a periodic modulation of the interaction via
the sine function.

For the calculations within perturbation theory, we consider the unperturbed Hamiltonian

H0 =
p2

2M
+ V0 cos

(
gxI
)
+
∑
q

ℏωqa
†
qaq, (4.9)

which describes the ground state of the system in the absence of impurity-phonon interactions. The
corresponding Schrödinger equation is given by H0 |Ψ0⟩ = E0 |Ψ0⟩, where |Ψ0⟩ are the eigenstates
and E0 the associated eigenenergies.
The first two terms of Eq. (4.9) simply correspond to the Hamiltonian of a particle, in this case
the impurity, moving in a static periodic potential. This part can be diagonalized using Bloch’s
theorem, which was introduced in Section 3.1. The eigenstates of the impurity are given by the
Bloch states |n, k⟩, where n is the band index and k the momentum. As discussed earlier, k actually
represents a wave number and is related to the real physical momentum by p = ℏk. Nevertheless, k
is often referred to simply as momentum. The spectrum of eigenenergies displays a characteristic
band structure, denoted by En(k), and it is obtained by solving the corresponding Schrödinger
equation for only the first two terms.
The third term represents the Hamiltonian of the harmonic bath in the background, which
is independent of the impurity and hence decouples from the first two terms. Its eigenstates
are simply the phonon eigenstates, denoted by |{nq}⟩, and the corresponding eigenenergies are
Eph =

∑
q ℏωqnq.

Due to the decoupling of the first two terms and the third one, the eigenstates of the full unperturbed
Hamiltonian are direct products of the individual eigenstates according to |Ψ0⟩ = |n, k⟩ ⊗ |{nq}⟩
and the corresponding eigenenergy is given by the sum of the impurity and phonon energies,
E0 = En(k) + Eph.

The interaction between the impurity and the phonons is treated as a perturbation and is given by

H ′ = V0

√
π

2L
vJ
∑
q

√
1

ωq
sin
(
gxI
) (
aq + a†-q

)
eiqxI , (4.10)

with small potential strengths V0.

In the following, we will use these expressions for calculating the decay rate of the impurity with
Fermi’s golden rule as well as its second-order energy correction.

Decay rate with Fermi’s golden rule

Fermi’s golden rule is used to calculate transition rates between two quantum states [22]. It arises
from time-dependent perturbation theory, assuming a constant perturbation that is switched on at
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some initial time t0. For times t ≤ t0, the system is in an eigenstate of the unperturbed Hamiltonian
|i⟩, referred to as the initial state. When the perturbation H ′ is included, the eigenstates of the
full Hamiltonian change and we are interested in the transition rates from the unperturbed initial
state to other final states |f⟩. According to Fermi’s golden rule, the transition rate from |i⟩ to |f⟩
is given by

Γi→f =
2π

ℏ
|⟨f |H ′ |i⟩|2 δ(Ef − Ei), (4.11)

where Ei and Ef are the energies of the initial and final states, respectively. In order to obtain the
total probability of a transition or total decay rate, we have to sum over all possible final states
according to

Γi =
∑
f

Γi→f =
2π

ℏ
∑
f

|⟨f |H ′ |i⟩|2 δ(Ef − Ei). (4.12)

This expression is time-independent, as the time evolution is effectively encoded in the energy-
conserving delta function. In the full derivation of Fermi’s golden rule, starting from time-dependent
perturbation theory, this delta function emerges naturally from integrating over time and reflects
energy conservation. For a detailed derivation, we refer the reader to standard textbooks such
as [23]. The transition rate Γ is often referred to as the decay rate, as it is inversely related to
the mean lifetime of the initial state. In our case, we apply Fermi’s golden rule to compute the
decay rate of a moving impurity. This allows us to assess whether the impurity can propagate freely
through the system or if its motion is suppressed due to decay processes.

Let the initial and final states be |i⟩ = |n, k⟩⊗ |{nq}⟩ and |f⟩ = |n′, k′⟩⊗ |{n′q}⟩ with corresponding
energies Ei = En(k)+

∑
q ℏωqnq and Ef = En′(k′)+

∑
q ℏωqn

′
q, respectively. The n(′)q represent the

phonon occupation numbers in the mode q. Since we consider the system at zero temperature T = 0,
there are no phonons present in the unperturbed system. The phonon part of the unperturbed
ground state is therefore the vacuum state |{nq}⟩ = |{0}⟩. Consequently, the initial energy is given
by Ei = En(k), which corresponds to the energy of the impurity in the Bloch state |n, k⟩. Phonons
can only be excited through the motion of the impurity interacting with the background potential.
In order to calculate the decay rate of the impurity, we first evaluate the matrix element in Fermi’s
golden rule in Eq. (4.11), using the perturbation H ′ defined in Eq. (4.10). This yields

⟨f |H ′ |i⟩ = V0

√
π

2L
vJ
∑
q

√
1

ωq
⟨n′, k′| sin

(
gxI
)
eiqxI |n, k⟩ ⟨{n′q}|

(
aq + a†-q

)
|{0}⟩ , (4.13)

which allows us to compute the matrix elements for the impurity and phonon parts independently.
Let us first concentrate on the matrix element for the phonon states. Since we start from the
vacuum state with no phonons, only phonon emission processes are possible. As a result, the terms
involving the phonon annihilation operator aq do not contribute and only the terms containing
the creation operator a†−q remain. Since the summation over q runs over both positive and
negative q-modes, we can simply replace −q → q in the remaining terms of the matrix element
in Eq. (4.13). It holds that a†q |{0}⟩ = |0, . . . , 0, nq = 1, 0, . . .⟩. Hence, for each q, there is exactly
one phonon state |{n′

q}⟩, such that the matrix element ⟨{n′
q}| a†q |{0}⟩ is non-zero, namely for

the state |{n′
q}⟩ = |0, . . . , 0, nq = 1, 0, . . .⟩. Therefore, when later summing over all final states∑

f =
∑

k′
∑

{n′
q}

, the matrix element corresponding to the phonon states contributes only a factor
of one in the summation over {n′q} and only the sum over k′ remains. Accordingly, the energy of
all contributing final states for the mode q is given by Ef = En′(k′) + ℏωq.
The matrix element corresponding to the impurity states is more involved. It is given by

⟨n′, k′| sin
(
gxI
)
e−iqxI |n, k⟩ =

∫ L

0

dxI ⟨n′, k′|xI⟩ sin
(
gxI
)
e−iqxI ⟨xI|n, k⟩ , (4.14)

where we have inserted the identity in the position basis, given by the impurity position xI, to
enable an explicit evaluation of the matrix element. Using Bloch’s theorem from Eq. (3.1), we
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have ⟨xI|n, k⟩ = Ψn,k(x) = eikxun,k(x). As an approximation, we use the nearly-free electron model,
in which the electron moves almost freely through the crystal lattice. In our case, we are not
dealing with electrons but rather with an impurity particle moving through a periodic potential.
Nevertheless, the same model can be applied to this situation as well. In this model, the periodic
function un,k(x) can be approximated as un,k(x) ≃ 1/

√
L and the eigenenergies are simply given by

those of a free particle according to En(k) ≃ ℏ2k2/(2M). As a result, the band index n becomes
irrelevant and will be omitted from both the state and energy notation in the following. With this
approximation, the matrix element in Eq. (4.14) reads

⟨k′| sin
(
gxI
)
e−iqxI |k⟩ = 1

2i

1

L

∫ L

0

dxI e
−ik′xI

(
eigxI − e−igxI

)
e−iqxIeikxI

=
1

2i
(δk′,k+g−q + δk′,k−g−q)

=
1

2i

∑
o∈{+,−}

δk′,k+og−q.

(4.15)

Putting all these results together and using Eq. (4.12), the total decay rate is given by

Γ(k) =
π2V 2

0 vJ
4ℏLcs

∑
k′

∑
o∈{+,−}

∑
q

1

|q|δk′,k+og−qδ
(
E(k′) + ℏωq − E(k)

)
=
π2V 2

0 vJ
4ℏLcs

∑
o∈{+,−}

∑
q

1

|q|δ
(
E(k + og − q) + ℏcs|q| − E(k)

)
,

(4.16)

where we have used the linear dispersion relation of the phonons given by ωq = cs|q|. As previously
explained, the calculations up to this point are performed in a finite system with length L. Since we
actually consider an infinite system, we now take the continuum limit by replacing the discrete sum
with an integral according to 1/L

∑
q → 1/(2π)

∫∞
−∞ dq. With this, the decay rate from Eq. (4.16)

reads

Γ(k) =
∑

o∈{+,−}

πV 2
0 vJ

8ℏcs

∫ ∞

−∞
dq

1

|q|δ
(
E(k + og − q) + ℏcs|q| − E(k)

)

=
∑

o∈{+,−}

πV 2
0 vJ

8ℏcs

[∫ ∞

0

dq
1

q
δ
(
E(k + og − q) + ℏcsq − E(k)

)

+

∫ ∞

0

dq
1

q
δ
(
E(k + og + q) + ℏcsq − E(k)

)]
.

(4.17)

The integral is split to handle the absolute value of q, which allows for an explicit calculation.
The details of this calculation are provided in Appendix C.2. The analysis shows that within the
range 0 < k ≤ g/2, there are no contributions to the total decay rate, implying that Γ = 0 in this
regime. Hence, the impurity remains stable and has an infinite lifetime. Only for k > g/2, there
are contributions to the decay rate, resulting in Γ ̸= 0. This indicates that scattering processes
become possible in this momentum range, and consequently, the impurity undergoes decay and
acquires a finite lifetime.

Second-order energy correction

The second-order energy correction in non-degenerate perturbation theory is given by [21]

∆E(2) =
∑
I

|⟨I|H ′ |i⟩|2
Ei − EI

, (4.18)
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where |i⟩ denotes the initial state of the system and the sum runs over all possible intermediate
states |I⟩. The corresponding energies are given by Ei and EI.

As a brief remark, the first-order energy correction is given by

∆E(1) = ⟨i|H ′ |i⟩ (4.19)

and vanishes trivially due to the linear appearance of the creation and annihilation operators in the
interaction Hamiltonian H ′, as defined in Eq. (4.10).

To compute the second-order energy correction to the ground state of a free impurity, we first
evaluate the matrix element ⟨I|H ′ |i⟩. This calculation follows the same procedure as in the previous
subsection, where the decay rate was determined using Fermi’s golden rule. The initial state is
given by the product of the free impurity state and the phonon vacuum state, |i⟩ = |k⟩ ⊗ |{0}⟩,
where we adopt the nearly-free electron approximation, as before, and thus omit the band index
n. The corresponding energy of the initial state is simply given by Ei = E(k) = ℏ2k2/(2M). The
intermediate states |I⟩ = |k′⟩ ⊗ |{n′

q}⟩ are identical to the final states |f⟩ considered in the previous
decay rate calculation. Therefore, the summation over the intermediate states I can be carried out
in exactly the same manner as the summation over f before. The energies associated with these
intermediate states are given by Ef = E(k′) + ℏωq. Substituting the previously obtained result for
the matrix element into Eq. (4.18) yields

∆E(2)(k) =
∑

o∈{+,−}

V 2
0 πvJ
8Lcs

∑
q

1

|q|
1

E(k)− E(k + q + og)− ℏωq

=
∑

o∈{+,−}

V 2
0 πvJ
8Lcs

∑
q

1

|q|
1

1
2M

(
k2 − (k + q + og)

2
)
− ℏcs|q|

,

(4.20)

where in the last equality we have used the linear phonon dispersion relation ωq = cs|q|. Taking
the continuum limit by converting the sum into an integral and splitting the integral due to the
absolute value of q leads to

∆E(2)(k) =
∑

o∈{+,−}

V 2
0 vJ
16cs

[∫ ∞

0

dq
1

q

1

1
2M

(
k2 − (k + q + og)

2
)
− ℏcsq

+

∫ ∞

0

dq
1

q

1

1
2M

(
k2 − (k − q + og)

2
)
− ℏcsq

]
.

(4.21)

This integral exhibits an infrared (IR) divergence for small q, since the integrand behaves as 1/q
in the limit q → 0, leading to a logarithmic divergence. Such a divergence is unphysical in this
context, as it would imply the presence of an orthogonality catastrophe, meaning that the new
ground state of the system with perturbation is orthogonal to the original ground state without
perturbation. In this scenario, the impurity would no longer be able to move freely. Instead, it
would become dissipative or even effectively localized, because each infinitesimal displacement
would drive the system into an orthogonal state, which entails an extremely high energy cost. As
a result, any motion of the impurity would be accompanied by real dissipation. However, this
outcome is inconsistent with the results of the previous subsection, where we showed that the decay
rate vanishes for k < g/2. In that regime, no real scattering processes occur, and therefore, there is
no real dissipation. This contradiction implies that the IR divergence in the second-order energy
correction must be an artifact of the approximation, and should not appear in a physically consistent
treatment. The origin of this unphysical divergence lies in the expansion of the interaction potential
from Eq. (4.7). That expansion assumes small lattice fluctuations u(x, t), which is not valid in
this case. In fact, the fluctuations are not small, as can be seen by examining the correlation
function ⟨u(x, t)2⟩, which quantifies the local fluctuation strength of the lattice due to phonons.
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This quantity itself diverges logarithmically in the IR limit q → 0, indicating that the assumption of
small u is unjustified. The explicit calculation of the correlation function ⟨u(x, t)2⟩ will be carried
out in Section 4.3. However, we quote the result here to highlight the nature of the divergence at
small q. The correlation function reads

⟨u(x, t)2⟩ =
∫ ∞

−∞

dq

2π

∫ ∞

−∞

dω

2π

πvJ
ω2 + c2sq

2
=
π

2

vJ
cs

∫ ∞

−∞

dq

2π

1

|q| =
K

2

∫ ∞

0

dq
1

q
, (4.22)

which clearly diverges logarithmically for both q → 0 (infrared) and q → ∞ (ultraviolet).

In summary, the IR divergence encountered in the second-order energy correction reveals that
expanding the cosine potential for small displacements u is not a valid approximation in this
context. The full cosine must be retained, as it contains essential physical information. Truncating
the expansion leads to the loss of this information and results in unphysical behavior, such as
the appearance of divergences. Remarkably, despite using the naive expansion of the cosine, the
calculation of the decay rate still yields the correct threshold for the momentum k above which
decay processes become allowed. The threshold obtained with the naive expansion, i.e., the onset of
a nonzero decay rate, matches the result obtained using the full, unexpanded potential, which will
be computed explicitly in the following Section 4.2.3. This agreement can be understood from the
fact that the threshold behavior is determined solely by energy and momentum conservation, which
are independent of the details of the interaction potential. The specific form of the interaction
affects only the quantitative shape of the decay rate above the threshold, not the threshold itself.
Therefore, while the expanded potential yields the correct k-value marking the transition from
vanishing to non-vanishing decay rate, it does not provide a reliable description of the decay rate’s
behavior beyond this point.

Consequently, it is more appropriate to perform perturbation theory solely in the interaction
strength V0, without assuming small fluctuations u. Since the fluctuations u are not actually
small, any expansion in u is unjustified and leads to incorrect results for both the second-order
energy correction and the quantitative form of the decay rate above the threshold. We are thus
led to the conclusion that the full, non-expanded potential must be retained in order to obtain
physically meaningful results. In the following two sections, we will compute the second-order
energy correction and the decay rate using the full cosine interaction potential.

4.2.3 Decay rate with Fermi’s golden rule

To compute the decay rate of the impurity, we begin with the toy model Hamiltonian in its
second-quantized form, as defined in Eq. (4.6). In the context of perturbation theory, we assume a
small interaction potential V0, such that the first two terms define the unperturbed Hamiltonian

H0 =
p2

2M
+
∑
q

ℏωq

(
a†qaq +

1

2

)
, (4.23)

while the remaining term is treated as a perturbation, given by

H ′ = V0 cos

(
2πxI

d
− u(xI)

)
=
V0
2

(
eigxIe−iu(xI) + e−igxIeiu(xI)

)
. (4.24)

Here, we have used the shorthand notation g = 2π/d and as before, the summand +1/2 in the
brackets of H0 can be neglected. To obtain the total decay rate, we calculate the transition rates
from the initial state |i⟩ of the unperturbed Hamiltonian to all possible final states |f⟩ in the
presence of the perturbation, using Fermi’s golden rule

Γ =
∑
f

Γi→f =
2π

ℏ
∑
f

|⟨f |H ′ |i⟩|2 δ(Ef − Ei), (4.25)
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as introduced in Eqs. (4.11) and (4.12). We consider the initial eigenstate of H0 to be |i⟩ = |k⟩⊗|{0}⟩
with energy Ei = E(k) = ℏ2k2/(2M). The possible final eigenstates of H0 are denoted as
|f⟩ = |k′⟩⊗|{n′q}⟩, with the corresponding energies Ef = E(k′)+

∑
q ℏωqn

′
q. Using the perturbation

H ′ from Eq, (4.24), the matrix element in Eq. (4.25) reads

⟨f |H ′ |i⟩ = V0
2

⟨{n′q}| ⟨k′| eigxIe−iu(xI) |k⟩ |{0}⟩+ V0
2

⟨{n′q}| ⟨k′| e−igxIeiu(xI) |k⟩ |{0}⟩ . (4.26)

In the following, we will calculate this matrix element explicitly. Inserting the identity operator
leads to

⟨{n′
q}| ⟨k′| e±igxIe∓iu(xI) |k⟩ |{0}⟩ =

∫ L

0

dxI ⟨{n′
q}| ⟨k′|xI⟩ ⟨xI| e±igxIe∓iu(xI) |k⟩ |{0}⟩

=

∫ L

0

dxI ⟨k′|xI⟩ ⟨xI|k⟩ e±igxI ⟨{n′
q}| e∓iu(xI) |{0}⟩

=
1

L

∫ L

0

dxI e
−ik′xIeikxIe±igxI ⟨{n′q}| e∓iu(xI) |{0}⟩ .

(4.27)

In the last equality, we have used the identity ⟨xI|k⟩ = 1/
√
LeikxI , which corresponds to the

plane-wave representation of momentum eigenstates in a finite system of length L.

To evaluate the remaining matrix element ⟨{n′q}| e∓iu(xI) |{0}⟩, we make use of the mode expansion
of the displacement field u(xI), as given in Eq. (4.4)

u(xI) =

√
π

2L
vJ
∑
q

√
1

ωq

(
aq + a†-q

)
eiqxI =

∑
q

(
fqe

iqxIaq + fqe
−iqxIa†q

)
, (4.28)

where we have defined fq :=
√
πvJ/(2Lωq) = f−q. In the second summand, we performed the

substitution q → −q, which is valid since the sum runs over both positive and negative values of
q. Moreover, we define α±

q,xI
:= ±ifqe−iqxI and D(α±

q,xI
) := exp

(
α±

q,xI
a†q − α±∗

q,xI
aq
)
, where D(α) is

the displacement operator well-known from quantum optics. With these definitions, the remaining
matrix element in Eq. (4.27) can now be evaluated as

⟨{n′
q}| e±iu(xI) |{0}⟩ =

∏
q

⟨n′q| exp
(
α±

q,xI
a†q − α±∗

q,xI
aq
)
|0⟩

=
∏
q

⟨n′q| exp
(
−1

2

∣∣α±
q,xI

∣∣2) ∞∑
nq=0

(
α±

q,xI

)nq√
nq!

|nq⟩

=
∏
q

exp

(
−1

2

∣∣α±
q,xI

∣∣2)(α±
q,xI

)n′
q√

n′q!

= exp

(
−i
∑
q

n′qqxI

)∏
q

exp

(
−1

2
f2q

)
(±ifq)n

′
q√

n′q!

= exp (−iQxI)
∏
q

exp

(
−1

2
f2q

)
(±ifq)n

′
q√

n′q!
.

(4.29)

In the second line, we have used the identity D(α) |0⟩ = e−
1
2 |α|

2 ∑∞
n=0

αn
√
n!

|n⟩, which expresses the
action of the displacement operator on the vacuum state, yielding a coherent state. Additionally,
we have made use of the previously defined expression for α±

q,xI
. In the last line, we introduced the

total phonon momentum Q :=
∑

q n
′
qq, which represents the sum of the momenta of all excited

phonons in the final state. Inserting the result in Eq. (4.29) into the expression for the matrix
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element in Eq. (4.27), we get

⟨{n′
q}| ⟨k′| e±igxIe∓iu(xI) |k⟩ |{0}⟩ = 1

L

∫ L

0

dxI e
−ik′xIeikxIe±igxIe−iQxI

∏
q

exp

(
−1

2
f2q

)
(∓ifq)n

′
q√

n′q!

= δk′,k±g−Q

∏
q

exp

(
−1

2
f2q

)
(∓ifq)n

′
q√

n′q!
.

(4.30)

Overall, inserting this result into the expression for the full matrix element in Eq. (4.26) yields

⟨f |H ′ |i⟩ = V0
2
δk′,k+g−Q

∏
q

exp

(
−1

2
f2q

)
(−ifq)n

′
q√

n′q!
+
V0
2
δk′,k−g−Q

∏
q

exp

(
−1

2
f2q

)
(+ifq)

n′
q√

n′q!

=
∑

o∈{+,−}

V0
2
δk′,k+og−Q

∏
q

exp

(
−1

2
f2q

)
(−iofq)n

′
q√

n′q!
. (4.31)

To compute the decay rate, we require the squared modulus of the matrix element given in Eq. (4.31).
Since the expression involves a sum, potential cross-terms must be taken into account. However, in
this case, the cross-term vanishes due to momentum conservation, as enforced by the delta functions.
For the cross-term to contribute, the final-state momentum k′ would need to simultaneously satisfy
both conditions k′ = k+ g−Q and k′ = k− g−Q, which is impossible for g ≠ 0. Therefore, we can
evaluate the squared modulus by summing the absolute squares of the individual terms separately.
The total decay rate then is obtained by summing over all the final states, as stated in Eq. (4.25).
Inserting the expressions for the energies of the initial and final states, respectively, as well as the
matrix element from Eq. (4.31) yields

Γ(k) =
∑

o∈{+,−}

∑
k′

∑
{n′

q}

πV 2
0

2ℏ
δk′,k+og−Q

∣∣∣∣∣∏
q

exp

(
−1

2
f2q

)
(−iofq)n

′
q√

n′q!

∣∣∣∣∣
2

δ

(
E(k′)− E(k) +

∑
q

ℏωqn
′
q

)

=
∑

o∈{+,−}

∑
{n′

q}

πV 2
0

2ℏ
∏
q

exp
(
−f2q

)(f2q)n′
q

n′q!
δ

(
E(k + og −Q)− E(k) +

∑
q

ℏωqn
′
q

)
.

(4.32)

Our goal is not to compute the exact quantitative value of the decay rate, but rather to understand
its qualitative behavior. Specifically, we are interested in whether there exists a finite threshold
value of k below which the decay rate vanishes. To analyze this, we first observe that Γ(k) is
symmetric under the transformation k → −k. The origin of this symmetry will be discussed in the
following.

We begin by noting that the energy is symmetric under momentum inversion, i.e., E(k) = E(−k).
As a consequence, the delta function in the decay rate expression transforms under k → −k as

δ

(
E(−k + og −Q)− E(−k) +

∑
q

ℏωqn
′
q

)
= δ
(
E(k − og +Q)− E(k) + S

)
, (4.33)

where o = ±1 and we have defined S :=
∑

q ℏωqn
′
q =

∑
q ℏcs|q|n′q as the total energy carried by

the excited phonons. Since the decay rate involves a sum over all phonon occupation configurations
{n′

q}, we can perform a relabeling of the summation indices via n′q → ñq := n′−q. This relabeling
is bijective, as each configuration {n′q} is uniquely mapped to a configuration {ñq}. Under this
transformation, we define the corresponding quantities Q̃ :=

∑
q qñq and S̃ :=

∑
q ℏcs|q|ñq, which

represent the total phonon momentum and energy in the relabeled configuration, respectively. For
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these relabeled quantities, it holds that

Q̃ =
∑
q

qñq =
∑
q

qn′−q = −
∑
q

qn′q = −Q, (4.34)

S̃ =
∑
q

ℏcs|q|ñq =
∑
q

ℏcs|q|n′−q =
∑
q

ℏcs|q|n′q = S. (4.35)

Using these relations, we find that for any general function f(Q,S) summed over phonon occupation
numbers {n′q}, the relabeling implies∑

{n′
q}

f(Q,S) =
∑
{ñq}

f(Q̃, S̃) =
∑
{n′

q}

f(−Q,S). (4.36)

Applying the above considerations to the decay rate in Eq. (4.32) yields

Γ(−k) =
∑

o∈{+,−}

∑
{n′

q}

πV 2
0

2ℏ
∏
q

exp
(
−f2q

)(f2q)n′
q

n′q!
δ
(
E(k − og +Q)− E(k) + S

)

=
∑

o∈{+,−}

∑
{n′

q}

πV 2
0

2ℏ
∏
q

exp
(
−f2q

)(f2q)n′
q

n′q!
δ
(
E(k − og −Q)− E(k) + S

)
= Γ(k),

(4.37)

where in the second step we used the relabeling argument, which implies Q→ −Q, while S remains
unchanged. Since the summation includes both o = ±1, the sign of the term og is inconsequential,
because replacing −og with og simply permutes the terms in the sum. Thus, we conclude that the
decay rate is symmetric under momentum inversion Γ(k) = Γ(−k). Due to this symmetry, it is
sufficient to restrict our analysis to positive k > 0.

In the following, we analyze the values of k for which the decay rate is nonzero, i.e., Γ(k) ̸= 0. In
particular, we aim to determine whether there exists a finite threshold value of k below which the
decay rate vanishes. To this end, we examine the condition under which the argument of the delta
function in Eq. (4.32) can vanish. Only when this condition is met can the decay rate receive a
nonzero contribution. Hence, we are interested in determining for which values of k the equation

Etot := E (k + og −Q)− E (k) +
∑
q

ℏωqn
′
q

!
= 0 (4.38)

can be satisfied, i.e., when the total energy change associated with the transition vanishes, as
required by the delta function enforcing energy conservation. We begin by estimating the expression
for Etot from below using the triangle inequality. Specifically, we have

∑
q

ℏωqn
′
q = ℏcs

∑
q

|q|n′q ≥ ℏcs

∣∣∣∣∣∑
q

qn′q

∣∣∣∣∣ = ℏcs|Q|, (4.39)

where we used the linear phonon dispersion ωq = cs|q|. This inequality implies a lower bound on
the total energy change according to

Etot ≥ E(k + og −Q)− E(k) + ℏcs|Q| =: Elb, (4.40)

where we have defined the energy Elb as a lower bound for Etot. We now consider the following line
of reasoning. On the one hand, if the lower bound Elb(Q) is strictly positive for all possible phonon
momentum configurations Q, i.e., minQElb(Q) > 0, then it follows that Etot ≥ Elb(Q) > 0 for any
configuration. In this case, the energy-conserving condition in Eq. (4.38) cannot be satisfied, and
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the decay rate must vanish.
On the other hand, if there exists a momentum configuration Q such that minQElb(Q) ≤ 0, then it
becomes possible to satisfy Etot = 0 for at least one configuration. Since Etot ≥ Elb always holds, a
vanishing total energy change can only occur if the lower bound itself becomes zero or negative.
We also note that minQElb(Q) corresponds to the global minimum, since Elb(Q) is a quadratic
function of Q. Therefore, to determine for which values of k the decay rate is nonzero, we must
analyze minQElb(Q) and identify the values of k for which this minimum becomes less than or
equal to zero.

To determine the minimum of Elb(Q), as defined in Eq. (4.40), we compute its extremal points by
finding the zeros of the first derivative with respect to Q. The energy dispersion relation entering the
expression for Elb(Q) is given by E(k) = ℏ2k2/(2M). However, since Elb(Q) contains an absolute
value through the term ℏcs|Q|, we must treat the cases Q > 0, Q < 0 and Q = 0 separately. A
detailed analysis of these different cases is presented in Appendix C.3. Overall, the detailed analysis
shows that the condition for the lower bound of the energy, Elb ≤ 0, is satisfied only if at least one
of the following inequalities holds

ℏk ≥Mcs +
√
2Mcsℏg, or ℏk > Mcs + ℏg, or k ≥ g/2. (4.41)

Due to the symmetry Γ(k) = Γ(−k), we can generalize these conditions to

|ℏk| ≥Mcs +
√
2Mcsℏg, or |ℏk| > Mcs + ℏg, or |k| ≥ g/2. (4.42)

In the special case where the additional condition 2Mcs < ℏg is satisfied, the inequality Elb ≤ 0
also holds for momenta within the range −Mcs +

√
2Mcsℏg ≤ |ℏk| < −Mcs +ℏg. Only for k-values

within these specified ranges is the condition in Eq. (4.38) fulfilled, meaning the decay rate receives
contributions exclusively in these momentum intervals. If 2Mcs > ℏg, the minimum absolute
value for k where we do get a contribution to the decay rate is given by |k| = g/2. Therefore,
the decay rate becomes nonzero only when |k| ≥ g/2. For momenta below this threshold, the
energy-conserving condition enforced by the delta function in Eq. (4.32) cannot be satisfied. As a
result, the decay rate vanishes identically in this region, i.e., Γ(|k| < g/2) = 0. Alternatively, if
2Mcs < ℏg, the minimum absolute momentum at which a nonzero decay rate occurs is given by
|ℏk| = √

2Mcsℏg−Mcs. However, in our analysis we focus on the regime of large impurity mass M ,
where the condition 2Mcs > ℏg holds. Therefore, the decay rate of the moving impurity is nonzero
only for |k| ≥ g/2 and vanishes for |k| < g/2. This implies that for small momenta, specifically up
to |k| = g/2, the impurity remains stable, has an infinite lifetime, and does not decay.

This fact that for small impurity momenta no decay occurs can also be illustrated graphically in a
qualitative manner. To this end, we consider the expression for the lower-bound energy Elb given
in Eq. (4.40). For nonzero decay rates to occur, the condition Elb ≤ 0 must be satisfied. Using the
free-particle energy dispersion E(k) = ℏ2k2/(2M), this leads to the condition

[Q− (k + og)]
2 − k2 ≤ −2Mcs

ℏ
|Q|. (4.43)

When representing both sides of this equation graphically as functions of Q, the left hand side
describes two parabolas, one for each o = ±1, while the right hand side corresponds to a linear
absolute value function opening downwards. A schematic illustration of this behavior is shown in
Fig. 4.1.
For small values of k, the parabolas lie entirely above the absolute value function. Consequently,
the condition in Eq. (4.43) is never fulfilled and no impurity decay can occur. As k increases, the
parabolas shift progressively downwards and the range of Q for which they take negative values
becomes larger. Beyond a certain critical momentum kc, the parabolas are displaced sufficiently
downwards to intersect the absolute value function. At this point, the inequality in Eq. (4.43) is
satisfied, and decay processes become possible.
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Q

−g −g + 2k g g + 2k

o = −1 o = +1

[Q− (k + og)]
2 − k2

−2Mcs/ℏ |Q|

Figure 4.1: Schematic illustration of the graphical representation of the condition Elb ≤ 0, equivalent to
[Q− (k + og)]2 − k2 ≤ −2Mcs/ℏ |Q|, which must be satisfied for a nonzero decay rate to occur. The left
hand side corresponds to two parabolas (blue), one for each o = ±1, while the right hand side represents a
linear absolute value function oriented downwards (purple). For small impurity momenta k, the downward
shift of the parabolas is minimal and the range of Q-values for which they take negative values is very narrow.
As a result, the parabolas lie entirely above the absolute value function and no intersection occurs. Since a
nonzero decay rate requires the parabolas to lie below the absolute value function, decay is not possible in
this regime for small k. As k increases, the parabolas shift progressively downwards and the Q-range where
they take negative values widens. Because the absolute value function is independent of k, there exists a
critical momentum value kc, above which the parabolas fall below and intersect the absolute value function,
making decay processes possible.

To further investigate the motion and behavior of the impurity, we next compute the second-order
energy correction to the ground state of a free impurity using perturbation theory. As in the case
of the expanded cosine interaction potential, the first-order correction also vanishes when the full
cosine potential is retained without expansion.

4.2.4 Second-order energy correction

To compute the second-order energy correction within perturbation theory, we follow the same
procedure and apply the same considerations as in the calculation of the impurity decay rate
discussed in Section 4.2.3. As before, the unperturbed Hamiltonian H0 is given by Eq. (4.23), and
the perturbation H ′ is the interaction potential defined in Eq. (4.24). According to non-degenerate
perturbation theory, the second-order energy correction is given by

∆E(2) =
∑
I

|⟨I|H ′ |i⟩|2
Ei − EI

= −
∑
I

|⟨I|H ′ |i⟩|2
EI − Ei

, (4.44)
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as introduced in Eq. (4.18), where |i⟩ is the initial state, |I⟩ denotes the possible intermediate states
of the system, and Ei and EI are the corresponding energies. In analogy to the decay rate calculation,
the initial eigenstate of H0 is taken to be |i⟩ = |k⟩ ⊗ |{0}⟩, with energy Ei = E(k) = ℏ2k2/(2M).
The intermediate states |I⟩ = |k′⟩ ⊗ |{n′q}⟩ are the same as the final states considered in the decay
rate analysis, with energy EI = E(k′) +

∑
q ℏωqn

′
q. Consequently, the matrix element ⟨I|H ′ |i⟩

appearing in Eq. (4.44) is identical to the one used in the decay rate calculation given in Eq. (4.26).
The result of the explicit evaluation of this matrix element is provided in Eq. (4.31). Therefore, we
can directly reuse the previously computed expression for the matrix element and insert it into the
formula for the second-order energy correction in Eq. (4.44). This yields

∆E(2)(k) = −
∑

o∈{+,−}

∑
k′

∑
{n′

q}

V 2
0

4
δk′,k+og−Q

∣∣∣∣∏q exp
(
− 1

2f
2
q
) (−iofq)

n′
q√

n′
q!

∣∣∣∣2
E(k′)− E(k) +

∑
q ℏωqn′q

= −V
2
0

4

∑
o∈{+,−}

∑
{n′

q}

∣∣∣∣∏q exp
(
− 1

2f
2
q
) (−iofq)

n′
q√

n′
q!

∣∣∣∣2
E(k + og −Q)− E(k) +

∑
q ℏωqn′q

= −V
2
0

4

∑
o∈{+,−}

∑
{n′

q}

∏
q exp

(
− πvJ

2Lcs|q|

)(
πvJ

2Lcs|q|

)n′
q 1

n′
q!

ℏ2

2M

[(∑
q qn

′
q

)2
− 2(k + og)

∑
q qn

′
q + 2kog + o2g2

]
+ ℏcs

∑
q |q|n′q

.

(4.45)

In the last equality, we have used the previously introduced definitions fq =
√
πvJ/(2Lωq) and

Q =
∑

q qn
′
q, as well as the linear phonon dispersion relation ωq = cs|q|. Additionally, we expanded

the expression for the energy difference in the denominator using E(k) = ℏ2k2/(2M). A detailed
calculation of this expression in Eq. (4.45) is provided in Appendix C.4.1. The result for the
second-order energy correction is given by

∆E(2)(k) = −
∑

o∈{+,−}

V 2
0

4

ζK/2

√
π

∫ ∞

−∞
dα

∫ ∞

0

dλ exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))

·
(
λ2A(k, o) + α2λB − iαλ3/2C(k, o)

)−K/4

,

(4.46)

where we have defined the parameters A(k, o) := ℏ2/M2
(
M2c2s − ℏ2(k + og)2

)
, B := 2ℏ2/M and

C(k, o) := ℏ3(2/M)3/2(k + og). The Luttinger parameter is given by K =
√
vJ/vN and we have

introduced a short-distance cutoff ζ to regularize the theory.

The integrand is a nontrivial combination of standard functions and does not admit a closed-form
analytical expression. However, we can still analyze whether the associated double integral converges.
To this end, let us define the integrand as

f(α, λ) := exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))(
λ2A(k, o) + α2λB − iαλ3/2C(k, o)

)−K/4

.

(4.47)
Of course, this function also depends on k and o, i.e., it is given by f(α, λ, k, o). However, since we
are currently focused on analyzing the behavior of the integrals with respect to α and λ, we omit
the explicit dependence on k and o in the notation for now. We are interested in the convergence of
the double integral ∫ ∞

−∞
dα

∫ ∞

0

dλ f(α, λ). (4.48)

First, we observe that this integral is real-valued. This follows from the symmetry property of the
integrand, f∗(α, λ) = f(−α, λ), where ∗ denotes the complex conjugation. Using this identity, we
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find ∫ ∞

−∞
dα f(α, λ) =

∫ ∞

0

dα
(
f(α, λ) + f∗(α, λ)

)
= 2

∫ ∞

0

dα ℜ
(
f(α, λ)

)
. (4.49)

The fact that the integral is real is expected from a physical perspective, as it corresponds to
the second-order energy correction to the impurity ground state, which must be a real quantity.
Expanding the real part ℜ

(
f(α, λ)

)
of the integrand yields

ℜ
(
f(α, λ)

)
=exp

(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))
· cos

(
K

4
arg
(
λ2A(k, o) + α2λB − iαλ3/2C(k, o)

))
·
(
λ4A2(k, o) + λ3α2

(
2A(k, o)B + C2(k, o)

)
+ λ2α4B2

)−K/8

.

(4.50)

Therefore, it is sufficient to study the convergence of the modified integral∫ ∞

0

dα

∫ ∞

0

dλ ℜ
(
f(α, λ)

)
. (4.51)

A detailed analysis of the convergence of this integral is presented in Appendix C.4.2. Assuming
we are in the regime of large impurity masses, where Mcs > 3/2ℏg, the double integral for the
second-order energy correction converges only if the following two conditions are satisfied. First,
the Luttinger parameter must satisfy

K < 3, (4.52)

and the impurity momentum must lie within

|k| < g

2
. (4.53)

These conditions ensure that the integrand decays sufficiently fast both at large and small values of
the integration variables.

Importantly, the momentum condition |k| < g/2 can be directly compared to the constraint on k
under which the decay rate Γ(k) of the impurity vanishes, as analyzed in Section 4.2.3. In that
section, we showed that for |k| < g/2, decay processes are kinematically forbidden and the impurity
is stable, meaning that Γ(|k| < g/2) = 0. Now we see that exactly in this same momentum range,
not only is the impurity stable against decay, but also the second-order correction to its ground
state energy remains finite. Conversely, as soon as the impurity momentum exceeds the threshold
|k| ≥ g/2, decay channels become accessible such that Γ(|k| ≥ g/2) ̸= 0, and the second-order energy
correction diverges. This alignment illustrates a crucial connection. The second-order perturbative
correction is only valid and meaningful within the parameter regime where the impurity is stable.
Once decay becomes possible, perturbation theory at second order breaks down and the divergence
of the energy correction reflects the onset of non-perturbative effects.

Combining the expressions in Eqs. (4.46), (4.47), (4.49) and (4.50), we obtain the expression for
the second-order energy correction

∆E(2)(k) = −
∑

o∈{+,−}

V 2
0

2

ζK/2

√
π

∫ ∞

0

dα

∫ ∞

0

dλ exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))

· cos
(
K

4
arg
(
λ2A(k, o) + α2λB − iαλ3/2C(k, o)

))
·
(
λ4A2(k, o) + λ3α2

(
2A(k, o)B + C2(k, o)

)
+ λ2α4B2

)−K/8

.

(4.54)
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As previously mentioned, it is not possible to express the second-order energy correction ∆E(2)(k)
in a closed analytical form, due to the presence of nontrivial integrals over the auxiliary parameters
α and λ. The integrand includes a combination of exponential, oscillatory and algebraic components
and cannot be reduced to elementary functions or standard special functions. For this reason, the
evaluation of ∆E(2)(k) must be carried out numerically. Fig. 4.2 illustrates the result of such a
numerical integration. The plot shows both the unperturbed dispersion relation of a free impurity,
given by its kinetic energy ℏ2k2/(2M), and the total corrected energy, which additionally includes
the second-order correction ∆E(2)(k) obtained via numerical methods. The integration has been
performed within the range of impurity momenta |k| < g/2, where the second-order correction
remains finite, as established earlier through the convergence analysis. Outside this momentum
range, the integral diverges, indicating a breakdown of perturbation theory. As shown in Fig. 4.2,

−π/d 0 π/d
k

0.00

0.05

0.10

E
(k

)
(a
.u
.)

h̄2k2

2M

Etot(k) = h̄2k2

2M + ∆E(2)(k)

Figure 4.2: Second-order energy correction of an impurity moving through a fluctuating periodic background
potential, obtained via numerical integration. The correction is computed relative to the ground state energy of
a free impurity. The plot shows both the free impurity dispersion ℏ2k2/(2M) and the total corrected energy,
which includes the second-order correction ∆E(2)(k) from Eq. (4.54), evaluated numerically. The correction
is shown only for the momentum range |k| < g/2 = π/d, where the integral converges and the perturbative
approach remains valid. Outside this range, the correction diverges which signals a breakdown of perturbation
theory in this regime. The energies are expressed in arbitrary units, as the numerical parameters were selected
to display the plots in a visually appropriate scale. The corrected dispersion retains a parabolic shape but is
shifted downwards compared to the free impurity case. This indicates that the impurity dispersion remains
quadratic but with a renormalized, heavier effective mass M∗ > M .

the corrected energy takes the form of a parabola shifted downwards relative to the free impurity
dispersion. This reflects the fact that the impurity still behaves like a free particle but with a
renormalized dispersion relation of the form ℏ2k2/(2M∗). The renormalized effective mass M∗

satisfies M∗ > M , indicating that the impurity motion through the fluctuating background is
hindered and its kinetic energy is reduced due to interactions with the environment.

To determine the effective mass, we start from the total corrected energy

Etot(k) =
ℏ2k2

2M
+∆E(2)(k). (4.55)
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Assuming the total energy can be expressed in the form of a renormalized free-particle dispersion,

Etot(k) =
ℏ2k2

2M∗ , (4.56)

the effective mass must satisfy the relation

1

M∗(k)
=

1

ℏ2
d2

dk2
Etot(k) =

1

M
+

1

ℏ2
d2

dk2
∆E(2)(k). (4.57)

Rearranging the terms yields the effective mass

M∗(k) =
ℏ2

ℏ2

M + d2

dk2∆E(2)(k)
. (4.58)

To extract a well-defined, constant effective mass M∗, we expand the second-order correction
∆E(2)(k) in Eq. (4.54) to second order in k near k = 0. This ensures that the second derivative
d2

dk2∆E
(2)(k) becomes k-independent. This expansion is justified because perturbation theory is

valid only in the regime of small impurity momenta |k| < g/2, where the second-order energy
correction remains finite. The second-order expansion of ∆E(2)(k) reads

∆E(2)(k) = −
∑

o∈{+,−}

V 2
0

2

ζK/2

√
π

∫ ∞

0

dα

∫ ∞

0

dλ ℜ
(
f(α, λ, k, o)

)
≃ −V

2
0

2

ζK/2

√
π

∫ ∞

0

dα

∫ ∞

0

dλ

[
ℜ
(
f(α, λ)

)(0)
+

1

2
ℜ
(
f(α, λ)

)(2)
k2
]
,

(4.59)

where ℜ
(
f(α, λ, k, o)

)
is defined in Eq. (4.50), and ℜ

(
f(α, λ)

)(0) and ℜ
(
f(α, λ)

)(2) denote the zeroth-
order and second-order coefficients in the Taylor expansion of the integrand

∑
o∈{+,−} ℜ

(
f(α, λ, k, o)

)
with respect to k. Since the expressions for these coefficients are quite lengthy, they are provided in
Appendix C.4.3. In this expansion, we have already performed the sum over o = ±1, which leads
to a cancellation of the linear, first-order terms in k, as expected due to symmetry. As a result,
only the zeroth- and second-order terms remain. The convergence condition for the integrals over
α and λ remains unchanged, namely K < 3, as previously analyzed. This is because the singular
behavior of the integrand is determined by the powers of α and λ appearing in the polynomial
factor within ℜ

(
f(α, λ, k, o)

)
. A Taylor expansion in k only modifies coefficients, but not those

exponents. Hence, the same condition still ensures convergence of each term in the expansion.

Using the expansion from Eq. (4.59), the second derivative of the energy correction with respect to
k is given by

d2

dk2
∆E(2)(k) ≃ −V

2
0

2

ζK/2

√
π

∫ ∞

0

dα

∫ ∞

0

dλ ℜ
(
f(α, λ)

)(2)
. (4.60)

Inserting this expression into Eq. (4.58) yields the corresponding effective mass M∗. Then, the
effective mass is independent of k and depends only on the system parameters M, cs, g and K.

4.3 Path integral approach

After having analyzed the motion of the impurity within the framework of perturbation theory, we
now turn to the path integral formalism to gain insight into the impurity dynamics from another
approach. We begin by revisiting the toy model introduced in Section 4.1, which describes a mobile
impurity coupled to a fluctuating periodic background potential. The fluctuations correspond to
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phonons forming a bosonic harmonic bath, which can be modeled as a Luttinger liquid. Starting
from the toy model Hamiltonian, we derive the corresponding action of the full system and construct
its partition function. We then integrate out the phonon degrees of freedom to obtain an effective
action for the impurity alone. Subsequently, we perform a scaling analysis within the framework of
the renormalization group (RG) to estimate the parameter regimes in which the coupling between
impurity and background becomes relevant or irrelevant. Finally, by applying a Born–Oppenheimer
(BO) approximation, we simplify the effective action and derive an expression for the mass correction
in the limit of a heavy impurity moving at small velocity. The concepts and methods that are used
in this section are based on [24, 25, 26].

4.3.1 Effective action

The Hamiltonian of the toy model is given by

H =
p2

2M
+

ℏ
2π

∫ ∞

−∞
dx

(
vN
(
∂xu(x, t)

)2
+ vJ

(
∂xw(x, t)

)2)
+ V0 cos

(
2πxI

d
− u(xI, t)

)
. (4.61)

On the one hand, xI and p denote the classical position and momentum of the impurity, respectively.
On the other hand, the displacement field u(x, t) represents phononic excitations, with the conjugate
momentum defined as Π := ℏ∂xw/π.
Since our goal is to derive the corresponding action, we first perform a Legendre transformation of
the Hamiltonian in Eq. (4.61) in order to obtain the corresponding Lagrangian. To this end, we
use the canonical equations of motion given by

∂H

∂p
=

p

M
= ∂txI(t), (4.62)

∂H

∂Π
=
π

ℏ
vJΠ = ∂tu(x, t). (4.63)

Rearranging these equations yields p =M∂txI(t) and Π = ℏ∂tu(x, t)/(πvJ). Using these relations,
the Lagrangian reads

L = p · ∂H
∂p

+Π · ∂H
∂Π

−H

=
1

2
M (∂txI(t))

2
+

ℏ
2π

∫ ∞

−∞
dx

(
1

vJ

(
∂tu(x, t)

)2 − vN
(
∂xu(x, t)

)2)
− V0 cos

(
2πxI(t)

d
− u(xI(t), t)

)
.

(4.64)

Using this Lagrangian L[xI, u], the action of the system is obtained as

S
[
xI, u

]
=

∫ ∞

−∞
dt L[xI, u], (4.65)

where xI = xI(t) and u = u(x, t) in the quadratic part, while u = u(xI(t), t) appears in the
interaction term. In contrast to the perturbative approach discussed in the previous section, the
path integral formulation treats the impurity position coordinate xI(t) as time-dependent. The
corresponding partition function is then given by

Z =

∫
D [xI]

∫
D [u] exp

(
i

ℏ
S [xI, u]

)
. (4.66)

For the further treatment of the problem, we now switch to imaginary time τ , which is achieved
through a Wick rotation to Euclidean spacetime. From a mathematical perspective, this trans-
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formation is highly convenient, as it can significantly reduce the complexity of many calculations.
Although the introduction of imaginary time may appear non-intuitive from a physical point of
view, it proves to be extremely useful in practice, since many physical problems become more
tractable in imaginary time, and several divergences present in real-time formulations are naturally
eliminated. The transformation to imaginary time is defined as

t = −iτ, ∂t = i∂τ . (4.67)

Under this Wick rotation, the exponent iS [xI, u] in the partition function from Eq. (4.66) transforms
to −SE [xI, u], where SE denotes the Euclidean action. The fields xI = xI(τ) and u = u(x, τ) or
u = u(xI(τ), τ) now also depend on imaginary time τ .

The Euclidean action separates into three parts according to

SE [xI, u] = Simp [xI] + Sph [u] + Sint [xI, u] . (4.68)

The single contributions correspond to the action of the free impurity, the harmonic bath and the
interaction between them and are expressed as

Simp [xI] =
1

2
M

∫ ∞

−∞
dτ (∂τxI(τ))

2
, (4.69)

Sph [u] =
ℏ
2π

∫ ∞

−∞
dτ

∫ ∞

−∞
dx

(
1

vJ

(
∂τu(x, τ)

)2
+ vN

(
∂xu(x, τ)

)2)
, (4.70)

Sint [xI, u] = V0

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− u (xI(τ), τ)

)
. (4.71)

In Sph [u], the phononic field is u = u(x, τ), while in Sint [xI, u] it is evaluated at the impurity
position u = u (xI(τ), τ).

Finally, the Euclidean partition function takes the form

ZE =

∫
D [xI]

∫
D [u] exp

(
−SE [xI, u]

ℏ

)
=

∫
D [xI] exp

(
−Simp [xI]

ℏ

)∫
D [u] exp

(
−Sph [u] + Sint [xI, u]

ℏ

)
.

(4.72)

In the next step, we will make use of this partition function and integrate out the phonon field u in
order to obtain an effective action for the impurity.

Integrating out the phonons

Our goal is to integrate out the phonon field u in order to obtain an effective action for the impurity,

Seff [xI] = Simp [xI] + S̃ [xI] , (4.73)

where the action S̃ [xI] is defined as

exp

(
− S̃ [xI]

ℏ

)
:=

∫
D [u] exp

(
−Sph [u] + Sint [xI, u]

ℏ

)
(4.74)

=

∫
D [u] exp

(
−Sph [u]

ℏ

)
exp

(
−V0

ℏ

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− u (xI(τ), τ)

))
.

This path integral over D [u] corresponds to the one appearing in the Euclidean partition function
in Eq. (4.72). In order to evaluate this path integral, it is convenient to introduce an approximation.
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Since we are interested in the weak-coupling regime V0 ≪ 1, we can expand the second exponential
function up to second order in V0 according to

exp

(
−V0

ℏ

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− u (xI(τ), τ)

))
≃ 1− V0

ℏ

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− u (xI(τ), τ)

)
+
V 2
0

2ℏ2

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

(
2πxI(τ)

d
− u (xI(τ), τ)

)
cos

(
2πxI(τ

′)

d
− u (xI(τ

′), τ ′)

)
.

(4.75)

Inserting this expansion into the path integral in Eq. (4.74) yields three contributions corresponding
to the zeroth-, first- and second-order terms in V0. In the following, these three terms will be
analyzed separately.

The zeroth-order term corresponds to the free phonon partition function and is given by

Zph =

∫
D [u] exp

(
−Sph [u]

ℏ

)
. (4.76)

To evaluate this path integral, we use the phonon action from Eq. (4.70). To simplify the calculation,
we transform to Fourier space by decomposing the field u(x, τ) into Fourier modes according to

u(x, τ) =

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
eikxeiωτ ũ(k, ω), (4.77)

ũ(k, ω) =

∫ ∞

−∞
dx

∫ ∞

−∞
dτ e−ikxe−iωτu(x, τ). (4.78)

Inserting this Fourier representation of u(x, τ) into Eq. (4.70) gives the phonon action in Fourier
space

Sph [ũ] =
ℏ
2π

1

vJ

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

(
ω2 + c2sk

2
) ∣∣ũ(k, ω)∣∣2. (4.79)

This representation allows the phonon partition function in Eq. (4.76) to be evaluated as a Gaussian
integral, yielding

Zph =

√
2π2vJ

det (ω2 + c2sk
2)

=
∏
k,ω

√
2π2vJ

ω2 + c2sk
2
. (4.80)

In the last equality, we used the fact that the term ω2+c2sk
2 is diagonal in (k, ω)-space. In principle,

this expression can be further evaluated by using an appropriate renormalization scheme. However,
for our purposes, the explicit value of this expression is not required and we simply refer to it as
Zph in what follows.

The first-order term corresponds to the expectation value of the cosine term with respect to the
free phonon action and is given by

−V0
ℏ
Zph

∫ ∞

−∞
dτ

〈
cos

(
2πxI(τ)

d
− u (xI(τ), τ)

)〉
ph
, (4.81)

where we defined the expectation value with respect to the phonon action as

〈
. . .
〉
ph :=

1

Zph

∫
D [u] exp

(
−Sph [u]

ℏ

)(
. . .
)
. (4.82)

Introducing the definition g := 2π/d and expressing the cosine in terms of exponential func-
tions, we see that the first-order term in Eq. (4.81) involves expectation values of the type
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⟨exp (±iu(xI(τ), τ))⟩ph. Since the free phonon action is quadratic, Wick’s theorem yields the
identity 〈

exp
(
± iu(xI(τ), τ)

)〉
ph

= exp

(
−1

2

〈
(u(xI(τ), τ))

2
〉

ph

)
. (4.83)

Substituting this result, the first-order term in Eq. (4.81) reduces to

−V0
ℏ
Zph

∫ ∞

−∞
dτ cos

(
gxI(τ)

)
exp

(
−1

2

〈
(u(xI(τ), τ))

2
〉

ph

)
. (4.84)

To evaluate this expression, we must first compute the expectation value
〈
(u(xI(τ), τ))

2
〉

ph
, which

represents the variance of the phonon field. To this end, we first consider the more general
correlation function ⟨u(x, τ)u(x′, τ ′)⟩ph and then substitute the special case x = x′ = xI(τ) and
τ = τ ′. Since the phonon action is Gaussian and independent of xI(τ), we can first calculate the
correlation function for arbitrary spatial coordinates x and x′ and only afterwards set x = xI(τ).
This correlation function describes how the lattice displacements at two space–time points are
correlated through phonon propagation.

From the free phonon action in Fourier space given in Eq. (4.79) and the definition of the expectation
value in Eq. (4.82), the correlation function in Fourier space is obtained as〈

ũ(k, ω)ũ(k′, ω′)
〉
ph = 4π2δ (k + k′) δ (ω + ω′)

πvJ
ω2 + c2sk

2
, (4.85)

as derived in standard textbooks like [24]. Using this result together with the Fourier representation
of u(x, τ) in Eq. (4.77), the correlation function in real space becomes

⟨u(x, τ)u(x′, τ ′)⟩ph =

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

∫ ∞

−∞

dk′

2π

∫ ∞

−∞

dω′

2π
eikxeiωτeik

′x′
eiω

′τ ′〈
ũ(k, ω)ũ(k′, ω′)

〉
ph

=

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
eik(x−x′)eiω(τ−τ ′) πvJ

ω2 + c2sk
2
. (4.86)

This integral diverges for all values of x−x′ and τ−τ ′, including the coincident limit x = x′ and τ = τ ′.
Hence, the correlation function

〈
(u(x, τ))2

〉
ph, and consequently

〈
(u(xI(τ), τ))

2
〉

ph
, is divergent.

Inserting this divergent value into the reduced first-order term in Eq. (4.84), the exponential factor
suppresses the entire contribution, causing the first-order term to vanish. Therefore, it is necessary
to expand at least up to second order in V0 to obtain a non-vanishing result.

The second-order term can likewise be expressed as an expectation value with respect to the free
phonon action according to

V 2
0

2ℏ2
Zph

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′

〈
cos
(
gxI(τ)− u (xI(τ), τ)

)
cos
(
gxI(τ

′)− u (xI(τ
′), τ ′)

)〉
ph

(4.87)

=
V 2
0

4ℏ2
Zph

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′

(
cos
[
g (xI(τ) + xI(τ

′))
]
exp

(
−1

2

〈
(u(xI(τ), τ) + u(xI(τ

′), τ ′))
2
〉

ph

)

+ cos
[
g (xI(τ)− xI(τ

′))
]
exp

(
−1

2

〈
(u(xI(τ), τ)− u(xI(τ

′), τ ′))
2
〉

ph

))
,

where, in the second line, the cosine functions have been expressed in terms of exponential functions,
and the identity from Eq. (4.83) has been applied in the same way as for the first-order term.

To evaluate this expression, we first compute the general correlation function
〈
(u(x, τ)− u(x′, τ ′))

2
〉

ph

and subsequently substitute x(′) = xI(τ
(′)), as done before. The detailed calculation of this correla-
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tion function is presented in Appendix D.1. The result is

〈
(u(x, τ)− u(x′, τ ′))

2
〉

ph
=

vJ
2cs

ln

[
(α+ cs|τ − τ ′|)2 + (x− x′)

2

α2

]
, (4.88)

where α represents a short-distance cutoff. Introducing this cutoff is necessary because we are
working within an effective theory, which ceases to accurately describe the system at sufficiently
short length scales. This cutoff regularizes the divergence that would otherwise occur in this regime.
In contrast, the other correlation function that enters the second-order contribution, given by〈
(u(x, τ) + u(x′, τ ′))

2
〉

ph
, diverges, as demonstrated in Appendix D.1. Inserting these results into

the second-order term in Eq. (4.87) and using the definitions K =
√
vJ/vN and cs =

√
vJvN for the

Luttinger parameter and the sound velocity, respectively, yields

V 2
0

4ℏ2
Zph

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

[
g (xI(τ)− xI(τ

′))
] [(α+ cs|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−K/4

.

(4.89)

Using the results for the zeroth-, first- and second-order contributions, the expression in Eq. (4.74)
becomes

exp

(
− S̃ [xI(τ)]

ℏ

)
(4.90)

= Zph

(
1 +

V 2
0

4ℏ2

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

[
g (xI(τ)− xI(τ

′))
]

(4.91)

·
[(
α+ cs|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−K/4 )
. (4.92)

Considering the fact that we are expanding in the small parameter V0, the term in the bracket can
be rewritten as an exponential function. Consequently, the action S̃ [xI] can be expressed as

S̃ [xI] = −V
2
0

4ℏ

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

[
g (xI(τ)− xI(τ

′))
] [(α+ cs|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−K/4

.

(4.93)
The factor Zph is merely a prefactor and is absorbed into the full Euclidean partition function given
in Eq. (4.72). With this result for S̃ [xI] in Eq. (4.93), the effective action, as defined in Eq. (4.73),
takes the form

Seff [xI] =
1

2
M

∫ ∞

−∞
dτ (∂τxI(τ))

2
+ S̃ [xI] . (4.94)

This effective action is difficult to treat analytically because it is nonlocal in time and exhibits a
nonlinear dependence on the field differences. These field differences also appear inside the nonlocal
time kernel, represented by the power-law term, which further complicates the analysis. Therefore,
an exact analytical solution is not feasible. For this reason, we restrict ourselves to approximate
treatments of the effective action in the following. We begin with a qualitative analysis of its scaling
behavior using RG arguments and subsequently apply a BO approximation to simplify the nonlocal
time kernel.
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4.3.2 RG scaling analysis

A detailed introduction to the renormalization group (RG) method can be found in standard
textbooks such as [25]. Here, we briefly summarize the general concept before applying a rough
scaling analysis to our effective action in Eq. (4.94).

In general, an RG analysis aims to study an interacting system by investigating its behavior across
different length and energy scales. Let us assume that the system is described by an action of the
form

S [x(τ)] = S0 [x(τ)] + c · Sint [x(τ)] , (4.95)

where S0 [x(τ)] denotes the action of the free field x and Sint [x(τ)] describes the interaction with,
or coupling to, an external potential of strength c.

Since we are working within an effective theory, a microscopic short-distance cutoff must be
introduced, as the description is no longer valid at length scales below this cutoff. Without it,
divergences would occur and the theory would break down, preventing the extraction of meaningful
physical results. The main goal of the RG procedure is to understand the long-range behavior of the
system. Because divergences originate from short-length, high-energy fluctuations, one integrates
out these short-range modes to obtain an effective theory describing the long-wavelength, low-energy
fluctuations.

In practice, it is often convenient to perform this analysis in Fourier space, considering the frequency-
dependent field x(ω) instead of the time-dependent field x(τ). In this representation, integrating out
the short-range fluctuations corresponds to eliminating high-frequency modes to obtain an effective
description for the low-frequency components. To achieve this, the field x(ω) is decomposed into
a fast fluctuating and a slow fluctuating part according to x(ω) = xf(ω) + xs(ω), where xf,s(ω)
denote the fast and slow contributions, respectively. One declares that the fast modes correspond
to frequency components in the range Λ/b < |ω| < Λ and slow modes to those with |ω| < Λ/b,
where b > 1. Here, Λ denotes the ultraviolet cutoff, which describes the maximum frequency up to
which the effective theory applies and corresponds to the short-distance cutoff in real space. We
typically set b = el with an infinitesimal parameter l.

Integrating out the fast modes modifies the action of the slow field. In the simplest cases, the new
action, now depending only on the slow field xs(ω) retains the same functional form as the original
one but with renormalized coupling constants, i.e., the theory is renormalizable. However, the
resulting action now only describes fluctuations on scales |ω| < Λ/b, whereas the original theory
covered all frequencies |ω| < Λ. In order to be able to compare both descriptions, a rescaling
step is introduced. The fundamental units of time and frequency are rescaled as (τ, ω) → (τ ′, ω′),
with ω′ = bω and τ ′ = τ/b, such that the transformed field xs(ω) → x′(ω′) also fluctuates on all
frequency scales |ω′| < Λ. The field xs(ω) is also rescaled and the rescaling is done in such a way
that the action of the free theory S0 [xs(ω)] remains invariant. After this transformation, one can
compare the original and rescaled effective actions S [x(ω)] and S′ [x′(ω′)], respectively.

The main outcome of integrating out the fast modes is a renormalized coupling, i.e., the coupling
constant c has changed according to the relation c→ c(b) = bDc, where the coefficient D depends
on the specific parameters of the theory. Since this corresponds to a single RG step, one performs
the procedure iteratively, integrating out infinitesimal shells of fast modes with b = el. This leads
to the differential flow equation

dc
dl

= D · c. (4.96)

This equation describes the flow of the coupling constant under an infinitesimal change of the
control parameter dl. The sign of D determines the direction of the flow. For D > 0, the coupling
flows to infinity in the IR (low energies), meaning that the coupling term is considered as relevant,
as it grows under the RG flow. On the other hand, for D < 0, the coupling flows to zero in the IR,
meaning that the coupling term is considered as irrelevant, as it shrinks under the RG flow. For
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D = 0, the coupling is marginal.

However, this general RG procedure cannot be directly applied to our effective action in Eq. (4.94),
which describes an impurity moving in a fluctuating periodic potential. The first term corresponds
to the free motion of the impurity, while the second term represents its coupling to the background
potential. Due to the complicated non-local structure of the latter, given in Eq. (4.93), integrating
out the fast modes would require a number of uncontrolled approximations, making it difficult to
justify or interpret the resulting expressions physically. Therefore, in the following, we perform only
a rough scaling analysis of the effective action by estimating its scaling behavior based on simplified
assumptions. This approach provides only an approximate indication of the RG flow, and the
resulting critical transition point should not be regarded as quantitatively accurate. Nevertheless,
the estimated critical point is expected to lie close to the exact one.

As mentioned earlier, we rescale the time variable according to

τ = bτ ′, dτ = bdτ ′, ∂τ = ∂τ ′/b, (4.97)

and the frequency variable as
ω = ω′/b, dω = dω′/b, (4.98)

where the parameter b = el is defined in terms of the infinitesimally small quantity l.
First, we consider the action of the free theory, Simp [xI], which in this case corresponds to the
free impurity action defined in Eq. (4.69). Although we do not integrate out the fast fluctuating
components, we treat this action as a functional of the slow component xI,s(τ), i.e., Simp [xI,s]
and then rescale the field xI,s(τ) in such a way that the free action remains invariant under this
transformation.

To determine the appropriate rescaling, we switch to Fourier space, where the free impurity action
from Eq. (4.69) can be written as

Simp [xI,s] =
M

2

∫
|ω|<Λ/b

dω

2π
ω2 |xI,s(ω)|2 =

M

2

∫
|ω′|<Λ

dω′

2π
ω′2 1

b3
|xI,s(ω

′/b)|2 . (4.99)

In the second equality, we have applied the frequency rescaling defined in Eq. (4.98). Requiring the
action to remain invariant under this transformation leads to the condition

1

b3
|xI,s(ω

′/b)|2 !
= |x′I(ω′)|2 ⇔ xI,s(ω) = b3/2x′I(ω

′). (4.100)

To determine how the field xI,s(τ) rescales in real space, we use its Fourier representation

xI,s(τ) =

∫
|ω|<Λ/b

dω

2π
eiωτxI,s(ω) =

∫
|ω′|<Λ

dω′

2π
eiω

′τ ′
b1/2x′I(ω

′) = b1/2x′I(τ
′), (4.101)

where we have used the frequency rescaling from Eq. (4.98) and the field rescaling from Eq. (4.100).
Consequently, when analyzing how the effective action in Eq. (4.94) transforms under rescaling, we
find that the field xI(τ) rescales as xI(τ) → b1/2x′I(τ

′), so it acquires a multiplicative factor of b1/2.

Now, we apply these scaling considerations to the effective action given in Eq. (4.94). The first term
corresponds to the free impurity action and remains invariant under rescaling, since the rescaling
procedure was constructed precisely to ensure this invariance. The second term of the effective
action, shown in Eq. (4.93), represents the coupling term. Therefore, the scaling behavior of this
term is the relevant quantity for our subsequent analysis.

Let us define the coupling constant as G := −V 2
0 /(4ℏ). Because the coupling term involves two

integrations over dτ and dτ ′, the rescaling of these time variables contributes an overall factor of b2
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according to ∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ → b2

∫ ∞

−∞
dτ ′

∫ ∞

−∞
dτ ′′. (4.102)

The rescaling of the cosine term yields

cos
[
g (xI(τ)− xI(τ

′))
]
→ cos

[
gb1/2 (x′I(τ

′)− x′I(τ
′′))
]
. (4.103)

However, within our approximation, we neglect the effect of this rescaling on the cosine term and do
not analyze it further. Instead, we focus on the power-law prefactor, which governs the dominant
scaling behavior. The numerator in the argument of this power-law term rescales as(

α+ cs|τ − τ ′|
)2

+
(
xI(τ)− xI(τ

′)
)2 →

(
α+ csb|τ ′ − τ ′′|

)2
+ b
(
x′I(τ

′)− x′I(τ
′′)
)2
. (4.104)

In our rough approximation, we consider the regime where the time separation dominates over the
spatial separation. Hence, we assume that the entire term scales as b2. The short-distance cutoff α
is neglected in this scaling analysis. As a result, the overall power-law factor scales as[(
α+ cs|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−K/4

→ b−K/2

[(
α+ cs|τ ′ − τ ′′|

)2
+
(
x′I(τ

′)− x′I(τ
′′)
)2

α2

]−K/4

.

(4.105)
Combining all these scaling factors, we find that the coupling constant G in the coupling term from
Eq. (4.93) rescales as

G→ b2−K/2G. (4.106)

With b = el, this leads to the RG flow equation

dG
dl

=

(
2− K

2

)
G. (4.107)

From this equation, we identify the critical value of the Luttinger parameter as Kc = 4. For K < 4,
the coupling term is relevant, since it grows under the RG flow. In this regime, the impurity no
longer behaves as a free particle, as it strongly interacts with the background at low energies in the
IR limit.
Conversely, for K > 4, the coupling term becomes irrelevant, as it decreases under the RG flow.
Hence, in this parameter range, the impurity effectively decouples from the background potential
at low energies and behaves as a free impurity.

However, it should be again emphasized that this scaling analysis relies on rather rough approxima-
tions. Therefore, the quantitative value of the critical point Kc = 4 should not be considered exact.
Nevertheless, the analysis provides a qualitative understanding of the RG flow. For small K, the
coupling becomes relevant, whereas for large K, it becomes irrelevant. A precise determination
of the transition point would require a more detailed analysis of the effective action, potentially
involving numerical techniques, as the analytical treatment of the full effective action is extremely
challenging.

4.3.3 Born-Oppenheimer approximation

After having performed a rough, approximate scaling analysis of the effective action in the previous
subsection, we now apply a Born–Oppenheimer (BO) approximation to simplify its structure, which
allows us to extract information about the motion of the impurity.

Let us recall the effective action of the impurity given in Eq. (4.94). The coupling term of the
effective action, expressed in Eq. (4.93), contains a nonlocal time kernel that depends on |τ − τ ′|,
as well as on the field difference xI(τ)− xI(τ

′). In addition, the integrand includes a cosine term
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that depends on this same field difference.

We now consider the case of a heavy impurity and apply the BO approximation to simplify the
structure of the effective action. In this context, the BO approximation relies on the assumption
that the impurity dynamics is much slower than that of the background degrees of freedom due to
the large impurity mass. Consequently, the background can adjust almost instantaneously to the
position of the impurity, allowing us to treat the impurity motion as quasi-static on the timescale
of the background fluctuations. Under this assumption, the time difference |τ − τ ′| is expected to
be small compared to the characteristic timescale of the impurity motion. We therefore introduce
the center-of-time coordinate T and a small relative time element ∆τ defined as

T =
1

2
(τ + τ ′) , ∆τ =

1

2
(τ − τ ′) . (4.108)

With these definitions, the original time variables can be written as

τ = T +∆τ, τ ′ = T −∆τ. (4.109)

The Jacobian of this coordinate transformation equals 2, which changes the integration measure
according to dτdτ ′ → 2dTd∆τ .
Our goal is now to express the coupling term of the effective action from Eq. (4.93) in terms of the
new variables T and ∆τ . For this purpose, we first note that |τ − τ ′| = 2∆τ and expand the field
xI(τ) around T for small ∆τ up to first order according to

xI(τ) = x(T +∆τ) ≃ x(T ) + ẋI(T )∆τ, (4.110)
xI(τ

′) = x(T −∆τ) ≃ x(T )− ẋI(T )∆τ, (4.111)

where ẋI(T ) denotes the first derivative of xI(T ) with respect to the center time T . From these
expressions, it follows that

xI(τ)− xI(τ
′) = 2ẋI(T )∆τ. (4.112)

Inserting these approximations into the coupling term of the effective action S̃ [xI] given in Eq. (4.93)
yields

S̃ [xI] = −V
2
0

2ℏ

∫ ∞

−∞
dT

∫ ∞

−∞
d∆τ cos [2gẋI(T )∆τ ]

[(
α+ cs|∆τ |

)2
+
(
2ẋI(T )∆τ

)2
α2

]−K/4

. (4.113)

In principle, one could now perform the integration over d∆τ to obtain a time-local form of the
effective action. However, due to the nontrivial structure of the integrand, this integral cannot be
evaluated analytically in a closed form. In order to move forward analytically, we therefore expand
the integrand in powers of the impurity velocity ẋI(T ) and retain terms up to second order.
The zeroth-order contribution is independent of ẋI(T ) and thus corresponds to an overall additive
constant in the action, which merely leads to a uniform energy shift. This energy shift is formally
divergent but physically irrelevant and can therefore be neglected. The first nonvanishing contribu-
tion arises at second order in ẋI(T ), which effectively leads to a renormalization of the impurity’s
kinetic term.
Expanding the integrand of the approximated coupling term from Eq. (4.113) and inserting it into
the full effective impurity action in Eq. (4.94) yields

Seff [ẋI(T )] =
1

2

∫ ∞

−∞
dT
(
ẋI(T )

)2(
M + δM

)
. (4.114)

Here, the variable τ in the first term of the effective action has been replaced by the center-of-time
coordinate T , which is permissible since it serves only as an integration variable.
The quantity δM represents a mass renormalization arising from the coupling between the impurity
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and the background. It is given by

δM =
V 2
0

ℏ

∫ ∞

−∞
d∆τ (∆τ)

2

[
α+ 2cs|∆τ |

α

]−K/2
(
2g2 +

K

(α+ 2cs|∆τ |)2

)
. (4.115)

This mass correction cannot be expressed in a closed analytical form. Nevertheless, we can analyze
the convergence behavior of the integral and determine for which ranges of the Luttinger parameter
K the mass correction remains finite.

For small time differences, ∆τ → 0, the integrand behaves proportionally to (∆τ)
2. Thus, no

divergence arises in this regime, and the integral is convergent at short times.
The limit |∆τ | → ∞ requires closer investigation. In this regime, the leading asymptotic behavior
of the first term of the integrand is proportional to (∆τ)

2−K/2. This contribution converges only if
K/2− 2 > 1, which is equivalent to K > 6. The second term of the integrand behaves as (∆τ)−K/2

for large |∆τ | and is therefore convergent only if K/2 > 1, which is equivalent to K > 2.
Since the stricter condition determines the overall convergence, the integral and consequently the
mass correction converges only for Luttinger parameters in the range K > 6. For smaller values of
K, the integral diverges, indicating that the mass correction becomes infinite.

As a brief remark at the end of this subsection, we can also examine the convergence behavior
of the coupling term in the effective action, Eq. (4.93), without applying any of the previous
approximations. In this case, the limit |τ − τ ′| → 0 does not introduce any divergences. For large
time separations |τ − τ ′| → ∞, the integrand decays as |τ − τ ′|−K/2. Consequently, the integral
converges only if K/2 > 1, which is equivalent to K > 2. Thus, for parameter values K ≤ 2, the
coupling term in the effective action becomes divergent. This observation indicates that for small
K, the long-time correlations of the background field lead to a coupling between impurity and bath
which makes the integral diverge.

4.4 Comparison and interpretation of the two approaches

In the previous two sections, we thoroughly analyzed the dynamics of a mobile impurity moving in
a fluctuating periodic background potential using two complementary approaches: perturbation
theory and the path integral formalism. Both methods provided valuable insights into the motion
of the impurity. However, these results remain incomplete unless they are placed within a broader
physical context and interpreted accordingly. Therefore, the purpose of this section is to compare
and interpret the results obtained from the two approaches in order to develop a coherent overall
picture of the impurity dynamics.

To begin with, we provide a brief recap and overview of the general concepts and methods underlying
both approaches, along with a summary of their respective results. In both frameworks, the system
is considered at zero temperature, T = 0.
In the perturbation theory approach, we start from the initial state consisting of a free impurity
and the vacuum state of the background potential, meaning there are no fluctuations, i.e., no
phonons, such that the lattice is effectively static. Phonons can only be excited through the motion
of the impurity. The free impurity state thus represents the ground state, while the coupling to the
background potential is treated as a perturbation. The second-order energy correction accounts for
contributions from all possible virtual excitations of the reference state induced by this perturbation.
These excitations correspond to virtual phonons rather than real phonon processes. We perform
the calculation in the |k⟩-basis and obtain the energy correction by integrating out the fluctuations.
In contrast, the path integral approach also begins from the vacuum state with no fluctuations. Here,
we first integrate out the phonons to derive an effective action for the impurity, and subsequently
extract information about its physical observables.
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Whether the respective method works, meaning that it yields finite, physically meaningful results,
depends on two parameters: the impurity momentum k and the Luttinger parameter K. We
therefore begin by examining how different regimes of K reflect distinct physical characteristics of
the system. Then, we summarize the results of both approaches across the various regimes of K
and k and provide their physical interpretation.

To analyze the effect of the Luttinger parameter K, we consider the density–density correlation
function, which measures how strongly the densities at two spatial points are correlated. As
formulated by Haldane in [20], this correlation function is given by

⟨ρ(x)ρ(0)⟩ = n2 +
K

2π2|x|2 + η cos

(
2πx

d

)(
1

|x|

)2K

, (4.116)

where n denotes the equilibrium density of the background harmonic bath, and η is a non-universal
parameter.
From this expression, we see that for large K, the density correlations decay rapidly with distance
|x|. Therefore, in this regime, fluctuations are stronger and the periodic structure of the background
potential becomes less well preserved. Conversely, for small K, the correlations decay more slowly,
indicating fewer fluctuations and a more rigid, well-preserved lattice structure.

As a short overall summary, one can say that perturbation theory is valid only for small K, while
the path integral formalism is applicable primarily for large K.
More precisely, the second-order energy correction obtained via perturbation theory remains finite
only for K < 3, corresponding to a finite mass correction in this low-K regime. Furthermore,
this correction is finite only for small impurity momenta |k| < g/2. From the decay rate analysis
using Fermi’s golden rule, we also find that in this regime, the impurity cannot decay or excite
real phonons. Scattering and decay processes become possible only for large impurity momenta
|k| ≥ g/2.
In the path integral formalism, by contrast, the integral appearing in the effective action is finite
only for K > 2. When expanding in small impurity velocities, a finite mass correction arises only
for K > 6.

This naturally raises the question: For small impurity momenta k, do the two approaches complement
each other across different K-regimes? If so, we would obtain a finite mass correction in both
K-regimes, with perturbation theory being appropriate for small K, and the path integral approach
for large K. In the following, we present arguments supporting this assumption. We first analyze
the regime of small impurity momenta, considering both small and large K, and explain why
one approach performs better in each case. Afterwards, we discuss the regime of large impurity
momenta and interpret the corresponding results.

Before turning to the interpretation, it is instructive to briefly examine the qualitative behavior of
the wave function of the impurity, as this helps to elucidate the results for both small and large
impurity momenta.
As discussed earlier, in the small-momentum regime, the impurity decay rate vanishes. This implies
that the impurity cannot scatter, and its state effectively corresponds to a plane wave with infinite
lifetime, which is fully coherent and delocalized.
In contrast, at large momenta, the decay rate becomes nonzero, allowing scattering processes to
occur. These correspond to states with finite lifetimes in momentum space, meaning the wave
function decays in real space. Consequently, the impurity loses coherence after a characteristic
distance (the mean free path) and becomes more and more localized.
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4.4.1 Small impurity momenta |k| < g/2

Small K

As discussed previously, small Luttinger parameters K correspond to weak fluctuations, implying a
nearly static lattice with a well-preserved periodic structure.

The perturbation theory approach is well suited for this regime. In this framework, the impurity
starts from a free-particle state with no phonons in the background and interacts weakly with the
static background potential, which is treated as a perturbation. Because fluctuations are weak
for small K, the ’no-phonon vacuum ground state’ assumed in perturbation theory is consistent
with the physical situation in this regime. For small impurity momenta k, the decay rate vanishes,
meaning the impurity cannot excite real phonons. Thus, the vacuum state without phonons serves
as an appropriate reference ground state, and perturbation theory remains valid. The impurity
couples only weakly to the background and can therefore be treated perturbatively.
Moreover, since this formalism is formulated in the |k⟩-basis, meaning in the eigenbasis of the free
impurity state, the impurity wave function for small k is delocalized over many lattice sites. In
this sense, tunneling or instanton-like processes are implicitly accounted for in the calculation. As
a result, perturbation theory yields a finite mass renormalization at small k, as the impurity can
effectively ’move through’ the lattice via delocalization and tunneling.

In contrast, the path integral formalism fails in this small-K regime and produces an infinite
mass correction. This can be understood as follows: The RG analysis within the path integral
framework indicates that, for small K, the coupling between the impurity and the background
becomes relevant in the IR. Consequently, the impurity strongly senses the periodic potential of
the background, which remains well ordered due to the weak fluctuations. In this situation, the
impurity tends to become pinned to the minima of the periodic potential and effectively confined.
To correctly describe its dynamics, one would need to include tunneling effects and instanton
contributions within the path integral formalism. Since such effects were not incorporated in the
present treatment, the approach fails to yield meaningful results for the impurity motion in this
regime.

Large K

For large Luttinger parameters K, the fluctuations in the background become strong, causing the
periodic lattice to be smeared out and the periodic structure to be less well-preserved.

In this regime, perturbation theory breaks down. The assumption of a vacuum ground state without
fluctuations, which forms the starting point of the perturbative analysis, is incompatible with the
strongly fluctuating large-K regime. Here, the coupling between the impurity and the background
can no longer be treated as a perturbation to the ground state |{nq}⟩ = |{0}⟩ with no phonons,
since the impurity interacts with a highly fluctuating environment. As a result, perturbation theory
yields divergent, infinite energy corrections even for small impurity momenta.

The path integral approach, on the other hand, remains valid in this regime. For small impurity
momenta, it predicts a finite mass correction despite the strong background fluctuations. The
RG analysis shows that for large K, the coupling between impurity and background becomes
irrelevant in the IR, meaning the impurity motion is only weakly influenced by the background.
The background potential effectively averages out due to strong fluctuations, and the impurity
moves through it with a renormalized effective mass. Within this formalism, integrating out the
background degrees of freedom yields a consistent effective action that accurately captures the
impurity dynamics in this smeared, non-periodic environment.
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4.4.2 Large impurity momenta |k| ≥ g/2

In the regime of large impurity momenta, the perturbation theory approach fails across all ranges
of the Luttinger parameter K. In this case, decay and scattering processes involving the impurity
become possible, leading to stronger interactions between the impurity and the background. As a
result, the energies of the initial and intermediate states Ei and EI, which enter the perturbative
expansion, can coincide. Consequently, the factor 1/(EI −Ei) appearing in the second-order energy
correction diverges and the perturbative treatment inevitably breaks down.
At such high momenta, the impurity motion can no longer be described as that of a nearly free
particle with a finite mass correction. Moreover, the impurity wave function becomes increasingly
localized in real space and is no longer extended over many lattice sites as in the small-momentum
regime. Thus, describing the impurity–background coupling as a weak perturbation to the free-
particle ground state is no longer accurate or sufficient.

Similarly, at sufficiently large impurity momenta, the path integral approach also fails to yield
a finite mass correction. The mass correction was derived using the BO approximation for the
effective impurity action, followed by an expansion up to second order in the impurity velocity.
Because the impurity mass is assumed to be large, its velocity can remain small even for relatively
large impurity momenta, so the expansion may still hold in this regime. However, since the impurity
mass is fixed, increasing the impurity momentum k eventually leads to a critical point beyond which
the velocity can no longer be considered small, and the expansion thus breaks down for sufficiently
large k.
Nevertheless, the unexpanded effective action itself remains finite for large Luttinger parameters,
specifically for K > 2. This suggests that, in principle, alternative analytical or numerical methods
within the path integral framework could be employed to extract meaningful information about
the dynamics of the impurity in this high-momentum regime. Such an investigation, however, lies
beyond the scope of the present work and is left for future study.

The diagram in Fig. 4.3 provides an overview of the results derived, discussed, and interpreted in
this chapter. It schematically illustrates the regimes of validity for the two approaches, perturbation
theory and the path integral formulation, across different values of the Luttinger parameter K and
the impurity momentum k.
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Figure 4.3: Diagrammatic representation of the results obtained from both the perturbation theory and the
path integral (PI) approaches for various values of the Luttinger parameter K and the impurity momentum
k. The analysis aims to characterize the motion of a mobile impurity in a fluctuating periodic background. In
the regime for large K, the background fluctuations are strong, whereas for small K they are weak. From
perturbation theory, the second-order energy correction ∆E(2) to the ground state of the free impurity is found
to be finite only for K < 3 and small impurity momenta |k| < g/2 and it yields a finite mass renormalization.
Outside this region, it diverges. In contrast, the path integral analysis shows that the mass correction, obtained
by using the BO approximation, remains finite only for K > 6 and small impurity momenta. However, the
precise boundary between small and large impurity momenta is not strictly defined. In the sketch, it is chosen
as k = g/2 to align with the threshold separating the regimes that yield finite and divergent second-order
energy corrections. The effective impurity action, consisting of the free impurity term and its coupling to the
background, diverges for K ≤ 2, while it stays finite for K > 2. Moreover, the critical value of the Luttinger
parameter separating the regimes of (ir)relevant RG flow of the coupling term is estimated as Kc = 4.
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In the previous chapter 4, we analyzed the motion of a mobile impurity in a fluctuating periodic
background potential. That analysis served as a preliminary step for the central topic of this work,
namely the dynamics of a mobile impurity in a one-dimensional supersolid. The corresponding
analysis is carried out in this chapter.
We begin by introducing and describing the supersolid model under consideration, formulated
within an effective low-energy theory as presented in [27]. We then provide the Hamiltonian
governing the supersolid. Subsequently, we introduce a moving impurity into the system and
describe its coupling to the supersolid background by specifying the corresponding interaction
Hamiltonian. After establishing the model, we proceed analogously to the previous chapter. As will
become evident, the calculations and considerations developed there are highly useful here, since
the newly introduced Hamiltonian for the impurity–supersolid system closely resembles the toy
model Hamiltonian studied earlier. Thus, we can build directly upon the previous results, adapting
them appropriately to the supersolid framework.
We first apply the perturbation theory approach to investigate the behavior of the impurity by
calculating both its decay rate via Fermi’s golden rule and the second-order correction to the ground
state energy of the free impurity. Next, we employ the path integral formalism to derive an effective
action for the impurity by integrating out the fluctuations of the supersolid background. As in
the preceding chapter, we further perform a qualitative RG scaling analysis and apply the BO
approximation to gain additional insight into the impurity dynamics. Finally, we conclude with an
overview and interpretation of the results obtained throughout this chapter, placing them within a
broader physical context.

5.1 Supersolid model

This section introduces the supersolid model that forms the basis of our analysis. The first
part presents the effective low-energy description of a one-dimensional supersolid, following the
formulation introduced in [27]. In the second part, we incorporate a mobile impurity into the system
and describe its coupling to the supersolid background, leading to a Hamiltonian that characterizes
the full impurity–supersolid system.

5.1.1 Description of the supersolid system

The supersolid considered here consists of weakly interacting bosons of mass m, where the solid-like
structure emerges from the formation of droplets. Each droplet contains a large number of atoms
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and represents a locally ordered, solid-like region. The bosonic field operator of the supersolid is
given by ψ(x, t) =

√
ρ(x, t)eiφ(x,t), where φ(x, t) denotes the phase field and ρ(x, t) represents the

density field. The density can be expressed as

ρ(x, t) = [n+ δn(x, t)] f

(
x− d

2π
u(x, t)

)
, (5.1)

where f(x) = f(x+ d) is a periodic function with period d, corresponding to the lattice constant
of the emergent solid structure. This function describes the local droplet formation responsible
for the solid order and is normalized such that

∫ d

0
dx f(x)/d = 1. The displacement field u(x, t)

accounts for fluctuations in the droplet positions. The average density of the system is denoted
by n, corresponding to a situation where each droplet contains nd ∈ N particles, while δn(x, t)
represents local density fluctuations. The low-energy dynamics of this system can be described by
the effective Lagrangian density

L = −ℏδn∂tφ− κ

2
(δn)

2 − λ′

2
(∂xu)

2 − ξ′δn∂xu+
ℏ2n
2m

[
nL

n

(
md

2πℏ
∂tu− ∂xφ

)2

− (∂xφ)
2

]
, (5.2)

where the fields φ, u and δn vary slowly in space and time. The first term represents the standard
coupling between the phase and density fields in a superfluid, while the next three terms result from
expanding the interaction energy up to second order in the slowly varying fields. The coefficients
κ, λ′ and ξ′ can be derived within mean-field theory. For the system to be stable, the condition
κλ′ − (ξ′)

2
> 0 must be satisfied. The last term describes the kinetic energy of the system, where

∂tu represents the velocity of a droplet at position x. Because of the droplet-induced solid structure,
the superfluid density is reduced to ns = n − nL. In the weakly interacting regime, the kinetic
energy dominates over the interaction energy, corresponding to the condition ℏ2n/(mκ) ≫ 1.

The Lagrangian density in Eq. (5.2) therefore provides an effective low-energy description of a
one-dimensional supersolid. In this description, the ratio nL/n determines whether the system
behaves more like a superfluid or a solid. In the limit nL/n → 0, the solid structure disappears,
and since ξ′ → 0 and λ′ → 0 in this limit, the model reduces to the effective low-energy theory of a
superfluid. Conversely, when nL/n→ 1, the Lagrangian describes the phonon dynamics in a solid.

This formulation captures the coupling between the Bogoliubov mode of the superfluid and the
phonon mode of the solid. It also predicts two linear sound modes corresponding to the two broken
symmetries in the supersolid: translational symmetry, leading to a solid structure and U(1) phase
symmetry, leading to superfluidity.
To explicitly obtain the two sound modes, we switch to the Hamiltonian formulation by performing a
Legendre transformation of the Lagrangian density in Eq. (5.2). Introducing the conjugate variables
to φ and u as −ℏ∂xϑ/π and −ℏ∂xw/π, respectively, the Hamiltonian becomes

Hss =
ℏ
2π

∫ ∞

−∞
dx

[
vJ

(
∂xφ
∂xw

)
MJ

(
∂xφ
∂xw

)
+ vN

(
∂xϑ
∂xu

)
MN

(
∂xϑ
∂xu

)]
. (5.3)

Here, the two velocities vJ = ℏπn/m and vN = κ/πℏ were introduced, which are typical for
a Luttinger liquid theory. In the regime for weak interactions, it holds that vN/vJ ≪ 1. The
corresponding matrices are

MJ =

(
1 −β
−β β2/γ

)
, MN =

(
1 ξ
ξ λ

)
, (5.4)

where we defined β = 2/(nd), γ = nL/n, and the dimensionless parameters λ = λ′π2/κ and
ξ = ξ′π/κ. The condition γ ≤ 1 ensures that MJ is positive semidefinite. For stability in the
thermodynamic limit, MN must also be positive semidefinite, which requires λ− ξ2 ≥ 0.
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The commutation relations of the fields are

[∂xϑ(x), φ(x
′)] = iπδ (x− x′) = [∂xu(x), w(x

′)] , (5.5)

where we have introduced the notation x = (x, t).

The Hamiltonian in Eq. (5.3) can be diagonalized into two uncoupled sound modes ϕ± by applying
the canonical transformation(

ϕ+
ϕ−

)
= Q

(
φ
w

)
,

(
θ+
θ−

)
=
(
Q−1

)T (ϑ
u

)
. (5.6)

The resulting Hamiltonian is the sum of two independent Luttinger liquid Hamiltonians, given by

Hss =
ℏ
2π

∫ ∞

−∞
dx

∑
σ∈{+,−}

vσ

[
(∂xϕσ)

2
+ (∂xθσ)

2
]
, (5.7)

where the two sound velocities are

v2± =
vJvN
2

[
α±

√
α2 − 4β2 (λ− ξ2) (1− γ) /γ

]
, (5.8)

with α = 1− 2ξβ + β2λ/γ. A detailed derivation of the canonical transformation in Eq. (5.6) can
be found in [27]. The corresponding Q-matrices are given by

Q = 4

√
vJ
vN


√

γv̂2
+−β2λ(1−γ)

γv̂+

√
∆

−s1−s2−β
√

v̂2
+−(1−γ)

γv̂+

√
∆

−
√

−γv̂2
−−β2λ(1−γ)

γv̂−
√
∆

s1+s2+β

√
− v̂2

−−(1−γ)

γv̂−
√
∆

 , (5.9)

Q−1 = 4

√
vN
vJ

s1+
√

γv̂2
+−β2(λ−ξ2)

γv̂+

√
∆

s1−

√
−γv̂2

−−β2(λ−ξ2)

γv̂−
√
∆

s2+

√
λv̂2

+−(λ−ξ2)

v̂+
√
∆

s2−

√
−λv̂2

−−(λ−ξ2)

v̂−
√
∆

 , (5.10)

where we defined the dimensionless velocities v̂σ = vσ/
√
vJvN as well as the parameter ∆ =

α2 − 4β2
(
λ− ξ2

)
(1− γ) /γ. The signs siσ are determined by

siσ = sgn

[(
1
2

[
1− β2λ/γ + σ

√
∆
]

ξ − βλ

)
i

]
. (5.11)

After performing the canonical transformation, the conjugate momenta corresponding to the
uncoupled sound modes ϕ± are given by −ℏ∂xθ±/π. Consequently, the transformed fields continue
to satisfy the canonical commutation relation

[∂xθ±(x), ϕ±(x
′)] = iπδ (x− x′) . (5.12)

The correlation functions of the bosonic field operator and of the density can be derived from the
Hamiltonian in Eq. (5.7). They are given by

〈
ψ(x)ψ†(0)

〉
= n

(
ζ

|x|

)A/2

, (5.13)

⟨ρ(x)ρ(0)⟩ − n2 = − C

2π2|x|2 + η cos

(
2πx

d

)(
ζ

|x|

)B/2

, (5.14)

| 71



Chapter 5 Mobile impurity in a supersolid

where the exponents governing the power-law decay are determined by the matrix elements of
the transformation matrices according to A =

((
Q−1

)
11

)2
+
((

Q−1
)
12

)2
, B = (Q12)

2
+ (Q22)

2 and
C = (Q11)

2
+ (Q21)

2. Here, ζ denotes a short-distance cutoff, and η is a nonuniversal amplitude.
These results show that the superfluid component of the supersolid exhibits quasi-long-range
off-diagonal order, while the solid component displays quasi-long-range diagonal order.

5.1.2 Interaction with an impurity

We now introduce an impurity with a mass much larger than that of the supersolid host particles,
M ≫ m, which moves through the supersolid background described by the Hamiltonian in Eq. (5.7).
The impurity itself is treated as a free particle with the Hamiltonian Himp = p2/(2M). These two
Hamiltonians describe the supersolid and the impurity as separate subsystems. To describe the full
system, however, we must include an additional term accounting for their interaction. The coupling
between the moving impurity and the host particles of the supersolid is described by the interaction
Hamiltonian

HI =

∫ ∞

−∞
dr

∫ ∞

−∞
dx VI(x− r)ρ(x, t)n(r), (5.15)

where ρ(x, t) denotes the density of the supersolid background, given in Eq. (5.1), and n(r) represents
the impurity density. Since we consider only a single impurity particle, its density can be expressed
as a delta function according to n(r) = δ (r − xI), where xI is the position coordinate of the impurity.
The potential describing the impurity-supersolid interaction is denoted by VI(x − r). Because
the interaction acts locally at the impurity’s instantaneous position, we model this potential as a
delta function, VI (x− xI) = gIδ (x− xI), where gI is the coupling strength with units [gI] = Jm.
Inserting these definitions into the interaction Hamiltonian in Eq. (5.15) yields

HI =

∫ ∞

−∞
dr

∫ ∞

−∞
dx VI(x− r)ρ(x, t)δ (r − xI)

=

∫ ∞

−∞
dx VI(x− xI)ρ(x, t)

= gI

∫ ∞

−∞
dx δ(x− xI)ρ(x, t)

= gIρ (xI, t) .

(5.16)

To evaluate this expression explicitly, we substitute the density function of the supersolid from
Eq. (5.1) and expand the periodic function f in a Fourier series up to first order according to

f

(
x− d

2π
u(x, t)

)
≃ 1 + gu cos

(
2πx

d
− u(x, t)

)
, (5.17)

where gu is a dimensionless prefactor. The field δn(x, t) appearing in the expression for the
supersolid density and describing local density fluctuations is related to the conjugate field ∂xϑ
via δn = ∂xϑ/π. This relation follows from the definition of the momentum −ℏ∂xϑ/π conjugate to
the field φ, since −ℏ∂xϑ/π = ∂L/∂ (∂tφ) = −ℏδn holds, when using the Lagrangian density from
Eq. (5.2). Applying this relation and the Fourier expansion from Eq. (5.17), the supersolid density
from Eq. (5.1) becomes

ρ(x, t) = n+
∂xϑ

π
+ ngu cos

(
2πx

d
− u(x, t)

)
+
∂xϑ

π
gu cos

(
2πx

d
− u(x, t)

)
. (5.18)
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Substituting this expression into the interaction Hamiltonian in Eq. (5.16), we obtain

HI = gIn+
gI
π
∂xϑ

∣∣
x=xI

+ V0 cos

(
2πxI

d
− u(xI, t)

)
+
gIgu
π

∂xϑ
∣∣
x=xI

cos

(
2πxI

d
− u(xI, t)

)
, (5.19)

where we have defined V0 = ngIgu as the strength of the linear cosine coupling term. The first
term merely adds a constant energy shift to the entire system and can therefore be neglected.
The last term represents a nonlinear coupling and is omitted as a higher-order correction in this
approximation. Hence, we focus on the second and third terms, which capture the leading-order
impurity–supersolid interactions.
Finally, the complete Hamiltonian of the coupled impurity-supersolid system reads

H =
p2

2M
+

ℏ
2π

∫ ∞

−∞
dx

∑
σ∈{+,−}

vσ

[
(∂xϕσ)

2
+ (∂xθσ)

2
]
+
gI
π
∂xϑ

∣∣
x=xI

+ V0 cos

(
2πxI

d
− u(xI, t)

)
.

(5.20)
The first two terms correspond to the free impurity and the supersolid Hamiltonians, respectively,
while the last two terms describe their coupling. Comparing this expression with the toy model
Hamiltonian in Eq. (4.3), we observe a close structural similarity. However, two key differences
arise: Firstly, in the supersolid there are two uncoupled sound modes, each described by a standard
Luttinger liquid Hamiltonian, which leads to the sum over σ = ±. Secondly, the interaction term
now consists of two components. In addition to the cosine term representing the interaction between
the impurity and the lattice modulation of the supersolid background, there is also another term
that couples the impurity linearly to the conjugate field ∂xϑ.
Consequently, in the following analysis we can adapt the results derived in Chapter 4, where we
studied a mobile impurity in a fluctuating periodic potential, to the present supersolid system.

As a brief note, it is helpful to recall the symmetries of this Hamiltonian. Under the transformation
xI → xI + a and u(xI, t) → u(xI, t) + 2πa/d, the Hamiltonian remains invariant, reflecting a
continuous translational symmetry. This symmetry corresponds to conservation of the total
momentum, which includes both the impurity momentum and the phonon momentum. This
conservation law will play a central role in Section 5.2.2, where we compute the impurity decay
rate using Fermi’s golden rule.

5.2 Perturbation theory approach

Having derived the model for a mobile impurity in a one-dimensional supersolid, we now apply a
perturbative treatment to analyze its dynamics. The procedure closely follows that introduced in
Section 4.2, where we developed the perturbation theory for the toy model. We will use the same
formalism and adapt the results accordingly to the present supersolid system to obtain the decay
rate of the impurity as well as its second-order energy correction.

5.2.1 Hamiltonian in second-quantized form

To apply perturbation theory, it is convenient to express the Hamiltonian in second-quantized form.
This allows us to directly employ the standard formalism for calculating the decay rate and the
second-order energy correction. We start from the Hamiltonian of the pure supersolid given in
Eq. (5.7). To express it in second quantization, we consider a finite system of length L and expand
the sound modes ϕ± and their conjugate fields ∂xθ± into discrete Fourier modes with wave number
q. After performing the calculations for the decay rate and the energy correction, we take the
continuum limit L→ ∞ by replacing the discrete mode sums with continuous integrals. The mode
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expansions read

ϕσ(x) =

√
π

2L
vσ
∑
q

√
1

ωq,σ

(
aq,σ + a†-q,σ

)
eiqx, (5.21)

∂xθσ(x) = −i
√

π

2Lvσ

∑
q

√
ωq,σ

(
aq,σ − a†-q,σ

)
eiqx. (5.22)

These mode decompositions follow directly from the Luttinger liquid Hamiltonian of the toy model
in Eq. (4.2). Its structure is identical to that of the supersolid Hamiltonian, except that here
both the characteristic velocities vJ and vN are replaced by the mode-dependent velocities vσ, and
the fields u and w are mapped onto the sound modes ϕ± and θ±, respectively. Thus, the mode
expansions in Eqs. (5.21) and (5.22) can be obtained from the previously derived mode expansions
for u and ∂xw from Eqs. (4.4) and (4.5) by replacing vJ with the corresponding sound velocity
vσ. Since the supersolid has two independent sound modes labeled by σ = ±, the corresponding
linear dispersion relations are ωq,σ = vσ|q| and each mode propagates with its respective sound
velocity vσ. Furthermore, we recall that the sound modes ϕ± and their conjugate momenta ∂xθ±
are related to the original fields φ and u and their conjugate momenta ∂xϑ and ∂xw via the
canonical transformation in Eq. (5.6). Consequently, the new fields ϕ± and θ± represent hybridized
modes combining the superfluid and solid degrees of freedom. These hybrid phonons are neither
purely superfluid nor purely solid excitations but linear combinations of both phase fluctuations
corresponding to superfluid phonons and lattice fluctuations corresponding to phonons in a solid.
The bosonic annihilation and creation operators a(†)q,σ thus create or annihilate these hybrid phonons.
The additional index σ distinguishes between the two sound branches.

As discussed for the toy model in Section 4.2.1, it is justified to neglect the explicit time dependence
of the fields ϕ± and θ± in the mode expansions when computing decay rates and second-order
corrections within perturbation theory.

Using the mode expansions in Eqs. (5.21) and (5.22), the supersolid Hamiltonian in Eq. (5.7) takes
the compact second-quantized form

Hss =
∑

σ∈{+,−}

∑
q

ℏωq,σa
†
q,σaq,σ. (5.23)

Next, we express the impurity–supersolid interaction terms of the full Hamiltonian in Eq. (5.20) in
second-quantized form. These interaction terms involve the original fields u and ϑ, which must now
be rewritten in terms of the transformed fields θ±. Using the canonical transformation in Eq. (5.6),
we find

u = Q12θ+ + Q22θ−, (5.24)
ϑ = Q11θ+ + Q21θ−. (5.25)

These relations follow from the algebraic connection between the transformation matrix Q and its
inverse, given in Eqs. (5.9) and (5.10).

The field ∂xϑ appearing in one of the interaction terms can then be expressed directly in terms of
the mode expansion in Eq. (5.22). However, the field u appears without a spatial derivative in the
cosine term, so we must determine the primitive of ∂xθ± in Eq. (5.22) with respect to x. We obtain

θσ(x) = −
√

π

2L

∑
q

sgn(q)
1√
|q|
(
aq,σ − a†-q,σ

)
eiqx. (5.26)
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Combining all these results, the total Hamiltonian of the impurity–supersolid system in second-
quantized form reads

H =
p2

2M
+

∑
σ∈{+,−}

∑
q

ℏωq,σa
†
q,σaq,σ +

gI
π
∂xϑ(x)

∣∣∣
x=xI

+ V0 cos

(
2πxI

d
− u(xI)

)
, (5.27)

where the fields u and ϑ are expressed in terms of the transformed fields θ± via Eqs. (5.24) and (5.25),
and the latter are expanded in Fourier modes according to Eqs. (5.22) and (5.26).

5.2.2 Decay rate with Fermi’s golden rule

When working with perturbation theory, we start from the full Hamiltonian of the impurity-solid
system in Eq. (5.27) and assume weak coupling, i.e., a small interaction strength gI as well as a
weak amplitude of the interaction potential V0. Under these conditions, the Hamiltonian can be
partitioned into an unperturbed part and a perturbation term. The first two terms describe the
unperturbed Hamiltonian

H0 =
p2

2M
+

∑
σ∈{+,−}

∑
q

ℏωq,σa
†
q,σaq,σ, (5.28)

while the last two terms are treated as perturbations according to

H ′ = H ′
1 +H ′

2 =
gI
π
∂xϑ(x)

∣∣∣
x=xI

+ V0 cos

(
2πxI

d
− u(xI)

)
. (5.29)

To compute the decay rate, we apply Fermi’s golden rule given in Eq. (4.25). This requires to
first evaluate the transition matrix element ⟨f |H ′ |i⟩, where |i⟩ and |f⟩ denote the initial and final
eigenstates of H0, respectively.
At zero temperature T = 0, the initial state corresponds to a free impurity with momentum
k and no phonons excited in the supersolid according to |i⟩ = |k⟩ ⊗ |{0}⟩. The corresponding
initial eigenenergy is therefore given by the energy of a free impurity Ei = E(k) = ℏ2k2/(2M)
with p = ℏk. The final state is denoted as |f⟩ = |k′⟩ ⊗ |{n′

q,σ}⟩ with associated final energy
Ef = E(k′) +

∑
σ∈{+,−}

∑
q ℏωq,σn

′
q,σ.

The perturbation H ′ consists of two distinct interaction terms H ′
1,2. On the one hand, there is the

linear coupling between the impurity and the conjugate field ∂xϑ and on the other hand, there
is the periodic potential term coupling the impurity to the displacement field u. Since these two
terms couple to the phonon modes in different ways and conserve momentum independently, their
corresponding matrix elements are decoupled. Therefore, the total decay rate can be expressed as
the sum of the two independent decay rates associated with the first and second interaction terms.
In the following, we evaluate each contribution separately.

Decay rate from the first interaction term

The first interaction term H ′
1 can be expressed in terms of the hybrid modes θ± by using the

relation in Eq. (5.25). Expanding these fields in Fourier modes according to Eq. (5.22), we obtain

H ′
1 = i

gI
π

Q11

√
π

2L

∑
q

√
|q|a†q,+e−iqxI + i

gI
π

Q21

√
π

2L

∑
q

√
|q|a†q,−e−iqxI , (5.30)

where we have used the linear dispersion relation ωq,σ = vσ|q| for the two different phonon branches
σ = ±. Since the initial state contains no phonons, the terms with the annihilation operators aq,σ
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do not contribute and were directly omitted. Additionally, we substituted q → −q, which is valid
because the sum runs over both positive and negative q-values.

The transition matrix element corresponding to this interaction term is given by ⟨f |H ′
1 |i⟩ =

⟨k′| ⊗ ⟨{n′
q,σ}|H ′

1 |{0}⟩ ⊗ |k⟩. The structure of this linear interaction term closely resembles that
considered in Section 4.2.2 for the toy model, where we calculated the decay rate within a naive
expansion. Thus, the same reasoning applies here, except that the sine factor appearing in the
toy model is absent here, and we no longer need to invoke the Bloch theorem or the nearly-free
electron approximation. In the present case, the eigenstates of the unperturbed Hamiltonian are
simply plane wave momentum states of a free impurity and phonon number states of the harmonic
supersolid background, which remain decoupled.

Because H ′
1 in Eq. (5.30) contains only creation operators a†q,σ that appear linearly and the system

starts in the phonon vacuum, only single-phonon final states contribute. For each q, the final
phonon state is therefore |{n′

q}⟩ = |0, . . . , 0, nq = 1, 0, . . .⟩, while all other phonon configurations
yield vanishing matrix elements.
The matrix element associated with the impurity momentum states is

⟨k′| e−iqxI |k⟩ =
∫ L

0

dxI ⟨k′|xI⟩ e−iqxI ⟨xI|k⟩ =
1

L

∫ L

0

dxIe
−i(k′−k+q)xI = δk′,k−q. (5.31)

Hence, momentum conservation requires the final impurity state to have momentum k′ = k−q. The
corresponding final energy for each phonon mode q in the branch σ = ± is then Ef = E(k−q)+ℏωq,σ.
Since the two phonon branches are independent, the total transition probability is the sum of the
contributions from both branches.

Inserting the results above into Fermi’s golden rule from Eq. (4.25) and converting the mode sum
to an integral via

∑
q → L/(2π)

∫∞
−∞ dq, the decay rate associated with H ′

1 becomes

Γ1(k) =
g2I Q2

11

2πℏ

∫ ∞

−∞
dq |q|δ

(
ℏ2 (k − q)

2

2M
− ℏ2k2

2M
+ ℏv+|q|

)

+
g2I Q2

21

2πℏ

∫ ∞

−∞
dq |q|δ

(
ℏ2 (k − q)

2

2M
− ℏ2k2

2M
+ ℏv−|q|

)
.

(5.32)

Due to the inversion symmetry Γ1(k) = Γ1(−k), it is sufficient to restrict our analysis to positive
values for the impurity momentum k > 0. Since both terms are evaluated analogously, we focus on
the first, positive branch and then directly state the analogous result for the second.

Removing the absolute value yields

Γ+
1 (k) =

g2I Q2
11

2πℏ

[∫ ∞

0

dq q δ

(
ℏ2 (k − q)

2

2M
− ℏ2k2

2M
+ ℏv+q

)

+

∫ ∞

0

dq q δ

(
ℏ2 (k + q)

2

2M
− ℏ2k2

2M
+ ℏv+q

)]
.

(5.33)

To evaluate these integrals, we use the standard identity for delta functions under integrals∫ ∞

−∞
dx f(x)δ

(
g(x)

)
=
∑
i

f(xi)

|g′(xi)|
, (5.34)

where the sum runs over all simple roots xi of g(x). Its derivative is denoted by g′(x). This identity
also holds for partial x-domains, but then the respective root xi must lie within that domain. In
our case, only positive q-values contribute, and the integrand vanishes at q = 0 due to its linear
dependence on q.
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Applying this identity in Eq. (5.34) to the decay rate in Eq. (5.33) yields a constant, momentum-
independent decay rate

Γ+
1 (ℏk > Mv+) =

g2I Q2
11M

πℏ3
. (5.35)

However, this contribution exists only for impurity momenta satisfying ℏk > Mv+. For smaller
momenta, the decay rate vanishes, Γ+

1 (ℏk ≤Mv+) = 0.

Analogously, the contribution from the negative branch is

Γ−
1 (ℏk > Mv−) =

g2I Q2
21M

πℏ3
. (5.36)

Overall, the total decay rate arising from the first interaction term in Eq. (5.30) is obtained by
summing the contributions from both phonon branches according to

Γ1(ℏ|k| > Mv−) =
g2IM

πℏ3
(
Q2

11 + Q2
21

)
=
g2IM

πℏ3
C, (5.37)

where the coefficient C is defined in Section 5.1.1. This constant contribution appears only for
impurity momenta satisfying ℏ|k| > Mv−. Here, we introduced the absolute value of the impurity
momentum |k| to generalize the result, since the derivation above considered only positive k-
values, while the symmetry Γ1(k) = Γ1(−k) ensures that the same expression also holds for
negative momenta. Since v+ > v−, the condition ℏ|k| > Mv+ is automatically fulfilled whenever
ℏ|k| > Mv−.

Decay rate from the second interaction term

The second interaction term from Eq. (5.29) is given by

H ′
2 = V0 cos

(
2πxI

d
− u(xI)

)
=
V0
2

(
eigxIe−iu(xI) + e−igxIeiu(xI)

)
, (5.38)

with g = 2π/d. This term is identical to the interaction potential of the toy model introduced in
Eq. (4.24). Therefore, the corresponding matrix element ⟨f |H ′

2 |i⟩ can be evaluated analogously
to the toy model calculation in Section 4.2.3. However, in the supersolid system we now work in
the basis of the two uncoupled hybrid phonon modes θ±. Accordingly, the displacement field u
must be expressed in terms of these modes using Eq. (5.24), and each mode can then be expanded
in Fourier components as in Eq. (5.26). Because the two branches are decoupled, no cross terms
appear, and the presence of the two distinct sound modes introduces an additional product over the
branches σ = ± in the matrix element. Moreover, the prefactors associated with each branch must
be adjusted to include the matrix elements Qij from Eqs. (5.9) and (5.10), which appear in the
expression for u in terms of θ±. Overall, the result for the matrix element can be obtained from the
toy model expression in Eq. (4.31), including both phonon branches with their respective prefactors.
The resulting matrix element corresponding to the interaction term H ′

2 in the supersolid system
then reads

⟨f |H ′
2 |i⟩ =

∑
o∈{+,−}

V0
2
δk′,k+og−Qss

∏
σ∈{+,−}

∏
q

exp

(
−1

2
s2q,σ

)
(−iosq,σ)n

′
q,σ√

n′q,σ!
. (5.39)

Here, we have introduced the definition sq,σ := −sgn(q)
√
π/(2L|q|)Qσ, where Q+ := Q12 and

Q− := Q22. The total phonon momentum Qss in the supersolid system is now defined as the sum
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over both phonon branches according to

Qss :=
∑

σ∈{+,−}

Qσ =
∑

σ∈{+,−}

∑
q

n′q,σq, (5.40)

where the index ’ss’ indicates that Qss corresponds to the total phonon momentum in the supersolid.

Following the same procedure as in Section 4.2.3 and using the transition matrix element from
Eq. (5.39), the total decay rate for the impurity is obtained from Eq. (4.32) as

Γ2(k) =
∑

o∈{+,−}

∑
{n′

q,σ}

πV 2
0

2ℏ
∏

σ∈{+,−}

∏
q

exp
(
−s2q,σ

)(s2q,σ)n′
q,σ

n′q,σ!

· δ

E(k + og −Qss)− E(k) +
∑

σ∈{+,−}

∑
q

ℏωq,σn
′
q,σ

 .

(5.41)

Because the two phonon branches are decoupled, the final phonon energy is simply the sum of the
contributions from each mode.

As in the toy model, we are not interested in the exact quantitative value of Γ2(k), but rather in its
qualitative behavior. In particular, we want to analyze whether there exists a finite threshold value
for the momentum k below which the decay rate vanishes. Since the symmetry Γ2(k) = Γ2(−k)
also holds here, it is sufficient to consider only positive momenta k > 0 in the following analysis. To
determine the range of k-values for which the decay rate in Eq. (5.41) can be nonzero, we examine
the condition under which the argument of the delta function vanishes. This condition is given by

Etot,ss := E (k + og −Qss)− E (k) +
∑

σ∈{+,−}

∑
q

ℏωq,σn
′
q,σ

!
= 0. (5.42)

Using the triangle inequality, we obtain

∑
σ∈{+,−}

∑
q

ℏωq,σn
′
q,σ =

∑
σ∈{+,−}

ℏvσ
∑
q

|q|n′q,σ ≥
∑

σ∈{+,−}

ℏvσ

∣∣∣∣∣∑
q

qn′q,σ

∣∣∣∣∣
=

∑
σ∈{+,−}

ℏvσ |Qσ| ≥ ℏmin {v+, v−}
∑

σ∈{+,−}

|Qσ|

≥ ℏv−

∣∣∣∣∣∣
∑

σ∈{+,−}

Qσ

∣∣∣∣∣∣ = ℏv− |Qss| .

(5.43)

Due to this inequality, it always holds that

Etot,ss ≥ Elb,ss := E (k + og −Qss)− E (k) + ℏv− |Qss| , (5.44)

where Elb,ss denotes the lower bound of the total energy in the supersolid case. Comparing this
expression with the inequality for the toy model in Eq. (4.40), we see that the same derivation
applies here if we replace cs by v−. Therefore, we can directly adopt the results summarized at the
end of Section 4.2.3 with this substitution.
In the regime of large impurity masses, where 2Mv− > ℏg, the first nonzero contribution to the
decay rate from the second interaction term occurs for impurity momenta |k| = g/2. Consequently,
it holds that Γ2 (|k| ≥ g/2) ̸= 0 and Γ2 (|k| < g/2) = 0.
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Overall decay rate

The total decay rate of the impurity in the supersolid system is obtained by summing the contri-
butions from both interaction terms according to Γ(k) = Γ1(k) + Γ2(k), where Γ1(k) and Γ2(k)
are given in Eqs. (5.37) and (5.41). The decay rate Γ1(k) is nonzero only for impurity momenta
satisfying ℏ|k| > Mv− and in the regime for large impurity masses 2Mv− > ℏg, the decay rate Γ2(k)
becomes nonzero only for |k| ≥ g/2. Since Mv− > ℏg/2 by assumption, the very first contribution
to the total decay rate Γ(k) arises at |k| = g/2.
Hence, even in the supersolid system, the impurity remains stable and does not decay for small
momenta up to |k| = g/2.

5.2.3 Second-order energy correction

To calculate the second-order energy correction, we use the expression given in Eq. (4.44). As in
the decay rate calculation, the unperturbed Hamiltonian H0 is defined in Eq. (5.28), while the
perturbation consists of the two interaction terms H ′

1 and H ′
2 introduced in Eq. (5.29).

The matrix element ⟨I|H ′ |i⟩ appearing in the second-order correction can be evaluated in exactly
the same way as in Section 5.2.2 for the decay rate, where the intermediate states |I⟩ correspond to
the final states |f⟩ used in the decay rate analysis. As previously discussed, the matrix elements
associated with the two different interaction terms H ′

1,2 are decoupled. Consequently, the energy
corrections arising from each term are independent and can be computed separately. The total
second-order energy correction is then obtained by summing both contributions. In the following,
we therefore calculate the individual contributions from the two interaction terms separately.

Energy correction from the first interaction term

Using the general expression for the second-order energy correction, Eq. (4.44), together with the
considerations for the matrix element ⟨I|H ′

1 |i⟩ and the energies Ei and EI from Section 5.2.2, and
employing the interaction term H ′

1 given in Eq. (5.30), we obtain

∆E
(2)
1 (k) =

g2I Q2
11

4π2

∫ ∞

−∞
dq

|q|
ℏ2k2

2M − ℏ2(k−q)2

2M − ℏv+|q|

+
g2I Q2

21

4π2

∫ ∞

−∞
dq

|q|
ℏ2k2

2M − ℏ2(k−q)2

2M − ℏv−|q|
.

(5.45)

Here, we have already replaced the discrete sum with a continuous integral. This correction is
symmetric under momentum inversion, ∆E(2)

1 (k) = ∆E
(2)
1 (−k), so we again restrict our analysis

to positive momenta k > 0. Since both terms are evaluated analogously, we focus on the first
term corresponding to the positive phonon branch. The result for the negative branch then follows
directly by analogy.

Removing the absolute value yields

∆E
(2)+
1 (k) =

g2I Q2
11

4π2

[∫ ∞

0

dq
q

ℏ2k2

2M − ℏ2(k−q)2

2M − ℏv+q
+

∫ ∞

0

dq
q

ℏ2k2

2M − ℏ2(k+q)2

2M − ℏv+q

]

= −g
2
I Q2

11M

2π2ℏ2

[∫ ∞

0

dq
1

q + 2Mv+/ℏ− 2k
+

∫ ∞

0

dq
1

q + 2Mv+/ℏ+ 2k

]
.

(5.46)

These integrals diverge logarithmically as q → ∞. This UV divergence arises because the effective
theory ceases to be valid below a certain length scale. The high-q modes responsible for the
divergence are unphysical artifacts rather than physically meaningful contributions. Therefore, the
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divergence must be regularized, which we achieve by introducing a momentum cutoff Λ.

The integrand of the first term can exhibit a singularity only if ℏk > Mv+. However, as shown in
the previous section, this regime corresponds to the onset of decay processes, where the impurity
acquires a finite lifetime and ceases to be stable. Thus, the energy correction in this momentum
range is not physically meaningful. We therefore restrict our analysis to small impurity momenta
ℏk < Mv+, where no singularities occur in the integrand of the first term. In the second term, the
denominator of the integrand always remains positive for k > 0.

To evaluate the integrals with the cutoff Λ, we employ the identity∫ Λ

0

dq
1

q + a
= ln (Λ + a)− ln (a), (5.47)

which holds for a > 0. For large cutoffs Λ → ∞, we use the expansion ln(Λ + a) ≃ ln(Λ) + a/Λ →
ln(Λ). Applying this relation, the second-order correction for the positive branch from Eq. (5.46)
becomes

∆E
(2)+
1 (k) =

g2I Q2
11M

2π2ℏ2

[
ln

(
2Mv+/ℏ− 2k

Λ

)
+ ln

(
2Mv+/ℏ+ 2k

Λ

)]
. (5.48)

Analogously, the contribution from the negative branch is given by

∆E
(2)−
1 (k) =

g2I Q2
21M

2π2ℏ2

[
ln

(
2Mv−/ℏ− 2k

Λ

)
+ ln

(
2Mv−/ℏ+ 2k

Λ

)]
. (5.49)

The total second-order energy correction from the first interaction term is obtained by summing
both phonon-branch contributions according to

∆E
(2)
1 (k) = ∆E

(2)+
1 (k) + ∆E

(2)−
1 (k). (5.50)

As discussed earlier, this expression is well-defined only for small momenta ℏ|k| < Mv−, since for
larger k the logarithmic arguments become negative. This behavior is consistent with the decay
rate analysis in Section 5.2.2, where nonzero decay rates arising from the first interaction term
appear only for ℏ|k| > Mv−. Thus, the energy correction from the first interaction term remains
finite only in the regime where the impurity is stable. In the following, we analyze the contribution
to the total energy correction arising from the second interaction term.

Energy correction from the second interaction term

To calculate the contribution to the second-order energy correction arising from the second interaction
term in Eq. (5.38), we build on the results of Section 4.2.4, where the correction was computed
for the toy model. We adapt those results to the present supersolid system following the same
reasoning as in Section 5.2.2, where the decay rate from the toy model was generalized to the
supersolid case. The procedure for the energy correction is therefore fully analogous.

Applying these considerations, the second-order energy correction to the ground state of a free
impurity coupled to the supersolid, arising from the interaction term H ′

2, is obtained from Eq. (4.46)
using the relation in Eq. (4.49) as

∆E
(2)
2 (k) = −

∑
o∈{+,−}

V 2
0

2

ζB/2

√
π

∫ ∞

0

dα

∫ ∞

0

dλ ℜ
(
f(α, λ, k, o)

)
, (5.51)
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with the function

f(α, λ, k, o) = exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))
·
∏

σ∈{+,−}

(
λ2aσ(k, o) + α2λb− iαλ3/2c(k, o)

)−Q2
σ/4

.
(5.52)

Here, we have defined the parameters aσ(k, o) := ℏ2/M2
(
M2v2σ − ℏ2(k + og)2

)
, b := 2ℏ2/M and

c(k, o) := ℏ3(2/M)3/2(k + og). The coefficients Qσ correspond to the matrix elements of the
transformation matrix in Eq. (5.9) and are defined as Q+ := Q12 and Q− := Q22. The parameter
B = (Q12)

2
+ (Q22)

2 was introduced in Section 5.1.1 and we have used the short-distance cutoff ζ
to regularize the theory.

To analyze this expression, we proceed analogously to the toy model in Section 4.2.4. Thus, we
retain the same condition

|k| < g/2 (5.53)

for the impurity momentum, which must be satisfied to ensure convergence of the energy correction.
This condition arises from requiring convergence of the λ-integral in the limit λ→ ∞.

A second potential issue occurs at λ → 0. To study the behavior of the integrand in this region,
we employ the scaling ansatz α = sλt and examine the resulting scaling for small λ. The terms in
the power-law argument of Eq. (5.52) differ between the two phonon branches σ = ± only through
the coefficients aσ(k, o). However, in the λ → 0 limit, these coefficients become negligible, and
both branches exhibit the same leading λ-dependence. Consequently, the convergence analysis
is identical to that of the toy model, except that the Luttinger parameter K is replaced by the
parameter B =

(
Q+

)2
+
(
Q−
)2

= (Q12)
2
+ (Q22)

2. Therefore, the energy correction remains finite
only for

B < 3. (5.54)

Overall energy correction

The total second-order energy correction is obtained by summing the contributions from both
interaction terms given in Eqs. (5.50) and (5.51) according to ∆E(2)(k) = ∆E

(2)
1 (k) + ∆E

(2)
2 (k).

In both terms, we introduced a cutoff to regularize UV divergences. In ∆E
(2)
1 (k), we used a

large-momentum cutoff Λ with units [Λ] = 1/m to regularize the UV divergence in momentum
space. In ∆E

(2)
2 (k), an analogous UV divergence is handled by another cutoff ζ with units [ζ] = m,

which corresponds to a short-distance cutoff in real space.
The correction ∆E

(2)
1 (k) is finite only for impurity momenta ℏ|k| < Mv−, while ∆E

(2)
2 (k) remains

finite for |k| < g/2 and B < 3. Assuming a large impurity mass such that Mv− > ℏg/2, the stricter
overall condition for finiteness becomes |k| < g/2 and B < 3.
This agrees with the decay rate analysis in Section 5.2.2, where the impurity was found to be stable
precisely in the same regime |k| < g/2, for which the energy correction is finite. For |k| ≥ g/2,
decay channels open, and the energy correction diverges accordingly.

As in the toy model, we can define a renormalized, effective impurity mass using Eq. (4.58), given
by

M∗(k) =
ℏ2

ℏ2

M + d2

dk2∆E(2)(k)
, (5.55)

where the second derivative of the energy correction can be expressed as

d2

dk2
∆E(2)(k) =

d2

dk2
∆E

(2)
1 (k) +

d2

dk2
∆E

(2)
2 (k), (5.56)
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with ∆E
(2)
1,2(k) from Eqs. (5.50) and (5.51).

Since the energy correction is finite only for small k, we expand both ∆E
(2)
1,2(k) up to second order in

k. Taking the second derivative then yields constant terms, resulting in a momentum-independent
effective mass M∗(k) =M∗.

These second-order derivatives are given by

d2

dk2
∆E

(2)
1 (k) = − g2I

π2M

(
Q2

11

v2+
+

Q2
21

v2−

)
, (5.57)

and
d2

dk2
∆E

(2)
2 (k) = −V

2
0

2

ζB/2

√
π

∫ ∞

0

dα

∫ ∞

0

dλ ℜ
(
f(α, λ)

)(2)
. (5.58)

Here, ℜ
(
f(α, λ)

)(2) denotes the second-order coefficient in the Taylor expansion of the function∑
σ∈{+,−} ℜ

(
f(α, λ, k, o)

)
in small k around k = 0, with f defined in Eq. (5.52). The explicit

expression is very lengthy and therefore omitted, but it depends only on the integration variables λ,
α, and the system parameters g, M , vσ, and Qσ.

5.3 Path integral approach

In this section, we analyze the dynamics of an impurity coupled to a supersolid using the path
integral formalism. We build on the concepts and methods introduced in Section 4.3 for the toy
model and extend them to the supersolid case. First, we derive the effective action for the impurity
by integrating out the supersolid degrees of freedom. Subsequently, we apply the RG scaling analysis
and the BO approximation to the supersolid system.

5.3.1 Effective action

We begin by formulating the action of the coupled impurity–supersolid system and then integrate
out the supersolid degrees of freedom to obtain an effective action for the impurity. The procedure
follows exactly the same steps as in Section 4.3.1 for the toy model, with the necessary modifications
for the supersolid background.

The full Hamiltonian of the impurity-supersolid model is given by

H =
p2

2M
+

∫ ∞

−∞
dx

[
ℏ
2π

∑
σ∈{+,−}

vσ

[
(∂xϕσ)

2
+ (∂xθσ)

2
]

+
gIQ11

π
δ
(
x− xI(t)

)
∂xθ+ +

gIQ21

π
δ
(
x− xI(t)

)
∂xθ−

+V0δ
(
x− xI(t)

)
cos

(
2πx

d
− Q12θ+ − Q22θ−

)]
.

(5.59)

Here, we have used the expression for the Hamiltonian introduced in Eq. (5.20), and we expressed
the fields u(x, t) and ϑ(x, t) in terms of the new modes θ±(x, t) after the canonical transformation,
according to Eqs. (5.24) and (5.25). We have also written the interaction terms as integrals over
x, allowing us to define a Hamiltonian density, given by the integrand in the large brackets of
Eq. (5.59), which can be converted into a Lagrangian density via a Legendre transformation.

To perform the transformation, we note that Πσ := −ℏ∂xθσ/π are the conjugate momenta to
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the sound modes ϕ±, and the canonical commutation relation from Eq. (5.12) holds. Similarly,
the impurity momentum p and position xI(t) are conjugate variables. Performing the Legendre
transformation of Eq. (5.59), we obtain the Lagrangian

L =
1

2
M
(
∂txI(t)

)2 − ℏ
π

∑
σ∈{+,−}

∫ ∞

−∞
dx (∂xθσ) (∂tϕσ)

− ℏ
2π

∑
σ∈{+,−}

∫ ∞

−∞
dx vσ

[
(∂xϕσ)

2
+ (∂xθσ)

2
]

− gIQ11

π
∂xθ+

∣∣
x=xI(t)

− gIQ21

π
∂xθ−

∣∣
x=xI(t)

− V0 cos

(
2πxI(t)

d
− Q12θ+(xI(t), t)− Q22θ−(xI(t), t)

)
.

(5.60)

As in Section 4.3.1, we now switch to imaginary time by performing a Wick rotation, t = −iτ and
∂t = i∂τ , to ensure convergence of the integrals appearing in the following analysis. Under this
transformation, the action S transforms as iS → −SE, where SE denotes the Euclidean action.

The Euclidean action obtained from Eq. (5.60) separates into three parts,

SE [xI, ϕσ, θσ] = Simp [xI] + Sϕσ,θσ [ϕσ, θσ] + SxI,θσ [xI, θσ] . (5.61)

The individual contributions are given by

Simp [xI] =
1

2
M

∫ ∞

−∞
dτ
(
∂τxI(τ)

)2
, (5.62)

Sϕσ,θσ [ϕσ, θσ] =
∑

σ∈{+,−}

∫ ∞

−∞
dτ

∫ ∞

−∞
dx

[
ℏ
2π
vσ (∂xϕσ)

2
+ i

ℏ
π
(∂xθσ) (∂τϕσ)

]
, (5.63)

SxI,θσ [xI, θσ] =
ℏ
2π

∑
σ∈{+,−}

∫ ∞

−∞
dτ

∫ ∞

−∞
dx vσ (∂xθσ)

2

+

∫ ∞

−∞
dτ V0 cos

(
2πxI(τ)

d
− Q12θ+(xI(τ), τ)− Q22θ−(xI(τ), τ)

)
(5.64)

+
gI
π

∫ ∞

−∞
dτ
[
Q11∂xθ+(x, τ)

∣∣
x=xI(τ)

+ Q21∂xθ−(x, τ)
∣∣
x=xI(τ)

]
.

The corresponding Euclidean partition function then reads

ZE =

∫
D [xI]

∫
D [θ±]

∫
D [ϕ±] exp

(
−SE [xI, ϕσ, θσ]

ℏ

)
=

∫
D [xI] exp

(
−Simp [xI]

ℏ

)∫
D [θ+]

∫
D [θ−] exp

(
−SxI,θσ [xI, θσ]

ℏ

)
·
∏

σ∈{+,−}

∫
D [ϕσ] exp

(
−Sϕσ,θσ [ϕσ, θσ]

ℏ

)
.

(5.65)

Integrating out the phonon degrees of freedom of the supersolid background, i.e., ϕ± and θ±,
follows the same principle as in the toy model in Section 4.3.1. However, the presence of two sound
modes makes the adaptation nontrivial, requiring several additional calculation steps. The detailed
derivation of this integration is provided in Appendix D.2. The resulting effective action for the
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impurity is

Seff [xI] =
1

2
M

∫ ∞

−∞
dτ (∂τxI(τ))

2

− g2I
4π2ℏ

∑
σ∈{+,−}

q2
σ

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′

v2σ (τ − τ ′)
2 −

(
xI(τ)− xI(τ

′)
)2(

v2σ (τ − τ ′)
2
+
(
xI(τ)− xI(τ ′)

)2)2
−V

2
0

4ℏ

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

[
g (xI(τ)− xI(τ

′))
]

·
∏

σ∈{+,−}

[(
α+ vσ|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−Q2
σ/4

,

(5.66)

where we have used the definitions q+ := Q11, q− := Q21, Q+ := Q12 and Q− := Q22, and
introduced the short-distance cutoff α.
As in the toy model, the effective action here is highly nontrivial to treat analytically, due to the
nonlocal time kernels and the nonlinear dependence on field differences appearing inside power-law
terms. In the supersolid case, the situation is even more complex, as the product of the two mode-
dependent power-law terms introduces additional coupling effects. Moreover, an extra contribution
arises for each mode, which is absent in the toy model and given by the second term in the effective
action in Eq. (5.66). This contribution originates from the interaction terms that are linear in ∂xθσ
in the full Hamiltonian for the impurity-supersolid system in Eq. (5.59). Thus, we again apply
some approximations to further analyze this effective action analytically.

5.3.2 RG scaling analysis

The RG scaling analysis for the effective action of the impurity in Eq. (5.66) is performed in the
same manner as the analysis for the toy model discussed in Section 4.3.2.
We rescale the time variable according to τ = bτ ′, where b = el and l is an infinitesimal quantity.
The field xI(τ), which describes the impurity trajectory, is rescaled as xI(τ) → b1/2x′I(τ

′), such that
the free-impurity part of the action remains invariant under this transformation.
We first apply this rescaling to the second term of the effective action in Eq. (5.66). This contribution
actually consists of two terms, one for each sound mode of the supersolid. However, both terms
have the same structure and differ only in the prefactors q2

σ. Consequently, they exhibit identical
behavior under the analysis and are therefore treated collectively as a single term. Assuming
that the time separation dominates over the spatial separation, we find that this term remains
invariant under the transformation. Consequently, the corresponding coupling constant, given by
−g2I q2

σ/(4π
2ℏ), remains invariant under scaling and therefore represents a marginal RG flow.

The rescaling of the third term of the effective action proceeds analogously to the treatment of the
coupling term in the effective action for the toy model in Section 4.3.2, since both terms have the
same structure. The only difference is that, in the supersolid case, the power-law factor is a product
of two power-law terms of identical form, corresponding to the two distinct sound modes present in
the supersolid. The arguments of these terms differ only in their respective sound velocities vσ.
However, when focusing on the dominant scaling behavior, these coefficients become irrelevant,
and both arguments scale identically. Thus, we can directly adopt the rescaling analysis of the toy
model by replacing the Luttinger parameter K with B = (Q12)

2
+ (Q22)

2. Defining the coupling
constant as G := −V 2

0 /(4ℏ) and using the flow equation for the toy model given in Eq. (4.107),
the RG flow of the coupling term in the third line of the effective action for the impurity in the
supersolid reads

dG
dl

=

(
2− B

2

)
G. (5.67)
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Overall, the first coupling term, given by the term in the second line of the effective action in
Eq. (5.66), is marginal, meaning that it remains invariant under RG flow and does not qualitatively
affect the system’s behavior at different energy scales. It may, however, lead to slow renormalizations,
possibly logarithmic.
In contrast, the second coupling term, given by the term beginning in the third line of the effective
action, is relevant for B < 4 and irrelevant for B > 4. Hence, at low energies and for B < 4,
the impurity strongly couples to the background, whereas for B > 4, it effectively decouples and
behaves approximately as a free particle. Nevertheless, even in this regime, the marginal coupling
term may still induce slow renormalizations.

However, as discussed in Section 4.3.2, this RG scaling analysis provides only an approximate
description. The critical point Bc = 4, separating the regimes of relevant and irrelevant coupling, is
therefore not exact but is expected to be close to the true critical value.
Nevertheless, it is worth noting that, as analyzed in [27], B = 4 is also the critical value determining
the influence of a static impurity on the supersolid phase. For B > 4, the background does not
feel the presence of the impurity, such that it does not exhibit a solid character and is in a pure
superfluid phase. In contrast, for B < 4, the impurity becomes relevant, which signals the emergence
of a solid character of the background, such that it is in the supersolid phase.
In this sense, both results are consistent. For B > 4, the background is not affected by the impurity
and is therefore in the superfluid phase and conversely, the impurity is also not affected by the
background, because the RG flow is irrelevant. On the other hand, for B < 4, the background does
feel the presence of the impurity and enters the supersolid phase, while the impurity does also feel
the presence of the background, as the RG flow is relevant in this regime.
However, we should keep in mind that the analysis of the RG flow is performed for an initially free
impurity, whereas the analysis of the impurity’s effect on the background assumes a static impurity.

5.3.3 Born-Oppenheimer approximation

Finally, we apply the BO approximation, as introduced in Section 4.3.3, to the effective action of
the impurity in the supersolid.

Introducing the center-of-time coordinate T and the small relative time element ∆τ as defined in
Eq. (4.108), and expanding the field differences for small ∆τ according to Eq. (4.112), the coupling
terms of the effective action in Eq. (5.66) become

− g2I
8π2ℏ

∑
σ∈{+,−}
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∫ ∞

−∞
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∫ ∞

−∞
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2(
v2σ (∆τ)
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(
ẋI(T )

)2
(∆τ)

2
)2

−V
2
0

2ℏ

∫ ∞

−∞
dT

∫ ∞

−∞
d∆τ cos [2gẋI(T )∆τ ]

·
∏

σ∈{+,−}

[(
α+ 2vσ|∆τ |

)2
+
(
2ẋI(T )∆τ

)2
α2

]−Q2
σ/4

.

(5.68)

The integral over ∆τ in the first interaction term diverges as ∆τ → 0, indicating that the BO
approximation is not suitable for extracting meaningful information about the impurity dynamics
from this term. However, the RG scaling analysis in the previous section revealed that this
contribution is marginal and therefore should only weakly affect the motion of the impurity.
For the second interaction term, we can proceed analogously to the analysis of the toy model in
Section 4.3.3. Expanding the integrand of this coupling term for small impurity velocities ẋI(T ) up
to second order and combining the result with the free-impurity action yields a renormalization of
the impurity mass due to its coupling to the background. The resulting effective mass is thus given
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by M + δM , where the mass correction is

δM =
V 2
0

ℏ

∫ ∞

−∞
d∆τ (∆τ)
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 ∏
σ∈{+,−}

[
α+ 2vσ|∆τ |

α

]−Q2
σ/2
2g2 +

∑
σ∈{+,−}

Q2
σ

(α+ 2vσ|∆τ |)2

 .

(5.69)

As before, this mass correction cannot be expressed in a closed analytical form. However, we can
analyze the convergence behavior of the integral for different values of the parameter B to determine
the parameter range in which the mass correction remains finite.
For ∆τ → 0, the integrand does not exhibit any divergence. In the limit |∆τ | → ∞, the leading
behavior of the first summand of the mass correction in Eq. (5.69) scales as (∆τ)

2−B/2, implying
that the integral converges only if B > 6. The remaining two terms behave as (∆τ)

−B/2 in this
limit and therefore converge only for B > 2.
Overall, the mass correction converges only in the parameter regime B > 6.

Analogously to Section 4.3.3, we can also examine the convergence behavior of the coupling terms
in the effective action in Eq. (5.66) without applying any approximations. We find that the first
coupling term shows no apparent divergences, whereas the integral of the second coupling term
converges only for B > 2.

5.4 Overview of the impurity motion

In this section, we summarize the behavior of the impurity motion in a supersolid, based on the
analyses presented in the previous sections.
We investigated the impurity motion using two complementary approaches: the perturbation theory
approach and the path integral formalism. The applicability or success of each method depends on
two system parameters: the impurity momentum k and the parameter B. For different regimes of
these parameters, each approach can either yield finite, convergent results or fail due to divergent
contributions. Hence, the results of both methods must be interpreted jointly and placed in a
broader physical context.
The comparison and interpretation of both approaches can be directly adopted from the discussion
of the toy model in Section 4.4. The only modification required is the replacement of the Luttinger
parameter K, used in the toy model, with the parameter B, which is relevant for the supersolid.
With this substitution, all arguments carry over analogously to the supersolid case.

In the toy model, the Luttinger parameter K appears in the density-density correlation function of
the fluctuating periodic background in Eq. (4.116), which characterizes the correlation strength
between densities at two spatial points. Similarly, in the supersolid, the parameter B appears
in the corresponding density-density correlation function in Eq. (5.14). Both functions have the
same structure, and thus the physical interpretation remains the same when replacing K with B.
Specifically, for large B, the density correlations decay rapidly due to strong fluctuations, while for
small B, the decay is slower, reflecting weaker fluctuations.

Furthermore, in the supersolid case, we have to include an additional point to complete the
interpretation. As analyzed in [27], the parameter B determines whether the solid character of
the supersolid background remains stable in the presence of an impurity. For B < 4, the solid
component of the supersolid background is robust, and the system remains in the supersolid phase.
For B > 4, however, the solid order breaks down due to the impurity, and the system transitions to
the superfluid phase.

In the following, we summarize the main results for the impurity motion in the supersolid obtained
from perturbation theory and the path integral formalism.
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For small impurity momenta |k| < g/2, the second-order energy correction within perturbation
theory yields finite results for parameters B < 3. In this momentum regime, the impurity behaves
approximately as a free particle with a parabolic dispersion, but with a renormalized effective
mass larger than the bare impurity mass. The corresponding energy parabola is shifted downwards
relative to the free-particle dispersion, which reflects an energy gain in the system due to the
coupling between the impurity and the supersolid background. In this parameter regime for small
B, we are still in the supersolid phase.
For larger values B > 4, strong fluctuations arise in the supersolid background, which, in the
presence of an impurity, lead to a transition to the superfluid phase. In this regime, perturbation
theory breaks down. However, the path integral formalism can still be applied to study the impurity
motion. Within this framework, we also obtain a mass correction for the impurity motion for small
impurity momenta, but it remains finite only for B > 6. Thus, the perturbative and path integral
results complement each other in the regime of small impurity momenta.
It should be noted, however, that the mass correction obtained from the path integral approach
was derived using the BO approximation to the effective impurity action, and is therefore not exact.
This approximation was introduced because an analytical solution of the effective action is not
feasible in closed form. Nevertheless, when analyzing the convergence behavior of the integrals
appearing in the exact effective action, we find convergence for B > 2. Hence, the path integral
formalism may serve as a basis for future investigations of the exact impurity motion in the large-B
regime, keeping in mind that in this regime, the supersolid background is not actually supersolid
anymore, but already transitioned to the superfluid phase.
The regime of large impurity momenta is not covered within the scope of the present analysis.

The combined results from both analytical approaches are illustrated schematically in Fig. 5.1.
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Figure 5.1: Diagrammatic representation of the results obtained from both the perturbation theory and the
path integral (PI) approaches for various values of the parameter B and the impurity momentum k. The
analysis aims to characterize the motion of a mobile impurity in a supersolid background. The diagram is
identical to that in Fig. 4.3 for the toy model, but adapted to the supersolid case. In the regime for large B,
the background fluctuations are strong, whereas for small B they are weak. In the presence of an impurity,
the solid component of the supersolid background remains stable for B < 4, corresponding to the supersolid
phase. For B > 4, the solid structure breaks down due to the impurity, and the system transitions to the
superfluid phase. From perturbation theory, the second-order energy correction ∆E(2) to the ground state
of the free impurity is found to be finite only for B < 3 and small impurity momenta |k| < g/2 and it yields
a finite mass renormalization. Outside this region, it diverges. In contrast, the path integral analysis shows
that the mass correction arising from the dominant interaction term, obtained by using the BO approximation,
remains finite only for B > 6 and small impurity momenta. However, the precise boundary between small and
large impurity momenta is not strictly defined. In the sketch, it is chosen as k = g/2 to align with the threshold
separating the regimes that yield finite and divergent second-order energy corrections. The effective impurity
action, consisting of the free impurity term and its coupling to the background, diverges for B ≤ 2, while it
stays finite for B > 2. Moreover, the critical value of the B-parameter separating the regimes of (ir)relevant
RG flow of the dominant coupling term is estimated as Bc = 4.
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In this thesis, we investigated the motion of a mobile impurity in a one-dimensional supersolid. The
main objective was to gain insight into the effects of the impurity dynamics arising from its coupling
to a supersolid background. The interest in this problem stems from the fact that the motion of
a mobile impurity in a one-dimensional superfluid has already been studied, where it was found
that the impurity can undergo Bloch oscillations even in the absence of a static periodic lattice.
Motivated by this, we aimed to analyze the motion of a mobile impurity in a supersolid, which
combines both superfluid and crystalline characteristics, to determine whether Bloch oscillations
could also occur in this system.

In Chapter 2, we first considered a mobile impurity in a one-dimensional superfluid. We began by
qualitatively explaining the emergence of Bloch oscillations, and subsequently carried out a detailed
mathematical analysis of the impurity dynamics. We derived the periodic nature of the impurity
dispersion relation and found that for strong coupling between the impurity and the superfluid
background, the dispersion is given by a cosine function. For weaker coupling, the dispersion
remains periodic but cannot be expressed in a closed analytic form and must instead be obtained
numerically.

In Chapter 3, we examined a theoretical model consisting of an impurity with an intrinsic periodic
dispersion relation placed in a static, one-dimensional periodic background potential. Using Bloch’s
theorem, we numerically computed the resulting dispersion relation and obtained a band structure
with distinct bands and band gaps, which are all confined within a finite energy range. Although
this model is not physically realizable, it was introduced for conceptual purposes to understand
how the periodic dispersion arising from the superfluid component combines with a static periodic
potential, as both of these features coexist in a supersolid.

In reality, however, the solid component of a supersolid is not static but fluctuates. Therefore,
in Chapter 4, we introduced a toy model describing a mobile impurity in a fluctuating periodic
potential and analyzed its motion using both perturbation theory and the path integral formalism.
Within perturbation theory, we found that the impurity remains stable for small momenta |k| < g/2,
while for larger momenta decay channels open and the impurity acquires a finite lifetime. In this
small-momentum regime, the second-order energy correction to the free impurity ground state
is finite, leading to a downward-shifted parabolic dispersion with a renormalized effective mass.
However, the energy correction is only finite in the regime where background fluctuations are weak,
i.e., for small Luttinger parameters K < 3.
For stronger background fluctuations, the perturbative approach breaks down. However, the
path integral approach yields a finite mass correction in this large-K regime, though only for
small impurity momenta. This result was obtained from the effective action of the impurity after
integrating out the background fluctuations. The regime of large impurity momenta was not covered
within these analyses.
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Finally, in Chapter 5, we introduced a model for a one-dimensional supersolid within an effective
low-energy theory and introduced a mobile impurity to study its dynamics. We were able to adapt
results from the toy model to the supersolid case, as the corresponding Hamiltonians have a similar
structure. This similarity justified the introduction of the toy model in the previous chapter. In
the supersolid, the impurity can thus move almost freely with a renormalized effective mass for
small momenta |k| < g/2, provided that the parameter B < 3, where B determines the stability of
the solid component. For B < 4, the system remains in the supersolid phase, while for B > 4, the
presence of an impurity induces a transition to the superfluid phase. At large impurity momenta,
the perturbative approach again breaks down.
In the path integral formalism, the integrals appearing in the effective impurity action cannot be
solved analytically. Therefore, we performed a rough RG scaling analysis of the coupling term in the
effective action, which showed that for small B, i.e., in the supersolid phase, the coupling becomes
relevant and the impurity strongly interacts with the supersolid background. This conclusion holds
across all momentum regimes. Hence, the path integral approach may provide a suitable framework
for future studies of the impurity motion at large momenta, since this is not covered in our analyses
so far. In this context, one could, for instance, employ the instanton technique to compute the
tunneling rate of the impurity within the path integral formalism.
Moreover, several open questions remain for future investigation, which are briefly outlined below.

First, the small-momentum regime of the impurity could be studied in greater detail. Perturbation
theory predicts a finite mass correction of the impurity in this regime. However, in a supersolid
background, slip processes, typically induced by the presence of vortices, may occur. These processes
are typically associated with an algebraic decay in the system. This raises the question of whether
the impurity also experiences an algebraic decay in addition to the finite mass correction due to such
slip processes in the background. Answering this question requires incorporating these processes
rigorously into the theoretical framework and performing the corresponding calculations.
Furthermore, in our supersolid model, the impurity–supersolid interaction was modeled by a delta
potential and the supersolid density in the interaction Hamiltonian is given by Eq. (5.1). The
periodic function f appearing in the density expression was expanded into a Fourier series, truncated
at first order. Thus, we retained only the leading cosine term cos (gx− u(x, t)), since this is the
dominant contribution. An interesting question is how the results would change if higher harmonics,
such as cos (z · gx− u(x, t)) with z ∈ Z, were included. It would be interesting to investigate to
what extent these higher-order contributions are suppressed and how the suppression scales.
Similarly, in the expanded density expression, we neglected the term coupling the conjugate
momentum field ∂xϑ to the displacement field u. Including this term could also provide new insights
into the impurity dynamics.
Finally, the question of whether the impurity dispersion relation in the supersolid remains periodic
is still open. In contrast to the pure superfluid case, where the periodicity of the dispersion relation
can be derived straightforwardly, the supersolid introduces additional complexity due to the coupling
between its superfluid and solid components.
We know that for small impurity momenta |k| < g/2, the dispersion is quadratic, the impurity is
stable, and no decay occurs. For larger momenta |k| ≥ g/2, decay channels open and scattering
processes lead to a continuum in the energy spectrum. In the pure superfluid, however, the impurity
dispersion is periodic with period 2πℏn. In our supersolid model, each droplet contains an integer
number of particles, such that nd =: z ∈ N. This condition is equivalent to 2πℏn = ℏg · z. Thus, in
momentum space, the period associated with the superfluid contribution is larger than the smallest
reciprocal lattice vector g, since z > 1. Consequently, the superfluid-induced periodicity extends
beyond the regime |k| < g/2, where we know the quadratic dispersion holds. Determining the
behavior of the dispersion for larger k and, in particular, whether the superfluid periodicity survives
in the supersolid remains an open question. To answer it, further investigation of the impurity
motion at large momenta is therefore necessary. Given that decay processes set in for |k| ≥ g/2, it
appears unlikely that, even if the superfluid periodicity persists, it would manifest as observable
Bloch oscillations of the impurity. However, this conclusion remains a conjecture, and the large-k
regime should be examined more carefully before any definitive statement can be made.
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A Phase drop across the impurity in a
superfluid

We give a short derivation of the expression Φ = Φs − Φ0 for the total phase drop across the
impurity from Section 2.2.2. Let us recall the soliton solution

Ψ′(x′) =
√
n

{
Ψ′

+(x
′), x′ > 0

Ψ′
−(x

′), x′ < 0
(A.1)

with

Ψ′
±(x

′) =

[
v

cs
− i

√
1− v2

c2s
tanh

(
x′ ± x0

l

)]
eiχ± (A.2)

for the wave function of the superfluid with a moving impurity in the reference frame where the
impurity is at rest. Due to the boundary conditions at the position of the delta potential, we have
χ+ = −χ− =: χ and we defined χ = Φ0/2 as well as Φs, v>0 = 2arctan

√
c2s/v

2 − 1 for positive
velocities and Φs, v<0 = 2π− 2 arctan

√
c2s/v

2 − 1 for negative velocities of the impurity. Let Φ± be
the phase of the wavefunction Ψ′

±(x
′) on the right (x′ > 0) and left (x′ < 0) side of the impurity,

respectively. Then the phase difference across the impurity is given by Φ = Φ− − Φ+. To calculate
the phase of Ψ′

±(x
′), we first notice that

lim
x→±∞

tanh

(
x± x0
l

)
= ±1. (A.3)

Now we have to differentiate between positive and negative velocities v. For v > 0, the phases of
Ψ′

± are given by

Φ+ = arg
(
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Ψ′
+

)
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−

√
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2
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Φ− = arg
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)
= arctan


√

1− v2

c2s

v/cs

+ χ− =
1

2
(Φs, v>0 − Φ0) . (A.5)

Combining these two expressions, the overall phase difference across the impurity for v > 0 is
Φ = Φ− − Φ+ = Φs, v>0 − Φ0.
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The same considerations for v < 0 yield

Φ+ = arg
(
lim
x→∞

Ψ′
+

)
= arctan


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1

2
(Φs, v<0 − Φ0) . (A.7)

Hence, for v < 0 we have Φ = Φ− − Φ+ = Φs, v<0 − Φ0. Combining both results, we overall have
Φ = Φs −Φ0. The sketch in Fig. A.1 schematically shows the phase Φ(x′) for positive and negative
velocities.

v > 0

x′

Φ(x′)

0

Φ− Φ+

v < 0

x′

Φ(x′)

0

Φ− Φ+

Figure A.1: Schematic sketches of the total phase Φ(x′) across the impurity for v > 0 (left) and v < 0 (right).
The impurity, represented by the black dot, is located at x′ = 0 in the impurity rest frame.
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B Derivation of the interaction between
impurity and background

In this appendix, we derive the expression of the potential for an impurity moving in a fluctuating
periodic background potential, as introduced in Eq. (4.1) in Chapter 4.1. The interaction between
impurity and background takes a continuous form, reflecting the nature of the supersolid model
discussed later in Chapter 5. Here, the supersolid is described as a continuous system with a
droplet structure, meaning that many atoms occupy each lattice site. In contrast, a classical
solid is typically modeled as a discrete periodic crystal lattice with a single atom at each lattice
site. This well-established structure makes the discrete model a natural starting point for deriving
the corresponding continuous description. Since our goal is to model the interaction between an
impurity and a fluctuating continuous background potential, we begin with the discrete model
describing electron-phonon interactions and then transition to the continuous limit.

The Hamilton operator for the electron-phonon interaction is provided and analyzed in multiple
standard textbooks, such as in [21, 28]. We consider a one-dimensional periodic lattice with one
background atom at each lattice site, denoted by α. In addition, we have an electron, which moves
through the lattice and is coupled to lattice vibrations, so-called phonons. For our purposes later
on, we will consider an impurity particle instead of an electron, but the calculation is performed
analogously. Hence, we will just refer to it as particle in the following. The potential for a particle
moving through the lattice is given by

V (x) =
∑
α

U (x−Xα) , (B.1)

which is a linear combination of the contributions of the single unit cells described by the function
U(x). The parameter x corresponds to the coordinate of the particle. Since we want to capture the
coupling between the particle and the phonons of the lattice, we have to include the displacements of
the lattice atoms from their equilibrium positions in the description. This is done via Xα = X0

α+ ũα,
where X0

α represent the lattice vectors of the one-dimensional Bravais-lattice and the displacement
of the α-th atom is characterized by ũα. In the following, we use this model in Eq. (B.1) as a
starting point to first generalize it to a discrete model with many atoms per lattice site and later
take the continuous limit.

To construct the discrete model with many atoms per lattice site, we define the lattice sites
corresponding to the center of the cells or droplets to be positioned at Xα = αd. The parameter d
determines the spacing between the centers of the single droplets and can be thought of as a lattice
constant. Let N be the number of atoms within a droplet. The equilibrium positions of the single
atoms are given by X0

α,j = Xα + ξj with j = 1, . . . , N , where the ξj represent the relative positions
of the atoms within one cell, such that

∑N
j=1 ξj = 0. A schematic sketch of the droplet structure
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is shown in Fig. B.1. Since we want to include fluctuations, we introduce dynamical degrees of

X1 X2 X3 X4 X5

d

Figure B.1: Schematic sketch of the droplet structure in a one-dimensional discrete lattice with many atoms
per lattice site. The centers of the single droplets are denoted by Xα and in this example, there are N = 5
atoms within a droplet. The parameter d represents the lattice constant and is determined by the spacing
between the droplet centers.

freedom according to xα,j = X0
α,j + ũα. The ũα describe the collective displacements of a cell and

therefore correspond to acoustic modes. In principle, we could also introduce internal fluctuations
of the single atoms within a droplet. However, these modes are optical and for our purposes, only
the acoustic modes are important and we assume that every atom within one unit cell has the same
displacement. Inserting these expressions into the potential in Eq. (B.1), we obtain the potential

V (x) =
∑
α

N∑
j=1

U (x− xα,j) =
∑
α

N∑
j=1

U (x− αd− ξj − ũα) (B.2)

for a particle moving through the discrete lattice with a droplet structure.

In the following, we take the continuous limit to transition from the discrete to the continuous
model. To this end, we first consider the long-wavelength limit, which allows us to write ũα ≃ ũ(αd)
with a continuous function ũ(x) describing the displacement field. In the long-wavelength limit,
the displacements only vary slowly compared to the scale of the lattice constant, meaning that
|dũ(x)/dx| ≪ d. Hence, the potential in this limit reads

V (x) =
∑
α

N∑
j=1

U (x− αd− ξj − ũ(αd)) . (B.3)

Furthermore, we can define a function describing the position of the lattice atoms according to

ρ(x) :=
∑
α

N∑
j=1

δ (x− αd− ξj − ũ(αd)) . (B.4)

Using this definition, we can write the potential as

V (x) =

∫
R
dx′ U(x− x′)ρ(x′). (B.5)

With the Fourier representation of the Dirac comb we have

ρ(x) =
∑
α

N∑
j=1

δ (x− αd− ξj − ũ(αd)) =

N∑
j=1

∑
m

1

d
ei

2π
d m(x−ũ(αd)−ξj). (B.6)
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Inserting this into the potential in Eq. (B.5) and using g = 2π/d yields

V (x) =

N∑
j=1

∑
m

1

d
e−igm(ũ(αd)+ξj)

∫
R
dx′ U(x− x′)eigmx′

=

N∑
j=1

∑
m

1

d
e−igm(ũ(αd)+ξj)eigmx

∫
R
dy U(y)e−igmy,

(B.7)

where we have used the substitution y = x− x′. The remaining integral is the Fourier transform of
U(y) according to

Û(gm) =

∫
R
dy U(y)e−igmy. (B.8)

Within our model, we consider U(x) as being localized, which means that the Fourier components
Û(gm) decay rapidly for |m| > 1. The reason for this is that the Fourier transform Û(k) is strongly
peaked around k = 0. Therefore, the dominant contributions are given by the first harmonics with
m = ±1 and the contributions from higher harmonics with |m| > 1 are usually exponentially or
algebraically suppressed. Hence, we will only retain the modes with m = ±1 in the remaining
derivation. The mode with m = 0 only contributes a constant offset to the potential, which is
not relevant for the dynamics including scattering processes and phonons and therefore can be
neglected. These approximations allow us to rewrite the potential from Eq. (B.7) as

V (x) =

N∑
j=1

1

d

(
e−ig(ũ(αd)+ξj)eigxÛ(g) + eig(ũ(αd)+ξj)e−igxÛ(−g)

)

=
1

d

N∑
j=1

e−igξjÛ(g)eig(x−ũ(αd)) +
1

d

N∑
j=1

eigξjÛ(−g)e−ig(x−ũ(αd))

=
1

d
S(g)Û(g)eig(x−u(x)) +

1

d
S(−g)Û(−g)e−ig(x−u(x)).

(B.9)

In the last equality, we have defined the structure factor S(G) =
∑N

j=1 e
−iGξj , which is a static

droplet form factor describing how strongly a given reciprocal lattice vector G couples to the internal
arrangement of atoms inside each droplet. Moreover, we used the approximation ũ(αd) ≃ ũ(x),
which is justified in the considered long-wavelength limit. Since the potential V (x) must be real, it
must be true that Û(−g) = Û∗(g) and S(−g) = S∗(g). However, the product Û(g)S(g) still can
be complex and we can write it as Û(g)S(g) =

∣∣∣Û(g)S(g)
∣∣∣ e−iϕ(g) with the phase ϕ(g). Using this

expression, the potential reads

V (x) =
1

d

∣∣∣Û(g)S(g)
∣∣∣ (eig(x−ũ(x)+ϕ(g)) + e−ig(x−ũ(x)+ϕ(g))

)
=

2

d

∣∣∣Û(g)S(g)
∣∣∣ cos(g(x− ũ(x) + ϕ(g)

))
= V0 cos (gx− gũ(x)),

(B.10)

where we have defined the amplitude of the potential as V0 = 2/d
∣∣Û(g)S(g)

∣∣. In the last equality,
we made use of the fact that we can choose a coordinate system such that ϕ(g) = 0. This is possible,
since we consider an infinite system and are not interested in absolute positions. Finally, we define
the dimensionless displacement field u(x) := gũ(x) and obtain the potential

V (x) = V0 cos (gx− u(x)) (B.11)

we work with in Chapter 4. In this derivation, the continuous displacement field u(x) only depends
on the position x. However, time dependence can be easily incorporated by writing it as u(x, t).
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C Perturbation theory for the toy model

In this appendix, we present auxiliary calculations related to the perturbative analysis of the toy
model discussed in Section 4.2.

C.1 Derivation of the prefactors in the mode expansions

In this section, we derive the prefactors for the mode expansions in Eqs. (4.4) and (4.5), as introduced
in Section 4.2.1. We begin with the general mode expansions

u(x) = Nu
∑
q

√
1

ωq

(
aq + a†-q

)
eiqx, (C.1)

∂xw(x) = Nw
∑
q

√
ωq
(
aq − a†-q

)
eiqx, (C.2)

where the normalization factors Nu and Nw are to be determined. This is done by inserting the
mode expansions (C.1) and (C.2) into the Luttinger liquid Hamiltonian from Eq. (4.2), given by

HLL =
ℏ
2π
cs

∫ L

0

dx

(
1

K

(
∂xu(x)

)2
+K

(
∂xw(x)

)2)
. (C.3)

Here, we have already adjusted the integration boundaries, because within the framework of
perturbation theory we initially work with a system of finite length L and later take the continuum
limit. Furthermore, time dependence has been omitted from the fields, as it is not required in the
perturbation theory calculation, as explained in Section 4.2.1. Inserting the expansion for u into
the first term results in∫ L

0

dx
ℏ
2π
cs

1

K

(
∂xu(x)

)2
=

∫ L

0

dx
ℏ
2π
cs

1

K
N 2

u

∑
q,q′

√
1

ωqωq′
iqiq′ei(q+q′)x

(
aq + a†−q

)(
aq′ + a†−q′

)

= −
∫ L

0

dx
ℏ
2π

1

K
N 2

u

∑
q,q′

√
1

|q| · |q′|qq
′ei(q+q′)x

(
aqa

†
−q′ + a†−qaq′

)
.
(C.4)
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Since the q are discrete, the identity∫ L

0

dx ei(q+q′)x = Lδq,−q′ (C.5)

holds. Using this identity, the expression in Eq. (C.4) simplifies according to∫ L

0

dx
ℏ
2π
cs

1

K

(
∂xu(x)

)2
=

ℏ
2π

1

K
N 2

uL
∑
q

|q|
(
aqa

†
q + a†−qa−q

)
=

ℏ
π

1

K
N 2

uL
∑
q

|q|
(
a†qaq +

1

2

)
,

(C.6)

where in the last equality we have used the relation aqa
†
q = 1 + a†qaq obtained from the well-known

commutation relation [aq, a
†
q] = 1 for the creation and annihilation operators. Also, we replaced

q → −q in the second summand.

Analogously, we can insert the expansion for w from Eq. (C.2) into the second term of the Luttinger
liquid Hamiltonian in Eq. (C.3), which leads to∫ L

0

dx
ℏ
2π
csK

(
∂xw(x)

)2
=

∫ L

0

dx
ℏ
2π
csKN 2

w

∑
q,q′

√
ωqωq′ei(q+q′)x

(
aq − a†−q

)(
aq′ − a†−q′

)
= −

∫ L

0

dx
ℏ
2π
csKN 2

w

∑
q,q′

√
ωqωq′

(
aqa

†
−q′ + a†−qaq′

)
= − ℏ

2π
csKN 2

wL
∑
q

ωq

(
aqa

†
q + a†−qa−q

)
= −ℏ

π
csKN 2

wL
∑
q

ωq

(
a†qaq +

1

2

)
.

(C.7)

Overall, combining the expressions in Eqs. (C.6) and (C.7), we obtain the Luttinger liquid Hamilto-
nian in second-quantized form

HLL =
∑
q

ℏ
(
L

πK
N 2

u |q| −
LK

π
csN 2

wωq

)(
a†qaq +

1

2

)
. (C.8)

The normalization factors Nu and Nw are chosen such that this Hamiltonian takes the standard
form of a Luttinger liquid Hamiltonian in second-quantized representation. This is achieved if the
term in the first bracket is equal to ωq = cs|q|. Thus, both summands in the first bracket separately
must be equal to ωq/2. This condition leads to

Nu =

√
π

2L
csK =

√
π

2L
vJ, (C.9)

Nw = −i
√

π

2LcsK
= −i

√
π

2LvJ
, (C.10)

where we have used the definition K =
√
vJ/vN for the Luttinger parameter.
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C.2 Calculation of the decay rate within the naive expansion

In this section, we provide a detailed calculation of the total decay rate of the impurity within the
naive expansion from Section 4.2.2. We start from Eq. (4.17), which reads

Γ =
∑

o∈{+,−}

πV 2
0 vJ

8ℏcs

[∫ ∞

0

dq
1

q
δ
(
E(k + og − q) + ℏcsq − E(k)

)

+

∫ ∞

0

dq
1

q
δ
(
E(k + og + q) + ℏcsq − E(k)

)]
.

(C.11)

For the calculation, we make use of the standard identity for delta functions under integrals∫ ∞

−∞
dx f(x)δ

(
g(x)

)
=
∑
i

f(xi)

|g′(xi)|
, (C.12)

where the sum runs over all simple roots xi of g(x). Its derivative is denoted by g′(x). This identity
also holds when the integration is carried out over a restricted domain, provided that the relevant
roots xi lie within that domain. We consider both summands of (C.11) separately.

For the first summand we have

δ
(
E(k + og − q)− E(k) + ℏcsq

)
= δ

(
ℏ2(k + og − q)2

2M
− ℏ2k2

2M
+ ℏcsq

)
=: δ

(
g(1)(x)

)
. (C.13)

The roots of g(1)(x) are given by

ℏq(1)± = ℏ(k + og)− csM ±
√
c2sM

2 + ℏ2k2 − 2csMℏ(k + og), (C.14)

and the derivative of g(1)(x) evaluated at the roots q(1)± reads

g(1)′(q
(1)
± ) = ± ℏ

M

√
c2sM

2 + ℏ2k2 − 2csMℏ(k + og). (C.15)

For the second summand we have analogously

δ
(
E(k + og + q)− E(k) + ℏcsq

)
= δ

(
ℏ2(k + og + q)2

2M
− ℏ2k2

2M
+ ℏcsq

)
=: δ

(
g(2)(x)

)
, (C.16)

ℏq(2)± = −ℏ(k + og)− csM ±
√
c2sM

2 + ℏ2k2 + 2csMℏ(k + og),
(C.17)

g(2)′(q
(2)
± ) = ± ℏ

M

√
c2sM

2 + ℏ2k2 + 2csMℏ(k + og). (C.18)

Overall, using the identity from Eq. (C.12), the total decay rate from Eq. (C.11) can be expressed
as

Γ =
∑

o∈{+,−}

πV 2
0 vJ

8ℏcs

 1∣∣∣g(1)′(q(1)± )
∣∣∣
(

1

q
(1)
+

+
1

q
(1)
−

)
+

1∣∣∣g(2)′(q(2)± )
∣∣∣
(

1

q
(2)
+

+
1

q
(2)
−

) . (C.19)

However, the individual terms contribute only if the corresponding condition q(1,2)± > 0 is satisfied,
otherwise they vanish. To analyze this, we can, without loss of generality, restrict ourselves to
positive values of k > 0. This is justified because the total decay rate in in Eq. (C.11) is symmetric
in k, because the energy satisfies E(k) = E(−k) and the expression includes a sum over o ∈ {+,−}.
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In the following, we analyze the contributions for the cases o = +1 and o = −1 separately.

o = +1

First, we have
ℏq(1)+ = ℏ(k + g)− csM +

√
c2sM

2 + ℏ2k2 − 2csMℏ(k + g), (C.20)

which is positive only if ℏ(k + g) > csM or k2 > (k + g)2. The second condition is never satisfied,
since g = 2π/d > 0 always holds. Analogously, we have

ℏq(1)− = ℏ(k + g)− csM −
√
c2sM

2 + ℏ2k2 − 2csMℏ(k + g), (C.21)

which is positive only if ℏ(k + g) > csM and (k + g)2 > k2. The second condition is always
satisfied. However, we also have to take account of the fact that the q(1)± must be real, i.e., the
discriminant in Eqs. (C.20) and (C.21) must be larger than or equal to zero. This is the case for
ℏk ≥ csM +

√
2csMℏg and ℏk ≤ csM −√

2csMℏg.
If the first inequality, ℏk ≥ csM +

√
2csMℏg, holds, then the inequality ℏ(k + g) > csM is also

satisfied. In this regime, both q(1)± contribute.
If the second inequality, ℏk ≤ csM − √

2csMℏg, holds, then the condition ℏ(k + g) > csM can
only be satisfied if ℏg > 2csM . However, under the same assumption ℏk ≤ csM − √

2csMℏg, it
must also be true that csM ≥ √

2csMℏg, since we restricted our analysis to positive k > 0. This
leads to a contradiction, since the conditions csM ≥ √

2csMℏg and ℏg > 2csM cannot be satisfied
simultaneously. Therefore, in this regime, neither q(1)+ nor q(1)− contributes.

Moreover, we have

ℏq(2)+ = −ℏ(k + g)− csM +
√
c2sM

2 + ℏ2k2 + 2csMℏ(k + g), (C.22)

which is positive only if k2 > (k + g)2. However, this inequality is never satisfied for k > 0 and
g > 0. Lastly, we have

ℏq(2)− = −ℏ(k + g)− csM −
√
c2sM

2 + ℏ2k2 + 2csMℏ(k + g). (C.23)

This expression can only be positive if k < 0. However, as previously mentioned, the analysis can
be restricted to positive k, since Γ(k) is symmetric.

Overall, for o = +1, the only contributions to the decay rate in Eq. (C.19) arise from the terms
involving q(1)+ and q(1)− , and only within the regime ℏk ≥ csM +

√
2csMℏg.

o = −1, k > g

For o = −1, we have to distinguish between the cases k > g and k < g. We begin by analyzing the
case k > g. First, we have

ℏq(1)+ = ℏ(k − g)− csM +
√
c2sM

2 + ℏ2k2 − 2csMℏ(k − g), (C.24)

which is positive only if ℏ(k − g) > csM or k2 > (k − g)2. Since the second condition is always
satisfied for k > g, this term always contributes in this regime. Secondly, we have

ℏq(1)− = ℏ(k − g)− csM −
√
c2sM

2 + ℏ2k2 − 2csMℏ(k − g), (C.25)
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which is positive only if ℏ(k − g) > csM and (k − g)2 > k2. The second condition is never satisfied
for k > g. Hence, this term never contributes. Analogously, we have

ℏq(2)+ = −ℏ(k − g)− csM +
√
c2sM

2 + ℏ2k2 + 2csMℏ(k − g), (C.26)

and
ℏq(2)− = −ℏ(k − g)− csM −

√
c2sM

2 + ℏ2k2 + 2csMℏ(k − g). (C.27)

The first expression is positive only if k2 > (k − g)2, which is always satisfied for k > g. The
second expression is positive only if k < 0 and this case is excluded from our analysis. Since
the discriminants of all four expressions are positive, no additional constraints arise from the
requirement that the q(1,2)± be real.

Overall, for o = −1 and k > g, the only contributions to the decay rate in Eq. (C.19) arise from
the terms involving q(1)+ and q(2)+ .

o = −1, k < g

Lastly, we analyze the contributions from the terms with o = −1 in the regime k < g. First, we
have

ℏq(1)+ = ℏ(k − g)− csM +
√
c2sM

2 + ℏ2k2 − 2csMℏ(k − g), (C.28)

which is positive only if ℏ(k − g) > csM or k2 > (k − g)2. The first condition is never satisfied for
k < g and positive cs,M , while the second condition is satisfied only for k > g/2. Secondly, we have

ℏq(1)− = ℏ(k − g)− csM −
√
c2sM

2 + ℏ2k2 − 2csMℏ(k − g), (C.29)

which is positive only if ℏ(k−g) > csM and (k−g)2 > k2. Since the first condition is never satisfied
for k < g, this term does not contribute in this regime. The discriminants of these two expressions
are positive and therefore, no additional constraints arise from the requirement that the q(1)± be real.

Furthermore, we have

ℏq(2)+ = −ℏ(k − g)− csM +
√
c2sM

2 + ℏ2k2 + 2csMℏ(k − g), (C.30)

which is positive only if ℏ(g − k) > csM or k2 > (g − k)2. The second condition is satisfied only for
k > g/2. Finally, we have

ℏq(2)− = −ℏ(k − g)− csM −
√
c2sM

2 + ℏ2k2 + 2csMℏ(k − g), (C.31)

which is positive only if ℏ(g − k) > csM and (g − k)2 > k2. Again, the second condition is satisfied
only for k > g/2. The discriminants of these two expressions for q(2)± are not non-negative for all
k < g. They are non-negative only in two cases: either when ℏk ≤ −csM −√

2csMℏg, which is
irrelevant since we restrict the analysis to k > 0, or when ℏk ≥ −csM +

√
2csMℏg, which is relevant

only if ℏg > csM/2, as this ensures k > 0.

Overall, for o = −1 and k < g, we obtain a definite contribution from q
(1)
+ , but only within the

range g/2 < k < g.
In the same interval g/2 < k < g or when ℏk < ℏg − csM , there is also a contribution from q

(2)
+ ,

provided that ℏk ≥ −csM +
√
2csMℏg. This leads to the condition that q(2)+ only contributes

if −csM +
√
2csMℏg < ℏg ⇔ ℏ2g2 + c2sM

2 > 0, which is always true. Moreover, the inequality
−csM+

√
2csMℏg ≤ ℏg/2 also always holds. Therefore, the term involving q(2)+ definitely contributes

throughout the entire interval g/2 < k < g. Additionally, there is a contribution from q
(2)
+ in the

range −csM +
√
2csMℏg ≤ ℏk < ℏg − csM , but this interval is non-empty only if 2csM < ℏg.

Finally, for 0 < k < g/2 and ℏk < ℏg − csM , we obtain a contribution from q
(2)
− , provided that
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ℏk ≥ −csM +
√
2csMℏg. These conditions are fulfilled only if 2csM < ℏg, in which case the

contribution occurs within the range −csM +
√
2csMℏg ≤ ℏk < ℏg/2.

Overall contributions

Combining all results from the preceding analyses, we identify the following contributions to the
total decay rate in Eq. (C.19).
For o = +1, a contribution arises from the terms involving q(1)± , but only when ℏk ≥ csM+

√
2csMℏg.

For o = −1, contributions are obtained from the terms with q(1,2)+ , provided that k > g/2.
In addition, if the condition 2csM < ℏg is satisfied, the term involving q(2)+ contributes within the
range

√
2csMℏg − csM ≤ ℏk < ℏg − csM , while the term involving q

(2)
− contributes within the

range
√
2csMℏg − csM ≤ ℏk < ℏg/2.

In the present analysis, we consider a heavy impurity, such that 2csM > ℏg. In this regime, the
first contribution appears for k > g/2, since csM +

√
2csMℏg > ℏg/2 holds under this condition.
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C.3 Decay rate with full interaction potential

In this section, we present detailed calculations corresponding to Section 4.2.3, where we analyze the
decay rate of the impurity using the full, non-expanded interaction potential of the toy model. Our
goal is to determine the range of impurity momenta k for which the decay rate becomes nonzero.
To this end, we consider the lower-bound energy

Elb = E(k + og −Q)− E(k) + ℏcs|Q|, (C.32)

as defined in Eq. (4.40) with E(k) = ℏ2k2/(2M). We want to find its minimum with respect to
the total phonon momentum Q and then analyze for which values of k this minimum becomes less
than or equal to zero. To carry out this analysis, we must distinguish between three separate cases:
Q > 0, Q < 0 and Q = 0. These cases will be examined in the following.

Q > 0

For Q > 0, the minimum of Elb(Q) occurs at the extremal point Q∗
>0 = (k + og)−Mcs/ℏ. Since

Q∗
>0 > 0 by assumption, this imposes the constraint ℏk > Mcs − ℏog. Evaluating Elb at this point

yields

Elb(Q
∗
>0) = −1

2
Mc2s −

ℏ2k2

2M
+ ℏcs(k + og). (C.33)

To determine for which values of k this expression becomes equal to or less than zero, we consider
the roots of the corresponding equation Elb(Q

∗
>0) = 0. Solving for ℏk, we find the corresponding

critical values ℏk± = Mcs ∓
√
2Mcsℏog. Hence, the condition Elb(Q

∗
>0) ≤ 0 is satisfied when

ℏk ≥Mcs +
√
2Mcsℏog or ℏk ≤Mcs −

√
2Mcsℏog. Now we have to distinguish between the two

cases o = +1 and o = −1.

o = 1 In this case, for ℏk ≥ Mcs +
√
2Mcsℏg, we definitely have Elb(Q

∗
>0) ≤ 0, since the

constraint ℏk > Mcs − ℏg is automatically satisfied in this regime. Next, we consider the interval
Mcs − ℏg < ℏk ≤ Mcs − √

2Mcsℏg. Within this range, Elb(Q
∗
>0) ≤ 0 formally still holds.

However, for this interval to exist, the inequality 2Mcs < ℏg must be satisfied, otherwise the
lower bound exceeds the upper bound. Yet, if this condition does hold, then it would imply
ℏk ≤Mcs−

√
2Mcsℏg < 0, i.e., the momentum k is negative. Since we are only considering positive

values of k, this case is excluded. Therefore, the only relevant condition is ℏk ≥Mcs +
√
2Mcsℏg.

o = −1 In this case, the expression Elb(Q
∗
>0) does not have any real zeros with respect to k. This

implies that Elb(Q
∗
>0) ≤ 0 in principle holds for all values of k. However, the k-values still have to

satisfy the condition ℏk > Mcs + ℏg to ensure Q∗
>0 > 0.

Q < 0

For Q < 0, the minimum of Elb(Q) occurs at Q∗
<0 = (k + og) +Mcs/ℏ. The assumption Q∗

<0 < 0
imposes the constraint ℏk < −Mcs − ℏog. Evaluating Elb at this point yields

Elb(Q
∗
<0) = −1

2
Mc2s −

ℏ2k2

2M
− ℏcs(k + og). (C.34)

To determine for which values of k this expression becomes equal to or less than zero, we consider
the roots of the corresponding equation Elb(Q

∗
<0) = 0. Solving for ℏk, we find the corresponding

critical values ℏk± = −Mcs ∓
√−2Mcsℏog. Hence, the condition Elb(Q

∗
<0) ≤ 0 is satisfied when

ℏk ≥ −Mcs +
√−2Mcsℏog or ℏk ≤ −Mcs −

√−2Mcsℏog. As in the previous paragraph, we have
to distinguish between the two cases o = +1 and o = −1.
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o = +1 In this case, the expression Elb(Q
∗
<0) does not have any real zeros with respect to k.

This implies that Elb(Q
∗
<0) ≤ 0 in principle holds for all values of k. However, we still have the

restriction ℏk < − (Mcs + ℏg), which ensures Q∗
<0 < 0. Since we consider only positive values of k,

this condition is never satisfied and can therefore be disregarded.

o = −1 First, we consider the interval −Mcs +
√
2Mcsℏg ≤ ℏk < −Mcs + ℏg. Within this range,

Elb(Q
∗
<0) ≤ 0 formally still holds. However, for this interval to exist, the inequality 2Mcs < ℏg

must be satisfied, otherwise the lower bound exceeds the upper bound. The other possible condition
ℏk ≤ −Mcs −

√
2Mcsℏg would require k < 0, which lies outside the domain of interest, as we

consider only positive values of k. Therefore, this condition can be excluded from the analysis.

Q = 0

Lastly, we analyze the case Q = 0. Evaluating Elb at this point yields

Elb(Q = 0) =
ℏ2

2M

(
2kog + o2g2

)
. (C.35)

We have to determine for which values of k this expression becomes less than or equal to zero.

For o = +1, this simplifies to Elb(Q = 0) = ℏ2/(2M)
(
2kg + g2

)
, which is strictly positive for all

k > 0. Therefore, the condition Elb(Q = 0) ≤ 0 is never satisfied in this case.
For o = −1, we obtain Elb(Q = 0) = ℏ2/(2M)

(
−2kg + g2

)
, which is less than or equal to zero if

and only if k ≥ g/2.
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C.4 Second-order energy correction with full interaction potential

In this section, we present detailed calculations related to the second-order energy correction, as
discussed in Section 4.2.4, with the full interaction potential taken into account.

C.4.1 Calculation of the second-order energy correction

We begin by evaluating in detail the expression for the second-order energy correction

∆E(2)(k) = −V
2
0

4

∑
o∈{+,−}

∑
{n′

q}

∏
q exp

(
− πvJ

2Lcs|q|

)(
πvJ

2Lcs|q|

)n′
q 1

n′
q!

ℏ2

2M

[(∑
q qn

′
q

)2
− 2(k + og)

∑
q qn

′
q + 2kog + o2g2

]
+ ℏcs

∑
q |q|n′q

,

(C.36)
as given in Eq. (4.45).

To simplify the denominator in this expression, we use the integral identity

1

a
=

∫ ∞

0

dλ exp (−aλ), (C.37)

which is valid for a > 0. In our context, the parameter a = E(k+og−Q)−E(k)+
∑

q ℏωqn
′
q = EI−Ei

represents the energy difference between the intermediate (or final) and the initial state. For a > 0,
the intermediate state lies at a higher energy than the initial state, and the use of Eq. (C.37) is
justified.
Conversely, when a < 0, meaning the intermediate state has lower energy than the initial state, the
integral identity must be modified according to

1

a
= −

∫ ∞

0

dλ exp (aλ). (C.38)

This form remains mathematically valid and converges for a < 0.
However, in the special case a = 0, corresponding to exact energy conservation between initial
and intermediate states, the second-order energy correction becomes ill-defined and diverges. As
discussed in Section 4.2.3, this divergence reflects the opening of a decay channel. The impurity
now has a nonzero decay rate, acquires a finite lifetime, and becomes unstable.
In the following, we first consider the regime a > 0 and compute the second-order energy correction
for this case. After this, we briefly revisit the case a < 0, discussing how the behavior of the energy
correction changes and what this implies physically.

Applying the integral identity (C.37) assuming that a > 0, the factor including the denominator in
Eq. (C.36) can be expressed as

1

ℏ2

2M

[(∑
q qn

′
q

)2
− 2(k + og)

∑
q qn

′
q + 2kog + o2g2

]
+ ℏcs

∑
q |q|n′q

=

∫ ∞

0

dλ exp

−λ ℏ2

2M

(∑
q

qn′q

)2
 exp

(
λ
ℏ2

M
(k + og)

∑
q

qn′q

)

· exp
(
−λ ℏ2

2M

(
2kog + o2g2

))
exp

(
−λℏcs

∑
q

|q|n′q

)
.

(C.39)

This expression includes a term involving the square of Q =
∑

q qn
′
q, which complicates the
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calculation due to the resulting cross-terms. To address this, we employ another integral trick that
allows us to linearize the dependence on Q. Using the Gaussian integral identity∫ ∞

−∞
dα exp

(
− (α+ b)

2
)
=

√
π (C.40)

for an arbitrary parameter b ∈ C, we can rewrite the term containing Q2 from Eq. (C.39) according
to

exp

(
−λ ℏ2

2M
Q2

)
=

1√
π

∫ ∞

−∞
dα exp

−
(
α− i

√
λ
ℏ2
2M

Q

)2
 exp

(
−λ ℏ2

2M
Q2

)

=
1√
π

∫ ∞

−∞
dα exp

(
−α2

)
exp

(
2iα

√
λ
ℏ2
2M

Q

)
.

(C.41)

Inserting this identity from Eq. (C.41) into the expression in Eq. (C.39) yields

1

ℏ2

2M

[(∑
q qn

′
q

)2
− 2(k + og)

∑
q qn

′
q + 2kog + o2g2

]
+ ℏcs

∑
q |q|n′q

=
1√
π

∫ ∞

−∞
dα

∫ ∞

0

dλ exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))
· exp

([
λ
ℏ2

M
(k + og) + iα

√
λ
2ℏ2
M

]∑
q

qn′q

)
exp

(
−λℏcs

∑
q

|q|n′q

)

=
1√
π

∫ ∞

−∞
dα

∫ ∞

0

dλ exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))

·
∏
q

[
exp

([
λ
ℏ2

M
(k + og) + iα

√
λ
2ℏ2
M

]
q − λℏcs|q|

)]n′
q

.

(C.42)

Now we can insert this expression from Eq. (C.42) into the second-order energy correction in
Eq. (C.36), which leads to

∆E(2)(k) =− V 2
0

4

∑
o∈{+,−}

1√
π

∫ ∞

−∞
dα

∫ ∞

0

dλ exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))

·
∑
{n′

q}

∏
q

[
exp

([
λ
ℏ2

M
(k + og) + iα

√
λ
2ℏ2
M

]
q − λℏcs|q|

)
· πvJ
2Lcs|q|

]n′
q

1

n′q!

· exp
(
− πvJ
2Lcs|q|

)
=− V 2

0

4

∑
o∈{+,−}

1√
π

∫ ∞

−∞
dα

∫ ∞

0

dλ exp
(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))

·
∑
{n′

q}

∏
q

(
1

n′q!
f(q)n

′
qh(q)

)
,

(C.43)
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where in the last equality we have defined

f(q) := exp

([
λ
ℏ2

M
(k + og) + iα

√
λ
2ℏ2
M

]
q − λℏcs|q|

)
· πvJ
2Lcs|q|

, (C.44)

h(q) := exp

(
− πvJ
2Lcs|q|

)
. (C.45)

Next, we want to simplify the expression given in the last line of Eq. (C.43) by exchanging the
order of the sum over the occupation numbers and the product over the modes according to

∑
{n′

q}

∏
q

(
1

n′q!
f(q)n

′
qh(q)

)
=

∞∑
n′

q1
=0

∞∑
n′

q2
=0

. . .

(
1

n′q1
!
f(q1)

n′
q1h(q1)

)(
1

n′q2
!
f(q2)

n′
q2h(q2)

)
. . .

=

∞∑
n′

q1
=0

(
1

n′q1
!
f(q1)

n′
q1h(q1)

)
·

∞∑
n′

q2
=0

(
1

n′q2
!
f(q2)

n′
q2h(q2)

)
. . .

=
∏
q

 ∞∑
n′

q=0

1

n′q!
f(q)n

′
qh(q)


=
∏
q

exp
(
f(q)

)
h(q)

=
∏
q

exp

(
f(q)− πvJ

2Lcs|q|

)

= exp

(∑
q

[
f(q)− πvJ

2Lcs|q|

])
,

(C.46)

where we have inserted the definition of h(q) from Eq. (C.45). Inserting this identity from Eq. (C.46)
into the expression for the second-order energy correction in Eq. (C.43) yields

∆E(2)(k) =− V 2
0

4

1√
π

∑
o∈{+,−}

∫ ∞

−∞
dα exp

(
−α2

) ∫ ∞

0

dλ exp

(
−λ ℏ2

2M

(
2kog + o2g2

))

· exp
(∑

q

[
f(q)− πvJ

2Lcs|q|

])
.

(C.47)

We now perform a detailed analysis of the expression

exp

(∑
q

[
f(q)− πvJ

2Lcs|q|

])

=exp

(∑
q

πvJ
2Lcs|q|

[
exp

([
λ
ℏ2

M
(k + og) + iα

√
λ
2ℏ2
M

]
q − λℏcs|q|

)
− 1

])
=: exp

(
F (α, λ, k, o)

)
,

(C.48)

where we have inserted the definition of f(q) from Eq. (C.44). In the exponent, the summation
runs over all q-modes. However, the zero mode q = 0 corresponds to a global displacement, which
is a uniform shift of the entire lattice rather than a dynamical, fluctuating excitation. Since we are
interested in perturbative corrections arising from fluctuations, this zero mode decouples from the
impurity in perturbation theory and is therefore excluded from the summation.
At this stage, the sum remains finite, as we are still considering a finite system of length L with
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a discrete set of momentum modes q. However, to study the thermodynamic limit L → ∞, we
convert the discrete sum into a continuous integral using the replacement 1/L

∑
q → 1/(2π)

∫∞
−∞ dq.

Applying this to the exponent in Eq. (C.48), we obtain

F (α, λ, k, o) =
vJ
4cs

∫ ∞

−∞
dq

1

|q|

[
exp

([
λ
ℏ2

M
(k + og) + iα

√
λ
2ℏ2
M

]
q − λℏcs|q|

)
− 1

]

=
K

4

{∫ ∞

0

dq
1

q
exp

(
−λ ℏ

M

(
Mcs − ℏ(k + og)

)
q

)
exp

(
iαℏ
√

2λ

M
q

)

+

∫ ∞

0

dq
1

q
exp

(
−λ ℏ

M

(
Mcs + ℏ(k + og)

)
q

)
exp

(
−iαℏ

√
2λ

M
q

)

− 2

∫ ∞

0

dq
1

q

}

=
K

4

∫ ∞

0

dq
1

q

(
e−(a1−ib)q + e−(a2+ib)q − 2

)
=
K

4

∫ ∞

0

dq
1

q

( (
e−s1q − 1

)
+
(
e−s2q − 1

) )
.

(C.49)

From the first to the second line, we have split the integral to account for the presence of absolute
values |q| in the integrand. Additionally, we have used the definitions of the sound velocity
cs =

√
vJvN and the Luttinger parameter K =

√
vJ/vN. Furthermore, we introduced the notations

s1 := a1 − ib, s2 := a2 + ib, (C.50)

a1 := λ
ℏ
M

(
Mcs − ℏ(k + og)

)
, a2 := λ

ℏ
M

(
Mcs + ℏ(k + og)

)
, b := αℏ

√
2λ

M
. (C.51)

First, for the integral in Eq. (C.49) to converge, it is necessary that the conditions ℜ(s1) > 0
and ℜ(s2) > 0 are satisfied. Using the definitions of s1 and s2 from Eq. (C.50), along with their
corresponding real parts given in Eq. (C.51), these conditions reduce to requiring that a1 > 0 and
a2 > 0. Since the expression for the second-order energy correction in Eq. (C.47) involves a sum
over o = ±1, both cases must be considered.
The condition a1 > 0 is satisfied when

Mcs − ℏg > ℏk (o = +1) and Mcs + ℏg > ℏk (o = −1), (C.52)

while the condition a2 > 0 holds when

ℏk > −(Mcs + ℏg) (o = +1) and ℏk > −(Mcs − ℏg) (o = −1). (C.53)

All four conditions must be satisfied simultaneously. Combining them yields

|ℏk| < Mcs + ℏg and |ℏk| < Mcs − ℏg. (C.54)

The second inequality is more restrictive and it is only meaningful if Mcs > ℏg. Therefore, for the
second-order energy correction to be well-defined and convergent, the conditions Mcs > ℏg and
|ℏk| < Mcs − ℏg must be satisfied.

As a brief note, when we previously applied the integral identity in Eq. (C.37), we considered the
case a = EI − Ei > 0, corresponding to the regime where the energy of the initial state is lower
than that of the intermediate states. However, it is also possible to repeat the above analysis for
the case a < 0, i.e., when the initial state has a higher energy than the intermediate states. In this
regime, the integral identity changes accordingly to the form given in Eq. (C.38). After performing
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all the same calculation steps as in the a > 0 case, we find that the parameters s1 and s2 appearing
in the integral of Eq. (C.49) become purely real and are given by

s1 := −a1 − b, s2 := −a2 + b, (C.55)

where a1, a2 and b are defined in Eq. (C.51). For the integral in Eq. (C.49) to converge, we require
ℜ(s1) > 0 and ℜ(s2) > 0. These conditions translate to the inequalities

Mcs − ℏg < ℏk < − (Mcs − ℏg) , (C.56)
Mcs + ℏg < ℏk < − (Mcs + ℏg) . (C.57)

Clearly, these conditions cannot be satisfied simultaneously. Therefore, in the regime where a < 0,
meaning that Ei > EI, the second-order energy correction becomes ill-defined and instead diverges.
Physically, this divergence signals the breakdown of perturbation theory in this regime. Due to this
divergence, all subsequent calculations will be carried out in the regime a > 0, where perturbation
theory remains valid.

We now evaluate the integral ∫ ∞

0

dq
e−sq − 1

q
, (C.58)

which appears in Eq. (C.49). In contrast to the integral for the second-order energy correction given
in Eq. (4.21), the integral in Eq. (C.58) is IR convergent. This is because, in the limit q → 0, the
potentially divergent contributions from both terms in the integrand cancel each other. Specifically,
in the numerator both e−sq and 1 approach 1 as q → 0, and their difference vanishes faster than q
in the denominator. This ensures convergence at the lower limit.
However, this integral exhibits a logarithmic divergence in the ultraviolet (UV) limit q → ∞.
This UV divergence originates from the large-q behavior of the integrand. As q → ∞, we have
e−sq → 0 for ℜ(s) > 0, so the integrand asymptotically approaches −1/q. This slow decay leads
to a logarithmic divergence in the integral. However, this is a UV divergence and thus, it can be
removed through regularization. In the following, we apply a suitable regularization scheme such
that the integral becomes finite.

In order to regularize the integral, we introduce a short-distance cutoff ζ > 0 by multiplying the
integrand with an exponential regulator e−ζq. This regulator suppresses contributions from large q
and ensures convergence of the integral. After evaluating the regularized integral, we can take the
limit ζ → 0, which restores the original integrand. With the exponential regulator, the integral in
Eq. (C.58) becomes ∫ ∞

0

dq
e−sq − 1

q
e−ζq =

∫ ∞

0

dq
e−(s+ζ)q

q
−
∫ ∞

0

dq
e−ζq

q
. (C.59)

To evaluate this expression, we consider an arbitrary parameter u ∈ C with ℜ(u) > 0 and define
the auxiliary function

I(u) :=

∫ ∞

0

dq
e−uq

q
, (C.60)

which appears in both terms of Eq. (C.59). We now compute the derivative of I(u) with respect to
u, which yields

d
du
I(u) =

∫ ∞

0

dq
d
du

e−uq

q
= −

∫ ∞

0

dq e−uq = − 1

u
. (C.61)

Here, interchanging the order of differentiation and integration is justified due to the uniform
convergence of the integrand for u > 0. Solving the resulting differential equation yields

I(u) = − ln (u) + c, (C.62)
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where c is a constant of integration. However, since Eq. (C.59) involves a difference of two such
integrals, the constant c cancels out and can therefore be neglected. Substituting Eq. (C.62) into
Eq. (C.59), we find ∫ ∞

0

dq
e−sq − 1

q
e−ζq =

∫ ∞

0

dq
e−(s+ζ)q

q
−
∫ ∞

0

dq
e−ζq

q

= − ln (s+ ζ) + ln (ζ).

(C.63)

In the limit ζ → 0, the first term becomes − ln (s), while the second term diverges as ln (ζ). Thus,
the regularized form of the original divergent integral in Eq. (C.58) is∫ ∞

0

dq
e−sq − 1

q
= − ln (s) + ln (ζ) = − ln

(
s

ζ

)
, (C.64)

where we retain the short-distance cutoff ζ to make the divergence explicit.

Inserting this result for the integral in Eq. (C.64) into the expression in Eq. (C.49) yields

F (α, λ, k, o) = −K
4

(
ln

(
s1
ζ

)
+ ln

(
s2
ζ

))
. (C.65)

According to Eq.(C.48), this expression appears in the exponent of an exponential function and we
have

exp
(
F (α, λ, k, o)

)
= ζK/2 (s1s2)

−K/4
. (C.66)

Finally, we can insert this result into the expression for the second-order energy correction in
Eq. (C.47) and obtain

∆E(2)(k) =− V 2
0

4

ζK/2

√
π

∑
o∈{+,−}

∫ ∞

−∞
dα e−α2

∫ ∞

0

dλ exp

(
−λ ℏ2

2M

(
2kog + o2g2

))
(s1s2)

−K/4
.

(C.67)

Using the definitions from Eqs. (C.50) and (C.51), we can expand the product s1s2 according to

s1s2 = λ2A(k, o) + α2λB − iαλ3/2C(k, o), (C.68)

where we have defined the parameters A(k, o) := ℏ2/M2
(
M2c2s − ℏ2(k + og)2

)
, B := 2ℏ2/M and

C(k, o) := ℏ3(2/M)3/2(k + og).

110 |



Second-order energy correction with full interaction potential Appendix C

C.4.2 Convergence analysis

In this subsection, we present a detailed analysis of the convergence of the integral in Eq. (4.51),
which determines the second-order energy correction to the impurity ground state. This integral
under consideration is ∫ ∞

0

dα

∫ ∞

0

dλ ℜ
(
f(α, λ)

)
, (C.69)

where the integrand is given by

ℜ
(
f(α, λ)

)
=exp

(
−α2

)
exp

(
−λ ℏ2

2M

(
2kog + o2g2

))(
S(α, λ)

)−K/8

· cos
(
K

4
arg
(
λ2A(k, o) + α2λB − iαλ3/2C(k, o)

))
.

(C.70)

Here, we have defined

S(α, λ) := λ4A2(k, o) + λ3α2
(
2A(k, o)B + C2(k, o)

)
+ λ2α4B2

= λ2
[
λ2A2(k, o) + λα2

(
2A(k, o)B + C2(k, o)

)
+ α4B2

]
= λ2

[(
λA(k, o) + α2B

)2
+ λα2C2(k, o)

]
.

(C.71)

Integral over α

We begin by analyzing the convergence of the integral with respect to α. In the limit α→ ∞, the
integrand decays rapidly due to the Gaussian factor e−α2

, which dominates the algebraic decay of the
denominator term

(
S(α, λ)

)−K/8. Therefore, the integral always converges in this limit. Potential
divergences could only arise from singularities at finite α, specifically when the denominator S(α, λ)
vanishes. When considering the expression for S(α, λ) in Eq. (C.71), we observe that for λ > 0,
the inequality S(α, λ) > 0 holds for all α ∈ R, except in the special case where A(k, o) = 0. In
that case, S(α, λ) vanishes at α = 0, leading to a potential singularity. However, referring to the
definition of A(k, o) given in the previous subsection, the condition A(k, o) = 0 is satisfied only for

ℏk ∈
{
Mcs ± ℏg,− (Mcs ± ℏg)

}
. (C.72)

As shown earlier in Eq. (C.54), the convergence of the previous q-integral requires the condition
|ℏk| < Mcs − ℏg. The values of k in the set given by Eq. (C.72) lie outside this range. Thus, within
the physically relevant regime |ℏk| < Mcs − ℏg, the condition A(k, o) ̸= 0 is always satisfied and
no singularity occurs at α = 0. Moreover, in the limit α→ 0, provided that λ > 0, the integrand
remains finite in general and the integral is convergent. Overall, we conclude that the integral over
α does not introduce any divergence for λ > 0. The point (α, λ) = (0, 0), where both integration
variables approach zero simultaneously, is excluded from the above analysis and will be addressed
separately in the course of this subsection.

Integral over λ

We now analyze the convergence of the integral with respect to λ. First, we consider the limit
λ→ ∞. For the integral to converge in this limit, the exponential term in Eq. (C.70) must decay.
This requires the coefficient of λ in the exponent to be positive according to

ℏ2

2M

(
2kog + o2g2

)
> 0 ⇔ |k| < g

2
. (C.73)
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If this condition is violated, the exponential grows with λ and causes the integral to diverge.
Next, we analyze the limit λ → 0 with α > 0. In this regime, the behavior of the integrand
in Eq. (C.70) is dominated by the algebraic power-law factor

(
S(α, λ)

)−K/8. When considering
the definition for S(α, λ) given in Eq. (C.71), we observe that in the limit λ → 0, the leading
contribution comes from the term with the smallest exponent in λ, namely λ2α4B2. With this
leading behavior, the dominant part of the algebraic factor is given by (λ2α4B2)−K/8 ∝ λ−K/4.
Therefore, the integral over λ near zero converges only if K < 4.

Moreover, as mentioned before, we now address the behavior of the integral near the origin
(α, λ) = (0, 0), where both variables approach zero simultaneously. This region is more subtle, as α
and λ can vanish at different rates and depending on the relative sizes of both parameters, different
terms can dominate. To explore this, we employ the scaling ansatz

α = sλt, dα = λtds, with s > 0 and t ≥ 0. (C.74)

This ansatz allows us to analyze how the integrand behaves under different relative scalings of α
and λ. This way, we can identify the relative scaling which produces the fastest decay of S(α, λ)
and therefore the strongest divergence of the integral. Substituting this scaling ansatz into the
algebraic power-law factor by using the definition of S(α, λ) in Eq. (C.71), we find

(
S(α = sλt, λ)

)−K/8
= λ−K/4

[
λ2A2(k, o)+s2λ1+2t

(
2A(k, o)B+C2(k, o)

)
+s4λ4tB2

]−K/8

. (C.75)

In the limit λ→ 0, the term with the dominant contribution is given by(
S(α = sλt, λ)

)−K/8 ∝ λ−K/8(2+min{2,1+2t,4t}) = λ−D(t), (C.76)

where we have defined D(t) = K/8 (2 + min{2, 1 + 2t, 4t}). We take the minimum for each fixed
value of t, because as λ→ 0, the term with the smallest exponent dominates the sum.
Due to the substitution dα = λtds, the additional term λt appears when considering the full integral.

Then, the full integrand now behaves like λ−
(
D(t)−t

)
in the limit λ → 0. The integrability in λ

near zero requires D(t)− t < 1 and this condition must hold for every possible t ≥ 0. We have to
distinguish two different t-regimes, because it holds that

min
0≤t≤1/2

{2, 1 + 2t, 4t} = 4t ≤ 1

2
, (C.77)

min
t>1/2

{2, 1 + 2t, 4t} = 2. (C.78)

For the whole integral over λ to be convergent, the strongest requirement is that

max
t≥0

(
D(t)− t

)
< 1. (C.79)

To determine the maximum of D(t)− t over t ≥ 0, we again differentiate between the two regimes
for t. For 0 ≤ t ≤ 1/2, it holds that

max
0≤t≤1/2

(
D(t)− t

)
= max

0≤t≤1/2

(
K

4
+ t

(
K

2
− 1

))
=

{
K/4, if K < 2, (t = 0),
K/2− 1/2, if K ≥ 2 (t = 1/2).

(C.80)

For t > 1/2, we have

D(t)− t =
K

2
− t <

K

2
− 1

2
(C.81)
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for all t > 1/2. Hence, the global maximum over all t ≥ 0 is

max
t≥0

(
D(t)− t

)
=

{
K/4, if K < 2,
K/2− 1/2, if K ≥ 2.

(C.82)

Now, we impose the integrability condition in Eq. (C.79) in order to analyze for which K-values
the integral converges. For K < 2, the condition for integrability becomes K/4 < 1, which yields
K < 4. But since this regime already assumes K < 2, the constraint reduces to K < 2.
For K ≥ 2, the condition for integrability becomes K/2 − 1/2 < 1, which yields K < 3. Hence,
convergence in this regime requires 2 ≤ K < 3. Combining both results, we conclude that the full
double integral is only integrable at the origin when K < 3.

As a brief remark, the integral over the new variable s, introduced through the substitution α = sλt,
does not lead to divergences. Along each path defined by fixed t, the integrand remains finite for
all s ≥ 0. Therefore, the potential divergence is governed entirely by the behavior in the λ → 0
limit and it is sufficient to analyze the scaling in λ to determine the overall convergence.

Full double integral

Overall, combining all results of the previous analyses, we find that the full double integral for the
second-order energy correction converges only if the conditions

K < 3, (C.83)
|k| < g/2 and |ℏk| < Mcs − ℏg (C.84)

are satisfied. The two inequalities for k arise from different parts of the integrand and must both
be satisfied for convergence. However, depending on the regime of the impurity mass M , one of
them becomes the stricter, dominant condition.
In the regime where Mcs > 3/2ℏg, we have ℏg/2 < Mcs −ℏg, so the stronger condition is |k| < g/2,
because satisfying this automatically ensures |ℏk| < Mcs − ℏg.
In the other regime where ℏg < Mcs < 3/2ℏg, the inequality flips according to Mcs − ℏg < ℏg/2,
meaning the stricter condition is now |ℏk| < Mcs − ℏg, which is automatically more restrictive than
|k| < g/2.

In both these mass regimes, the condition 2Mcs > ℏg is satisfied. This is significant, because, as
analyzed earlier in Section 4.2.3, the decay rate of the impurity vanishes for all momenta satisfying
|k| < g/2 when 2Mcs > ℏg. Only outside this region, for |k| ≥ g/2, decay becomes possible.

To provide a clear overview, Tables C.1 to C.4 summarize how both the decay rate Γ(k) and the
second-order energy correction ∆E(2)(k) behave across different regimes of impurity mass M and
momentum k. Importantly, all of this assumes that the Luttinger parameter satisfies K < 3, since
the integral for the energy correction diverges for K ≥ 3, regardless of k or M .

Finally, for our considerations, we restrict ourselves to the case of large impurity masses, where
Mcs > 3/2ℏg holds. In this regime, both the convergence condition for the energy correction and
the condition for the decay rate to vanish simplify to |k| < g/2, and the results summarized in
Table C.1 apply.

3
2
ℏℏℏg < Mcs

Γ(k) ∆E(2)(k)

|k| < g/2 0 <∞
|k| ≥ g/2 ̸= 0 ∞

Table C.1: Behavior of the decay rate Γ(k) of the impurity and the second-order energy correction to its
ground state ∆E(2)(k) for different k-ranges in the regime for large impurity masses M with 3/2ℏg < Mcs.
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ℏℏℏg < Mcs <
3
2
ℏℏℏg

Γ(k) ∆E(2)(k)

|ℏk| < Mcs − ℏg < ℏg/2 0 <∞
Mcs − ℏg < |ℏk| < ℏg/2 0 ∞

|k| ≥ g/2 ̸= 0 ∞

Table C.2: Behavior of the decay rate Γ(k) of the impurity and the second-order energy correction to its ground
state ∆E(2)(k) for different k-ranges in the regime for large impurity masses M with ℏg < Mcs < 3/2ℏg.

Mcs < ℏℏℏg < 2Mcs

Γ(k) ∆E(2)(k)

|k| < g/2 0 ∞
|k| ≥ g/2 ̸= 0 ∞

Table C.3: Behavior of the decay rate Γ(k) of the impurity and the second-order energy correction to its ground
state ∆E(2)(k) for different k-ranges in the regime for small impurity masses M with Mcs < ℏg < 2Mcs.

Mcs < 2Mcs < ℏℏℏg
Γ(k) ∆E(2)(k)

|ℏk| < √
2Mcsℏg −Mcs 0 ∞

|ℏk| ≥ √
2Mcsℏg −Mcs ̸= 0 ∞

Table C.4: Behavior of the decay rate Γ(k) of the impurity and the second-order energy correction to its ground
state ∆E(2)(k) for different k-ranges in the regime for small impurity masses M with Mcs < 2Mcs < ℏg.
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C.4.3 Expansion for small momenta k

In this subsection, we present the explicit expressions for the zeroth-order and second-order
coefficients in the Taylor expansion of the integrand appearing in the second-order energy correction
from Eq. (4.59), expanded with respect to the impurity momentum k.

The zeroth-order coefficient is given by

ℜ
(
f(α, λ)

)(0)
= 2 exp

(
−α2 − λ

ℏ2g2

2M

)
cos

(
K

4
arctan

(
2
√
2Mλℏgα

λℏ2g2 − 2α2M − λM2c2s

))

·
(

ℏ4

M4
λ2
[
λ2
(
ℏ2g2 −M2c2s

)2
+ 4λα2M

(
ℏ2g2 +M2c2s

)
+ 4α4M2

])−K/8

.

(C.85)

The second-order coefficient is given by

ℜ
(
f(α, λ)

)(2)
= −1

2

ℏ2λ exp
(
−α2 − λℏ2g2

2M

)
M2

K2

[
λ2 (ℏ2g2 −M2c2s )

2
+ 4λα2M (ℏ2g2 +M2c2s ) + 4α4M2

]2
·
(

ℏ4

M4
λ2
[
λ2
(
ℏ2g2 −M2c2s

)2
+ 4λα2M

(
ℏ2g2 +M2c2s

)
+ 4α4M2

])−K/8

·
{
2α2M3

(
λ
[
ℏ2g2 +M2c2s

]
+ 2α2M

)2
cos

(
K

4
arctan

(
2
√
2Mλℏgα

λℏ2g2 − 2α2M − λM2c2s

))

−
[
4/Kλℏ2g2M

(
λ
[
ℏ2g2 −M2c2s

]
+ 2α2M

)
·
(
λ2
[
ℏ2g2 −M2c2s

]2
+ 4λα2M

[
ℏ2g2 +M2c2s

]
+ 4α4M2

)
+ 4/K2λℏ2g2

(
λ2
[
ℏ2g2 −M2c2s

]2
+ 4λα2M

[
ℏ2g2 +M2c2s

]
+ 4α4M2

)2
+M2

{
λ3ℏ6g6 (1 + 2/K)− 2λ2ℏ4g4M (1 + 1/K)

(
λMc2s − 2α2

)
+ 2/KM3

(
λMc2s − 2α2

) (
λMc2s + 2α2

)2
+ λℏ2g2M2

[
4α4 (1− 2/K)− 4α2λMc2s (1 + 10/K) + λ2M2c4s (1− 2/K)

] }]

· cos
(
K

4
arctan

(
2
√
2Mλℏgα

λℏ2g2 − 2α2M − λM2c2s

))
+ 4/K

√
2λαℏgM5/2

(
λ2ℏ4g4 + 2λℏ2g2M

[
2α2 + λMc2s

]
+M2

[
4α4 − 4α2λMc2s − 3λ2M2c4s

] )
· sin

(
K

4
arctan

(
2
√
2Mλℏgα

λℏ2g2 − 2α2M − λM2c2s

))
+ 2

√
2λαℏgM3/2

(
λℏ2g2 + λM2c2s + 2α2M2

)
·
[
2/Kλ2ℏ4g4 + λℏ2g2M

(
1 + 8/Kα2 − 4/KλMc2s

)
+M2

(
8/Kα4 + λMc2s

[
2/KλMc2s − 1

]
+ α2

[
2 + 8/KλMc2s

]) ]
· sin

(
K

4
arctan

(
2
√
2Mλℏgα

λℏ2g2 − 2α2M − λM2c2s

))}
.

(C.86)
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D Path integral calculations

In this appendix, we provide detailed derivations of various expressions that appear in the path
integral formulation for both the toy model and the supersolid model.

D.1 Correlation function in the second-order contribution of the toy
model

In this section, we present the explicit calculation of the correlation function
〈
(u(x, τ)− u(x′, τ ′))

2
〉

ph
,

which appears in the second-order contribution (4.87) of the effective action, derived in Section 4.3.1.
The calculation follows the steps outlined in [24, 29].

Using the Fourier representation

u(x, τ) =

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
eikxeiωτ ũ(k, ω), (D.1)

the difference of the phonon fields at different space-time points is given by

u(x, τ)− u(x′, τ ′) =

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

(
ei(kx+ωτ) − ei(kx

′+ωτ ′)
)
ũ(k, ω). (D.2)

Squaring this expression and taking the expectation value with respect to the free phonon action
yields〈

(u(x, τ)− u(x′, τ ′))
2
〉

ph
=

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

∫ ∞

−∞

dk′

2π

∫ ∞

−∞

dω′

2π

·
(
ei(kx+ωτ) − ei(kx

′+ωτ ′)
)(

ei(k
′x+ω′τ) − ei(k

′x′+ω′τ ′)
)

·
〈
ũ(k, ω)ũ(k′, ω′)

〉
ph.

(D.3)

Using the expression for the expectation value in Fourier space from Eq. (4.85), given by〈
ũ(k, ω)ũ(k′, ω′)

〉
ph = 4π2δ (k + k′) δ (ω + ω′)

πvJ
ω2 + c2sk

2
, (D.4)

| 117



Appendix D Path integral calculations

we obtain〈
(u(x, τ)− u(x′, τ ′))

2
〉

ph
=

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

2πvJ
ω2 + c2sk

2

[
1− cos (k∆x+ ω∆τ)

]
=: I, (D.5)

where we have introduced the notation ∆x := x− x′ and ∆τ := τ − τ ′. This integral I diverges
as |k| → ∞ and |ω| → ∞. However, since we are working within an effective theory, it is both
reasonable and necessary to introduce a short-distance cutoff. This is because the theory ceases to
accurately describe the system at sufficiently short length scales. This short-distance cutoff in real
space corresponds to a UV cutoff in momentum space. To implement this cutoff analytically, we
introduce a damping factor e−α|k| with α > 0 into the integral. Moreover, we use the substitution
k = csk. With this, the integral I in Eq. (D.5) becomes

I =
2πvJ
cs

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

1− cos
(
k∆x/cs + ω∆τ

)
ω2 + k

2 e−α|k|/cs

=
2πvJ
cs

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

1− cos
(
k∆x/cs

)
cos (ω∆τ)

ω2 + k
2 e−α|k|/cs

+
2πvJ
cs

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

sin
(
k∆x/cs

)
sin (ω∆τ)

ω2 + k
2 e−α|k|/cs .

(D.6)

Since the exponential function is even under the transformation k → −k and the sine function is
odd under this transformation, the second summand vanishes by parity. To evaluate the remaining
integral of I, we perform another substitution according to a = ω/|k| and obtain

I =
2πvJ
cs

∫ ∞

−∞

dk

2π

1

|k|
e−α|k|/cs

∫ ∞

−∞

da

2π

1− cos
(
k∆x/cs

)
cos
(
ka∆τ

)
1 + a2

. (D.7)

The absolute value of k is necessary, since the substitution must preserve parity. The integral over
a is given by

Ia =

∫ ∞

−∞

da

2π

1

1 + a2
− cos

(
k∆x/cs

) ∫ ∞

−∞

da

2π

cos
(
ka∆τ

)
1 + a2

=: Ia1
+ Ia2

. (D.8)

The first integral can be evaluated straightforwardly as

Ia1 =

∫ ∞

−∞

da

2π

1

1 + a2
=

1

2
. (D.9)

In order to compute the second integral Ia2
, we use the following identities known from complex

analysis

1

1 + a2
= − 1

2i

(
1

a+ i
+

1

a− i

)
, (D.10)

cos
(
ka∆τ

)
= cos

(
k∆τ(a± i)

)
cosh

(
k∆τ

)
± i sin

(
k∆τ(a± i)

)
sinh

(
k∆τ

)
. (D.11)

With these identities, we can rewrite the integrand of Ia2 as

cos
(
ka∆τ

)
1 + a2

=− 1

2i

1

a+ i

(
cos
(
k∆τ(a+ i)

)
cosh

(
k∆τ

)
+ i sin

(
k∆τ(a+ i)

)
sinh

(
k∆τ

))
+

1

2i

1

a− i

(
cos
(
k∆τ(a− i)

)
cosh

(
k∆τ

)
− i sin

(
k∆τ(a− i)

)
sinh

(
k∆τ

))
.

(D.12)
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When evaluating Ia2
, we therefore, on the one hand, have to compute integrals of the form

− 1

2i

∫ ∞

−∞

da

2π

cos
(
k∆τ(a+ i)

)
a+ i

+
1

2i

∫ ∞

−∞

da

2π

cos
(
k∆τ(a− i)

)
a− i

=− 1

2i

∫
C+

da+
2π

cos
(
k∆τa+

)
a+

− 1

2i

∫
C−

da−
2π

cos
(
k∆τa−

)
a−

=− 1

2i

∫
C

da

2π

cos
(
k∆τa

)
a

=− 1

2
Res

[
cos
(
k∆τa

)
a

, a = 0

]
· (−1)

=
1

2
.

(D.13)

For this calculation, we have introduced a complex contour C, which is composed of two parts.
On the one hand, we have C+ which runs from −∞+ i to ∞+ i and on the other hand, we have
C− which runs from ∞− i to −∞− i. In the limit of infinite extension, these two contours form
a closed contour C, since the connecting contributions at ±∞ cancel and can thus be neglected.
Furthermore, we defined a± := a± i, and from the third to the fourth line, the residue theorem
is applied. The additional factor of (−1) arises because, in our case, the contour C is oriented
clockwise, whereas the residue theorem requires a counterclockwise orientation.

On the other hand, Ia2 includes integrals of the form

− 1

2

∫ ∞

−∞

da

2π

sin
(
k∆τ(a+ i)

)
a+ i

− 1

2

∫ ∞

−∞

da

2π

sin
(
k∆τ(a− i)

)
a− i

=− 1

2

∫ ∞+i

−∞+i

da+
2π

sin
(
k∆τa+

)
a+

− 1

2

∫ ∞−i

−∞−i

da−
2π

sin
(
k∆τa−

)
a−

=− 1

2
sgn

(
k∆τ

)
.

(D.14)

For this calculation, we have used the identity∫ ∞

−∞
da

sin (b · a)
a

= sgn (b)π. (D.15)

Combining these results, the integral Ia2
is given by

Ia2
= − cos

(
k∆x/cs

)1
2

[
cosh

(
k∆τ

)
− sgn

(
k∆τ

)
sinh

(
k∆τ

)]
= −1

2
cos
(
k∆x/cs

)
e−|k∆τ |.

(D.16)

Using this result as well as the result for Ia1
in Eq. (D.9), the whole integral Ia can be expressed as

Ia =
1

2

(
1− cos

(
k∆x/cs

)
e−|k∆τ |

)
. (D.17)

Finally, we can insert this expression for Ia into the full expression for the integral I given in
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Eq. (D.7), which yields

I =
πvJ
cs

∫ ∞

−∞

dk

2π

1

|k|
e−α|k|/cs

(
1− cos

(
k∆x/cs

)
e−|k∆τ |

)
=

2πvJ
cs

∫ ∞

0

dk

2π

1

k
e−αk/cs

(
1− cos

(
k∆x/cs

)
e−k|∆τ |

)
=

2πvJ
cs

∫ ∞

α

dα′ 1

cs

∫ ∞

0

dk

2π
e−α′k/cs

(
1− cos

(
k∆x/cs

)
e−k|∆τ |

)
=

2πvJ
cs

∫ ∞

α

dα′ 1

2πcs

[
cs
α′ −

∫ ∞

0

dke−α′k/cse−k|∆τ | cos
(
k∆x/cs

)]
=

2πvJ
cs

∫ ∞

α

dα′ 1

2π

[
1

α′ −
α′ + cs|∆τ |

(α′ + cs|∆τ |)2 + (∆x)
2

]

=
vJ
cs

(
1

2
ln
[
(α+ cs|∆τ |)2 + (∆x)

2
]
− lnα

)
=

vJ
2cs

ln

[
(α+ cs|∆τ |)2 + (∆x)

2

α2

]
.

(D.18)

Therefore, the final result for the correlation function is

〈
(u(x, τ)− u(x′, τ ′))

2
〉

ph
=

vJ
2cs

ln

[
(α+ cs|∆τ |)2 + (∆x)

2

α2

]
. (D.19)

Furthermore, in the second-order contribution in Eq. (4.87), there appears a term containing a
correlation function of the form

〈
(u(x, τ) + u(x′, τ ′))

2
〉

ph
. Following exactly the same calculation

steps as above, the result for this correlation function is

〈
(u(x, τ) + u(x′, τ ′))

2
〉

ph
=

2πvJ
cs

∫ ∞

α

dα′ 1

2π

[
1

α′ +
α′ + cs|∆τ |

(α′ + cs|∆τ |)2 + (∆x)
2

]
= ∞.

(D.20)

Hence, this correlation function diverges.
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D.2 Integrating out the phonons in the supersolid model

In this section, we present the detailed derivation of the effective impurity action obtained by
integrating out the phonon degrees of freedom in the supersolid model, corresponding to Section 5.3.1.

We begin with the Euclidean partition function given in Eq. (5.65), which includes contributions
from the individual actions defined in Eqs. (5.62), (5.63), and (5.64). Our first step is to integrate
out the sound modes ϕ±. To this end, we consider the relevant component of the partition function∫

D [ϕσ] exp

(
−Sϕσ,θσ [ϕσ, θσ]

ℏ

)
=

∫
D [ϕσ] exp

(
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx

[
vσ
2π

(∂xϕσ)
2
+ i

1

π
(∂xθσ) (∂τϕσ)

])
.

(D.21)

For convenience, we transform to Fourier space and perform the resulting Gaussian integral, yielding∫
D
[
ϕ̃σ

]
exp

(
−
∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

[
vσ
2π
k2
∣∣∣ϕ̃σ(k, ω)∣∣∣2 + i

1

π
kω θ̃σ(k, ω)ϕ̃

∗
σ(k, ω)

])

=

√
2π2

vσ det(k2)
exp

(
− 1

2πvσ

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
ω2
∣∣∣θ̃σ(k, ω)∣∣∣2). (D.22)

The prefactor under the square root is a constant and does not affect the dynamics of the system,
so we will omit it in the following discussion. Consequently, we obtain∏

σ∈{+,−}

∫
D [ϕσ] exp

(
−Sϕσ,θσ [ϕσ, θσ]

ℏ

)

= exp

−
∑

σ∈{+,−}

1

2πvσ

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
ω2
∣∣∣θ̃σ(k, ω)∣∣∣2

. (D.23)

Using this result, the Euclidean partition function from Eq. (5.65) becomes

ZE =

∫
D [xI] exp

(
−Simp [xI]

ℏ

)∫
D [θ+]

∫
D [θ−] exp

(
−SxI,θσ [xI, θσ]

ℏ

)

· exp

−
∑

σ∈{+,−}

1

2πvσ

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
ω2
∣∣∣θ̃σ(k, ω)∣∣∣2


=:

∫
D [xI] exp

(
−Simp [xI]

ℏ

)
· Zθσ ,

(D.24)

where we defined Zθσ as the path integral over θ±. Next, using the definition of SxI,θσ [xI, θσ] from
Eq. (5.64), we express the quadratic part in Fourier space as∑

σ∈{+,−}

ℏvσ
2π

∫ ∞

−∞
dτ

∫ ∞

−∞
dx (∂xθσ)

2
=

∑
σ∈{+,−}

ℏvσ
2π

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
k2
∣∣∣θ̃σ(k, ω)∣∣∣2 . (D.25)

Substituting this expression into Zθσ from Eq. (D.24), we find

Zθσ =

∫
D [θ+]

∫
D [θ−] exp

(
−
∑

σ∈{+,−} Sθσ [θσ]

ℏ

)
exp

(
−Sint [xI, θσ]

ℏ

)
. (D.26)
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Here, we have defined the action associated with the modes θσ as

Sθσ [θσ] =
ℏ
2π

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π

1

vσ

(
ω2 + v2σk

2
) ∣∣∣θ̃σ(k, ω)∣∣∣2

=
ℏ
2π

∫ ∞

−∞
dτ

∫ ∞

−∞
dx

[
1

vσ
(∂τθσ)

2
+ vσ (∂xθσ)

2

]
=

ℏ
2π

∫ ∞

−∞
dτ

∫ ∞

−∞
dx θσ

(
− 1

vσ

)[
∂2τ + v2σ∂

2
x

]
θσ,

(D.27)

and the action describing the interaction between the modes θσ and the impurity trajectory xI as

Sint [xI, θσ] =

∫ ∞

−∞
dτ V0 cos

(
2πxI(τ)

d
− Q12θ+(xI(τ), τ)− Q22θ−(xI(τ), τ)

)
+
gI
π

∫ ∞

−∞
dτ
[
Q11∂xθ+(x, τ)

∣∣
x=xI(τ)

+ Q21∂xθ−(x, τ)
∣∣
x=xI(τ)

]
.

(D.28)

In order to evaluate the path integrals in Eq. (D.26), we will next express the relevant fields and
actions in matrix notation.

Let us define the vector field
Θ(x, τ) :=

(
θ+(x, τ)
θ−(x, τ)

)
, (D.29)

such that the path integral measure satisfies D [Θ] ≡ D [θ+]D [θ−]. We further introduce the matrix
operator

A := − 1

π

(
1
v+

(
∂2τ + v2+∂

2
x

)
0

0 1
v−

(
∂2τ + v2−∂

2
x

)) . (D.30)

Using these definitions, we can compactly write the total action for the modes θσ from Eq. (D.27)
as

SΘ [Θ] :=
∑

σ∈{+,−}

Sθσ [θσ] =
ℏ
2

∫ ∞

−∞
dτ

∫ ∞

−∞
dx ΘT (x, τ)AΘ(x, τ). (D.31)

In Fourier space, this becomes

SΘ̃

[
Θ̃
]
=

ℏ
2

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
Θ̃†(k, ω)ÃΘ̃(k, ω), (D.32)

with the corresponding matrix in Fourier space

Ã :=
1

π

(
1
v+

(
ω2 + v2+k

2
)

0

0 1
v−

(
ω2 + v2−k

2
)) . (D.33)

Furthermore, we define the vectors

Q :=

(
Q12

Q22

)
=:

(
Q+

Q−

)
, q :=

(
Q11

Q21

)
=:

(
q+

q−

)
. (D.34)

With these definitions, the interaction action in Eq. (D.28) can be expressed as

Sint [xI,Θ] = V0

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

))
+
gI
π

∫ ∞

−∞
dτ q · ∂xΘ(x, τ)

∣∣
x=xI(τ)

=: Scos [xI,Θ] + Slin [xI,Θ] . (D.35)

122 |



Integrating out the phonons in the supersolid model Appendix D

The part of the action which is linear in Θ can be rewritten as

Slin [xI,Θ] =
gI
π

∫ ∞

−∞
dτ q · ∂xΘ

∣∣
x=xI(τ)

=
gI
π

∫ ∞

−∞
dτ

∫ ∞

−∞
dx δ

(
x− xI(τ)

)
q · ∂xΘ(x, τ)

= −gI
π

∫ ∞

−∞
dτ

∫ ∞

−∞
dx ∂xδ

(
x− xI(τ)

)
q ·Θ(x, τ)

= −ℏ
∫ ∞

−∞
dτ

∫ ∞

−∞
dx J(x, τ) ·Θ(x, τ),

(D.36)

where we have introduced the source term

J(x, τ) =
gI
πℏ
∂xδ
(
x− xI(τ)

)
q. (D.37)

Substituting these definitions into the expression for Zθσ from Eq. (D.26), we obtain

ZΘ =

∫
D [Θ] exp

(
−SΘ [Θ]

ℏ

)
exp

(
−Sint [xI,Θ]

ℏ

)
=

∫
D [Θ] exp

(∫ ∞

−∞
dτ

∫ ∞

−∞
dx

[
−1

2
ΘT (x, τ)AΘ(x, τ) + J(x, τ) ·Θ(x, τ)

]

− V0
ℏ

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

)))
.

(D.38)

This is the expression that we will now proceed to evaluate.

To this end, we first note that for the path integral over D [Θ], a shift of the integration variable
according to Θ → Θ = Θ− A−1J does not change the result of the integral. This invariance arises
because the quadratic action is translationally invariant in field space. Hence, the shift merely
redefines the zero point of the field at each spacetime coordinate without affecting the physical
result. Under this transformation, the integrand in the first term of Eq. (D.38) becomes

−1

2
ΘT (x, τ)AΘ(x, τ) + JT (x, τ) ·Θ(x, τ) = −1

2
Θ

T
(x, τ)AΘ(x, τ) +

1

2
JT (x, τ)A−1J(x, τ). (D.39)

Applying this shift, the path integral from Eq. (D.38) can be rewritten as

ZΘ =exp

(
1

2

∫ ∞

−∞
dτ

∫ ∞

−∞
dx JT (x, τ)A−1J(x, τ)

)
· ZΘ,free (D.40)

·
〈
exp

(
−V0

ℏ

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

)
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)

))〉
Θ

.

Here, we have defined the partition function of the free field Θ as

ZΘ,free =

∫
D
[
Θ
]
exp

(
−1

2

∫ ∞

−∞
dτ

∫ ∞

−∞
dx Θ

T
(x, τ)AΘ(x, τ)

)
, (D.41)

and the expectation value with respect to this free-field action as

〈
. . .
〉
Θ

:=
1

ZΘ,free

∫
D
[
Θ
]
exp

(
−1

2

∫ ∞

−∞
dτ

∫ ∞

−∞
dx Θ

T
(x, τ)AΘ(x, τ)

)(
. . .
)
. (D.42)
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Our goal is now to evaluate ZΘ as given in Eq. (D.40). The factor ZΘ,free represents a constant
normalization and can thus be omitted in the subsequent analysis. Then, two contributions remain:
the first exponential term and the expectation value with respect to the free field Θ. We begin by
evaluating the first term.

Using Parseval’s theorem, we can express the first factor in Fourier space according to

exp

(
1

2

∫ ∞

−∞
dτ

∫ ∞

−∞
dx JT (x, τ)A−1J(x, τ)

)

= exp

1

2

∑
σ∈{+,−}

∫ ∞

−∞

dk

2π

∫ ∞

−∞

dω

2π
J̃σ(−k,−ω)Ã

−1

σ J̃σ(k, ω)

. (D.43)

The Fourier transform of the σ-component of the source term is given by

J̃σ(k, ω) =
gI
πℏ

∫ ∞

−∞
dτ e−iωτ

∫ ∞

−∞
dx e−ikx∂xδ

(
x− xI(τ)

)
qσ = i

gI
πℏ
k

∫ ∞

−∞
dτ e−i

(
ωτ+kxI(τ)

)
qσ,

(D.44)
and the σ-component of the inverse matrix Ã

−1
, obtained from the matrix in Eq. (D.33), is

Ã
−1

σ =
πvσ

ω2 + v2σk
2
. (D.45)

Substituting this expressions into Eq. (D.43) and evaluating the appearing integrals yields

exp

(
1

2

∫ ∞

−∞
dτ

∫ ∞

−∞
dx JT (x, τ)A−1J(x, τ)

)

= exp

 g2I
4π2ℏ2

∑
σ∈{+,−}

q2
σ

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′

v2σ (τ − τ ′)
2 −

(
xI(τ)− xI(τ

′)
)2(

v2σ (τ − τ ′)
2
+
(
xI(τ)− xI(τ ′)

)2)2
. (D.46)

Next, we evaluate the expectation value with respect to Θ from Eq. (D.40). To this end, we first
expand the exponential function for small interaction strengths V0 up to second order according to

exp

(
−V0

ℏ

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

)
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)

))
≃ 1− V0

ℏ

∫ ∞

−∞
dτ cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

)
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)

)
+
V 2
0

2ℏ2

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

)
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)

)
· cos

(
2πxI(τ

′)

d
− Q ·Θ

(
xI(τ

′), τ ′
)
−
∫ ∞

−∞
dτ ′

∫ ∞

−∞
dx QTA−1J(x, τ ′)

)
.

(D.47)

We then proceed analogously to the approach introduced in Section 4.3.1.

We begin by evaluating the expectation value of the first-order term, given by〈
cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

)
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)

)〉
Θ

=
1

2
cos

(
2πxI(τ)

d
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)

)〈
exp

(
±iQ ·Θ(xI(τ), τ)

)〉
Θ

= 0.

(D.48)
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Thus, the first-order term vanishes. This result follows from evaluating the expectation value in the
second line using the identity from Wick’s theorem, as introduced in Eq. (4.83). Since the fields
Θ± are decoupled in the action for the free fields, the expectation value can be written as

〈
exp

(
±iQ ·Θ(xI(τ), τ)

)〉
Θ

= exp

−1

2

∑
σ∈{+,−}

Q2
σ

〈
Θ

2

σ(xI(τ), τ)
〉
Θσ

. (D.49)

To evaluate the expectation value
〈
Θ

2

σ

〉
Θσ

, we can use the corresponding result derived in

Section 4.3.1 and adapt it to the present case. The analogous expectation value for the toy model,
given in Eq. (4.86), is known to diverge. Because both the correlation function

〈
Θ

2

σ

〉
Θσ

in the

supersolid model and its underlying action share the same structural form as in the toy model, this
correlation function also diverges. As a result, the first-order term is exponentially suppressed and
does not contribute to the effective action.

Next, we evaluate the expectation value of the second-order term. Using the notation g = 2π/d,
this term can be written as〈

cos

(
2πxI(τ)

d
− Q ·Θ

(
xI(τ), τ

)
−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)

)

· cos

(
2πxI(τ

′)

d
− Q ·Θ

(
xI(τ

′), τ ′
)
−
∫ ∞

−∞
dτ ′

∫ ∞

−∞
dx QTA−1J(x, τ ′)

)〉
Θ

=
1

2
cos

(
g [xI(τ) + xI(τ

′)]−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ)−

∫ ∞

−∞
dτ ′

∫ ∞

−∞
dx QTA−1J(x, τ ′)

)
·
〈
exp

(
iQ
[
Θ(xI(τ), τ) +Θ(xI(τ

′), τ ′)
])〉

Θ

+
1

2
cos

(
g [xI(τ)− xI(τ

′)]−
∫ ∞

−∞
dτ

∫ ∞

−∞
dx QTA−1J(x, τ) +

∫ ∞

−∞
dτ ′

∫ ∞

−∞
dx QTA−1J(x, τ ′)

)
·
〈
exp

(
iQ
[
Θ(xI(τ), τ)−Θ(xI(τ

′), τ ′)
])〉

Θ
.

(D.50)

From Section 4.3.1, we know that〈
exp

(
iQ
[
Θ(xI(τ), τ) +Θ(xI(τ

′), τ ′)
])〉

Θ
= 0, (D.51)

so the first term in the second-order contribution vanishes. The remaining expectation value can be
expressed as 〈

exp
(
iQ
[
Θ(xI(τ), τ)−Θ(xI(τ

′), τ ′)
])〉

Θ

= exp

−1

2

∑
σ∈{+,−}

Q2
σ

〈(
Θσ(xI(τ), τ)−Θσ(xI(τ

′), τ ′)
)2〉

Θσ

. (D.52)

A correlation function of this type was already computed in Section 4.3.1, with the result given
in Eq. (4.88). Using that result, the full expectation value of the second-order term in Eq. (D.50)
becomes

1

2
cos
[
g (xI(τ)− xI(τ

′))
] ∏
σ∈{+,−}

[(
α+ vσ|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−Q2
σ/4

, (D.53)

with the short-distance cutoff α.
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Combining all the results obtained above and rewriting the term expanded in small V0 back into an
exponential form, the evaluated expression for ZΘ from Eq. (D.38) becomes

ZΘ =

∫
D [Θ] exp

(
−SΘ [Θ]

ℏ

)
exp

(
−Sint [xI,Θ]

ℏ

)
= exp

(
g2I

4π2ℏ2
∑

σ∈{+,−}

q2
σ

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′

v2σ (τ − τ ′)
2 −

(
xI(τ)− xI(τ

′)
)2(

v2σ (τ − τ ′)
2
+
(
xI(τ)− xI(τ ′)

)2)2
+
V 2
0

4ℏ2

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

[
g (xI(τ)− xI(τ

′))
]

·
∏

σ∈{+,−}

[(
α+ vσ|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−Q2
σ/4)

.

(D.54)

Now we can insert this result into the Euclidean partition function in Eq. (D.24). As discussed in
Section 4.3.1 in Eqs. (4.73) and (4.74), the argument of the exponential function is then defined
as −Seff [xI] /ℏ. Accordingly, the effective action of the impurity after integrating out the phonon
degrees of freedom of the supersolid background takes the form

Seff [xI] =
1

2
M

∫ ∞

−∞
dτ (∂τxI(τ))

2

− g2I
4π2ℏ

∑
σ∈{+,−}

q2
σ

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′

v2σ (τ − τ ′)
2 −

(
xI(τ)− xI(τ

′)
)2(

v2σ (τ − τ ′)
2
+
(
xI(τ)− xI(τ ′)

)2)2
−V

2
0

4ℏ

∫ ∞

−∞
dτ

∫ ∞

−∞
dτ ′ cos

[
g (xI(τ)− xI(τ

′))
]

·
∏

σ∈{+,−}

[(
α+ vσ|τ − τ ′|

)2
+
(
xI(τ)− xI(τ

′)
)2

α2

]−Q2
σ/4

.

(D.55)
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