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Abstract

In quantum computing, the delicate nature of quantum states makes them exceptionally susceptible
to errors caused by even the slightest perturbations. Quantum error correction is crucial as it
addresses this fragility by protecting the integrity of quantum information. Measurement-free
fault-tolerant quantum error correction protocols [1, 2] have attracted attention recently. They are
promising for quantum computing platforms that lack fast and reliable implementations of in-circuit
measurements and feed-forward operations since these protocols are designed to circumvent such
operations. However, these protocols introduce additional complexity and overhead compared to
conventional approaches [3, 4] based on classical, measurement-based decoding schemes. Currently,
most measurement-free protocols are hand-crafted and built on human intuition and readability.
Then the question arises whether these protocols can be further optimized to minimize gate counts,
increasing the overall resource and fault tolerance efficiency. Such optimizations are particularly
critical in biased noise scenarios.

On the other hand, the dramatic increase in computing power of modern classical computers in
recent years has enabled fast-paced developments in the field of machine learning. As a result, one
of its leading paradigms – reinforcement learning – has risen in importance and recently led to
impressive breakthroughs in complex problems [5, 6].

The construction of fault-tolerant measurement-free quantum error correction protocols for a given
error model can be seen as a complex optimization problem, regarding a pre-defined setup of
physical qubits encoding logical quantum information. The motivation and final goal of this work is
the utilization of reinforcement learning to solve this task automatically. To this end, we develop and
implement a highly efficient algorithm, QUANTUMcliff, for a state-aware iterative simulation of error
propagation through quantum circuits based on the stabilizer formalism [7]. In addition to the well-
known Clifford dynamics, our algorithm supports the efficient simulation of certain multi-controlled
Clifford gates, which are essential building blocks for the implementation of measurement-free
fault-tolerant quantum error correction protocols.

This versatile and efficient simulator allows us to analyze the fault tolerance of quantum error
correction protocols automatically. It also determines several quantities the evolution of which
provides insights into the performance of a given protocol. To demonstrate this, we apply our
algorithm to protocols taken from the literature [1, 2], systematically verify their fault tolerance,
study the potential use of the introduced quantities as inputs for reinforcement learning agents.

In the final parts, we propose a reinforcement learning architecture that uses the simulator
QUANTUMcliff to find and optimize measurement-free fault-tolerant quantum error correction proto-
cols automatically. Quantum circuits are a well-suited environment with a clear state representation
for a reinforcement learning agent to interact with in a sequential decision-making process. We
use Gymnasium [8], a Python-based standard interface for reinforcement learning environments, for
constructing a framework for the training of reinforcement learning agents to identify and optimize
fault-tolerant quantum error correction protocols for given quantum error correction codes. By
outlining possible architectures for the artificial neural networks and choices of the action space,
observation space, and reward functions, we motivate further research in this direction.
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Kurzfassung

Aufgrund ihrer empfindlichen Natur sind die Zustände von Quantensystemen besonders anfällig für
Fehler, die bereits durch kleinste Störungen verursacht werden können. Algorithmen zur Quantenfeh-
lerkorrektur sind daher von entscheidender Bedeutung für die Realisierung von Quantencomputern,
da sie dieser Fehleranfälligkeit entgegenwirken, indem sie die Integrität der Quanteninformati-
on systematisch aufrechterhalten. In jüngster Zeit werden zunehmend auch Quantenfehlerkor-
rekturprotokolle diskutiert, die ohne Messungen innerhalb ihrer aufeinanderfolgenden logischen
Quantengatter auskommen [1, 2]. Sie sind daher vielversprechende Kandidaten für potentielle Quan-
tencomputerplattformen, auf denen schnelle und zuverlässige Implementierungen von sogenannten
In-Circuit-Messungen und Feedforward-Operationen bisher nicht bekannt sind, da diese Protokolle
ihrem Namen gemäß darauf ausgelegt sind, ohne solche Operationen auszukommen. Im Vergleich zu
konventionellen Ansätzen der Quantenfehlerkorrektur [3, 4], die auf klassischen, messungsbasierten
Dekodierverfahren beruhen, erhöhen diese Protokolle jedoch die Komplexität und verursachen
einen erheblichen Mehraufwand. Gegenwärtig werden die meisten messungsfreien, fehlertoleranten
Protokolle manuell entworfen und basieren auf menschlicher Intuition sowie Lesbarkeit. Es stellt
sich daher die Frage, ob diese Protokolle weiter optimiert werden können, um die Anzahl der Gatter
zu minimieren und damit die Gesamteffizienz in Bezug auf Ressourcennutzung und Fehlertoleranz
zu erhöhen. Überlegungen zur Optimierung der Protokolle sind insbesondere auch für Szenarien
wichtig, in denen bestimmte Fehlerbilder besonders häufig auftreten.

Andererseits hat die in den letzten Jahren dramatisch gestiegene Rechenleistung moderner klassischer
Computer eine rasante Entwicklung im Bereich des maschinellen Lernens ermöglicht. Dadurch hat
auch eines der wichtigsten Paradigmen - das bestärkende Lernen (reinforcement learning) - massiv
an Bedeutung gewonnen und in jüngster Zeit zu beeindruckenden Durchbrüchen bei komplexen
Problemstellungen geführt [5, 6].

Der Entwurf von messungsfreien, fehlertoleranten Quantenfehlerkorrekturprotokollen für ein gege-
benes Fehlermodell kann als ein komplexes Optimierungsproblem betrachtet werden, das sich auf
eine vordefinierte Anordnung von physikalischen Qubits bezieht, die logische Quanteninformation
kodieren. Zu diesem Zweck wird in der vorliegenden Arbeit darauf hingearbeitet, mithilfe von
bestärkendem Lernen dieses Problem automatisiert lösen zu können. Hierzu wird mit QUANTUMcliff
zunächst ein hocheffizienten Algorithmus entwickelt und implementiert, der eine zustandsbasierte ite-
rative Simulation der Fehlerausbreitung durch Quantenschaltungen, basierend auf dem sogenannten
Stabilizer-Formalismus [7] ermöglicht. Zusätzlich zur bekannten Clifford-Dynamik unterstützt der
erarbeitete Algorithmus die effiziente Simulation bestimmter mehrfach kontrollierter Clifford-Gatter,
die wesentliche Bausteine für die Implementierung messungsfreier, fehlertoleranter Protokolle zur
Quantenfehlerkorrektur darstellen.

Dieser vielseitige und effiziente Simulator ermöglicht die automatisierte Analyse der Fehlertoleranz
solcher Quantenfehlerkorrekturprotokolle. Der Simulator bestimmt dabei entlang der Evolution des
Quantensystems auch mehrere Größen, deren Entwicklung Aufschluss über die Eignung sowie Güte
eines bestimmten Fehlerkorrekturprotokolls gibt. Um dies zu demonstrieren wird der Simulator auf
bestehende Protokolle aus der Literatur angewandt. Dabei wird systematisch deren Fehlertoleranz
verifiziert und die mögliche Verwendung der eingeführten Größen als Input für Software-Agenten
des bestärkenden Lernens untersucht.
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Im letzten Teil dieser Arbeit wird eine mögliche Architektur des bestärkenden Lernens vorgeschla-
gen, die den Simulator QUANTUMcliff verwendet, um automatisiert messungsfreie, fehlertolerante
Quantenfehlerkorrekturprotokolle zu finden und zu optimieren. Quantenschaltkreise stellen dabei
im Allgemeinen eine gut geeignete Umgebung mit einer klaren Zustandsrepräsentation dar, mit
der ein Agent für Verstärkungslernen in einem sequentiellen Entscheidungsprozess interagieren
kann. Unter Verwendung von Gymnasium [8], einer Python-basierten, standardisierten Schnittstelle
für Umgebungen des bestärkten Lernens, wurde in dieser Arbeit ein Rahmenwerk für das künftige
Training von Software-Agenten des bestärkenden Lernens zur Identifikation und Optimierung mes-
sungsfreier, fehlertoleranter Quantenfehlerkorrekturprotokolle geschaffen. Durch die Skizzierung
möglicher Architekturen für künstliche neuronale Netze und die Wahl des Aktionsraums, des Be-
obachtungsraums und der Belohnungsfunktionen zur Lösung dieses Optimierungsproblems mit
bestärkendem Lernen wird weitere Forschung in diese Richtung motiviert.
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0 A Bird’s-Eye View of This Thesis

Given the diverse aspects covered in this thesis, the following preliminary chapter aims to provide
the reader with an overarching introduction to its structure, divided into six chapters, from an
elevated perspective – a bird’s-eye view.

As illustrated in figure 3.1, we begin by elaborating on the theoretical backgrounds of the topics of
quantum error correction and the primary toolbox underpinning the physical model discussed in
this work, the stabilizer formalism, in chapter 1. We also address the concept of measurement-free
fault-tolerant quantum error correction (MFFT QEC), setting the stage for the main objectives in
the subsequent chapters.

Chapter 2 continues with introducing the circuit model and the extended Clifford dynamics,
which are the foundation of the algorithm for a state-aware iterative error propagation simulator,
QUANTUMcliff. We justify extending the applicability of the stabilizer formalism to certain multi-
controlled Clifford gates, which are essential for the realization of MFFT QEC. After specifying
criteria for classifying a measurement-fee quantum error correction protocol as fault-tolerant, we
document the state-aware iterative error propagation workflow in detail.

Highlighting its modular structure, chapter 3 provides a comprehensive overview of the implemen-
tation of QUANTUMcliff: We include details on the binary tableau representation of stabilizer states
and error patterns, comment on the implemented unitary evolution and the generalized measurement
process and point out the implementation of multi-conditioned Clifford gates. Furthermore, we
discuss the implementation of the state-aware iterative error propagation workflow, comprising the
error propagation itself and the calculation of fault tolerance quantities.

Chapter 4 focuses on applying the algorithm to MFFT QEC protocols from the literature for the
Steane code, the Surface code, and the Shor code. On the one hand, we demonstrate the functional
scope of QUANTUMcliff; on the other hand, we also systematically check (and verify) the fault tolerance
of these protocols. Moreover, we introduce and analyze the evolution of quantities along given
protocols, such as the number of (incoming) error patterns, their weights, the weight ratio of logical
operators, and the support distribution of patterns, enabling a new level of understanding of the
underlying mechanisms of MFFT QEC protocols. We also assess the feasibility of these introduced
quantities as inputs for reinforcement learning agents that aim to optimize such protocols.

After outlining the theoretical foundations of artificial neural networks and reinforcement learn-
ing, we propose a reinforcement learning architecture designed to interact with the simulator
QUANTUMcliff in chapter 5. Using the Gymnasium framework, we create a robust, standardized
environment for training reinforcement learning agents that tackle the optimization of MFFT QEC
protocols, specifying state representation, action space, and reward function for the problem.

We summarize the thesis with a conclusion and an outlook in chapter 6, and append a short note
on a multi-user GPU computing setup using containerization with Podman in appendix A.
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0 A Bird’s-Eye View of This Thesis

Introduction
Chapter 1

Efficient Simulation of
MF QEC Protocols: Theory

Chapter 2

Efficient Simulation of
MF QEC Protocols: Implementation

Chapter 3

Efficient Simulation of
MF QEC Protocols: Applications

Chapter 4

Optimization of
MF QEC Protocols: An RL Approach

Chapter 5

Containerization:
GPU Computing Setup

Appendix A

Conclusion
Chapter 6

used for

Figure 1: General structure of the thesis. The thesis is divided into six chapters, with the first chapter being the
introduction to the theoretical background and the problem statement. The second chapter defines
the algorithm for a state-aware iterative error propagation simulator, QUANTUMcliff, which is then
implemented in the third chapter. The application of the algorithm to some measurement-free fault-
tolerant protocols taken from the literature is the focus of the fourth chapter, thus demonstrating its
functionality. The fifth chapter introduces a reinforcement learning approach for the optimization of
measurement-free fault-tolerant protocols. Appendix A discusses a containerized GPU computing
setup using Podman. We summerize the thesis with a conclusion and an outlook in the sixth chapter.
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1 Introduction

in a nutshell
This chapter introduces the reader to the topics of quantum error correction and the main
toolbox empowering the physical model discussed in this work: the stabilizer formalism.

It provides a brief overview of the theoretical foundations of quantum computing, starting from
the very basics of defining qubits, discussing possible physical operations, and introducing the
concept of quantum entanglement. The stabilizer formalism is presented as both an elegant
and powerful way of describing quantum states and their evolution.

After highlighting the key concepts of conventional algorithmic quantum error correction, we
briefly overview some of the most common yet simple quantum error correction codes on the
grounds of the stabilizer formalism and their properties.

We conclude by motivating the study of measurement-free fault-tolerant quantum error cor-
rection for neural atom array-based quantum information processors and other platforms, on
which feed-forward measurement-based error correction is technically challenging. Thereby,
we introduce the reader to the main objectives of this work.

1.1 Preliminaries

The model studied in this work relies on the fundamental components of quantum computing,
known as qubits. While their physical implementation is not at the heart of this work, we will mainly
focus on their abstract properties. We will provide a brief overview of the theoretical principles
underlying these concepts to ensure that all readers are on the same page.

Definition 1.1.1 (Quantum bit, Qubit, Quantum register)
Mathematically, a physical quantum bit (qubit) is a two-level quantum-mechanical system de-
scribed by a vector taken from a two-dimensional, complex vector space: The Hilbert space
ℋ2 ≔ (ℂ2, ( ⋅ , ⋅ )). The representing vector |Ψ⟩ ∈ ℋ2 models the state of such a qubit. The
standard computational basis of the vector space ℋ2 is given by

|0⟩ ≔ [1
0
] and |1⟩ ≔ [0

1
] , (1.1)

so that an arbitrary state of a qubit can be written as a linear combination

|Ψ⟩ = 𝛼 ⋅ |0⟩ + 𝛽 ⋅ |1⟩ with 𝛼, 𝛽 ∈ ℂ and |𝛼|2 + |𝛽|2 = 1. (1.2)
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Using the Euclidean inner product

(∣Ψ1⟩ , ∣Ψ2⟩) ≔ 𝛼1 ⋅ 𝛼∗
2 + 𝛽1 ⋅ 𝛽∗

2, (1.3)

the Hilbert space ℋ2 is well-defined. Defining ℋ∗
2 as the dual Hilbert space of ℋ2 by requiring

(|Φ⟩ , |Ψ⟩) = ⟨Φ| ⋅ |Ψ⟩ ≕ ⟨Φ|Ψ⟩ (1.4)

for any functional ⟨Φ| ∈ ℋ∗
2 and all |Ψ⟩ ∈ ℋ2, we introduce Dirac’s bra-ket notation.

A system consisting of 𝑁 qubits is analogously defined on the 2𝑁-dimensional Hilbert space
ℋ𝑁

2 ≔ ⨂𝑁
𝑖=1 ℋ(𝑖)

2 = (ℂ2𝑁, ( ⋅ , ⋅ )) and is often referred to as quantum register.

A typical representation of single-qubit states is found on the surface of the Bloch sphere. It is
important to note that the global phase of the state is disregarded, as it does not have any physically
observable effects. Suppose we rewrite the state |Ψ⟩ in terms of the spherical coordinates 𝜗, 𝜑 ∈ ℝ
as

𝛼 = cos(𝜗
2 ) and 𝛽 = ei𝜑 ⋅ sin(𝜗

2 ), (1.5)

then it holds
|Ψ⟩ = cos(𝜗

2 ) ⋅ |0⟩ + ei𝜑 ⋅ sin(𝜗
2 ) ⋅ |1⟩ . (1.6)

A state that was initially described by two complex numbers 𝛼 and 𝛽, encompassing a total of four
degrees of freedom, is now fully determined by just two degrees of freedom, 𝜗 and 𝜑. While this
might initially seem surprising, a brief contemplation reveals it to be quite logical: disregarding
global phases removes one degree of freedom. Additionally, the normalization condition |𝛼|2+|𝛽|2 =
1 further restricts another degree of freedom. This combination allows for the visualization presented
in figure 1.1.

|Ψ⟩

|0⟩

|1⟩

𝑧

𝑦

𝑥

𝜑

𝜗

Figure 1.1: Representation of a two-level quantum system (qubit)
on the surface of the Bloch sphere.

Definition 1.1.2 (Pauli matrices)
The Pauli matrices with respect to the standard computational basis {|0⟩ , |1⟩} of ℋ2 are defined as

𝜎0 ≔ 1 = [1 0
0 1

] , 𝜎𝑥 ≔ [0 1
1 0

] , 𝜎𝑦 ≔ [0 −i
i 0

] and 𝜎𝑧 ≔ [1 0
0 −1

] . (1.7)
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They fulfill the relations

𝜎𝑖𝜎𝑗 = i𝜖𝑖𝑗𝑘𝜎𝑘 + 𝛿𝑖𝑗𝜎0, (1.8a)
[𝜎𝑖, 𝜎𝑗] = 2i𝜖𝑖𝑗𝑘𝜎𝑘, (1.8b)
{𝜎𝑖, 𝜎𝑗} = 2𝛿𝑖𝑗𝜎0, (1.8c)

with 𝑖, 𝑗, 𝑘 ∈ {𝑥, 𝑦, 𝑧}, 𝜖𝑖𝑗𝑘 denoting the Levi-Civita symbol, 𝛿𝑖𝑗 the Kronecker delta, [⋅, ⋅] the
commutator and {⋅, ⋅} the anticommutator, respectively.

Naturally, an arbitrary dual basis can be utilized to represent the linear Pauli operators, creating
automorphisms on ℋ2. Considering another orthonormal basis of ℋ2,

|+⟩ ≔ 1
√2

[1
1
] and |−⟩ ≔ 1

√2
[ 1
−1

] , (1.9)

we are capable to find the eigenvectors of 𝜎𝑥 and 𝜎𝑧 as well as the corresponding eigenvalues:

𝜎𝑥 |+⟩ = 1 ⋅ |+⟩ , 𝜎𝑥 |−⟩ = −1 ⋅ |−⟩ , (1.10a)
𝜎𝑧 |0⟩ = 1 ⋅ |0⟩ , 𝜎𝑧 |1⟩ = −1 ⋅ |1⟩ . (1.10b)

Consequently, we can express those two Pauli operators using their eigenvectors

𝜎𝑥 = |+⟩ ⟨+| − |−⟩ ⟨−| , (1.11a)
𝜎𝑧 = |0⟩ ⟨0| − |1⟩ ⟨1| . (1.11b)

Definition 1.1.3 (Pauli group)
With the canonical matrix product denoted by ( ⋅ ), the following set

𝐺1 ≔ span{𝜎𝑥, 𝜎𝑦, 𝜎𝑧} = {±𝜎0, ±i𝜎0, ±𝜎𝑥, ±i𝜎𝑥, ±𝜎𝑦, ±i𝜎𝑦, ±𝜎𝑧, ±i𝜎𝑧} (1.12)

forms the Pauli group (𝐺1, ⋅) on ℋ2. Equation (1.8a) ensures its unitary properties on a single
qubit, so that with 𝑈(2𝑁) denoting the unitary group for ℋ𝑁

2 it holds 𝐺1 ⊂ 𝑈(2). Acting on ℋ𝑁
2 ,

we expand the definition in a matter preserving its unitary properties acting on 𝑁 qubits

𝐺𝑁 ≔ span{𝜎0
1 ⊗ ⋯ ⊗ 𝜎0

𝑘−1 ⊗ 𝜎𝑖
𝑘 ⊗ 𝜎0

𝑘+1 ⊗ ⋯ ⊗ 𝜎0
𝑁 | 𝑖 ∈ {𝑥, 𝑦, 𝑧}, 1 ≤ 𝑘 ≤ 𝑁, 𝑘 ∈ ℕ}. (1.13)

Therefore, 𝐺𝑁 ⊂ 𝑈(2𝑁).

Suppose we initialize a set of qubits, i.e., a quantum register; then, in principle, there are two distinct
types of physical operations we will use in the course of this work that can be performed on the
system: unitary and projective operations. The former are reversible transformations of the system’s
state, conserving the inner product of the state vector. The latter, on the other hand, are irreversible
measurements of observables, leading to a collapse of the state vector.

17



1 Introduction

Definition 1.1.4 (Quantum logic gates)
A quantum logic gate is a unitary operator acting on a subset of qubits in a quantum register, which
can be represented by a unitary matrix 𝑈 ∈ 𝑈(2𝑁) relative to some orthonormal basis. It is used to
perform reversible transformations on the state |Ψ⟩ ∈ ℋ𝑁

2 of the system

∣Ψ′⟩ = 𝑈 |Ψ⟩ , (1.14)

where ∣Ψ′⟩ ∈ ℋ𝑁
2 is the transformed state of the system. They form the building blocks of quantum

circuits and are used to implement quantum algorithms.

Definition 1.1.5 (Projective measurements)
A projective measurement of an observable 𝒪̂ applied to a state |Ψ⟩ of a qubit register, where the
measurement is described by the operator 𝒪̂, is given by the projection

|Ψ⟩ ↦ 𝑃𝜆 |Ψ⟩
√ ⟨Ψ|𝑃𝜆|Ψ⟩

. (1.15)

Here, 𝑃𝜆 is the projector onto the eigenspace of the corresponding discrete eigenvector ∣𝑣𝜆⟩ of 𝒪̂.
This expression describes the state of the system immediately after the measurement of the discrete
eigenvalue 𝜆 with probability p(𝜆) = ⟨Ψ|𝑃𝜆|Ψ⟩.

In the standard computational basis for a single qubit, we find the later important projections

̂𝑋𝑖 ≡ 𝜎𝑥
𝑖 with 𝑃𝑋,𝑖

𝜆 = 1
2 ⋅ (𝜎0

𝑖 + 𝜆 ⋅ 𝜎𝑥
𝑖 ), (1.16)

̂𝑍𝑖 ≡ 𝜎𝑧
𝑖 with 𝑃𝑍,𝑖

𝜆 = 1
2 ⋅ (𝜎0

𝑖 + 𝜆 ⋅ 𝜎𝑧
𝑖 ), (1.17)

where the eigenvalues are 𝜆 ∈ {−1, 1}.

Definition 1.1.6 (Bell basis)
Through introducing the Bell states

∣Φ+⟩ ≔ 1
√2

[|0⟩1 ⊗ |0⟩2 + |1⟩1 ⊗ |1⟩2] = 1
√2

[|+⟩1 ⊗ |+⟩2 + |−⟩1 ⊗ |−⟩2], (1.18a)

|Φ−⟩ ≔ 1
√2

[|0⟩1 ⊗ |0⟩2 − |1⟩1 ⊗ |1⟩2] = 1
√2

[|+⟩1 ⊗ |−⟩2 + |−⟩1 ⊗ |+⟩2], (1.18b)

∣Ψ+⟩ ≔ 1
√2

[|0⟩1 ⊗ |1⟩2 + |1⟩1 ⊗ |0⟩2] = 1
√2

[|+⟩1 ⊗ |+⟩2 − |−⟩1 ⊗ |−⟩2], (1.18c)

|Ψ−⟩ ≔ 1
√2

[|0⟩1 ⊗ |1⟩2 − |1⟩1 ⊗ |0⟩2] = 1
√2

[|−⟩1 ⊗ |+⟩2 − |+⟩1 ⊗ |−⟩2], (1.18d)

we can define the orthonormal Bell basis {∣Φ+⟩ , |Φ−⟩ , ∣Ψ+⟩ , |Ψ−⟩} on ℋ2
2.

The four Bell states exemplarily encode the physical phenomenon of quantum entanglement, meaning
that there are non-classical correlations between a pair or group of quantum systems. For 𝑖 ∈ {1, 2},
the Bell states satisfy the relations

𝜎𝑥
𝑖 ∣Φ+⟩ = ∣Ψ+⟩ , 𝜎𝑥

𝑖 |Φ−⟩ = (−1)𝑖 |Ψ−⟩ , (1.19a)
𝜎𝑥

𝑖 ∣Ψ+⟩ = ∣Φ+⟩ , 𝜎𝑥
𝑖 |Ψ−⟩ = (−1)𝑖 |Φ−⟩ , (1.19b)

𝜎𝑧
𝑖 ∣Φ+⟩ = |Φ−⟩ , 𝜎𝑧

𝑖 |Φ−⟩ = ∣Φ+⟩ , (1.19c)
𝜎𝑧

𝑖 ∣Ψ+⟩ = (−1)𝑖−1 |Ψ−⟩ , 𝜎𝑧
𝑖 |Ψ−⟩ = (−1)𝑖−1 ∣Ψ+⟩ . (1.19d)
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This concept of entangled Bell states can be expanded to larger qubit systems on ℋ𝑁
2 . While we

will not delve into the details of entanglement theory in this work, it is worth mentioning that
entanglement is a key resource in quantum information theory and is central to the design of both
quantum computation and quantum error correction algorithms.

1.2 Stabilizer Codes

1.2.1 Theoretical Foundations

Having briefly addressed the theoretical foundations of quantum computing, we will now introduce
the reader to the stabilizer formalism, essential for the numerical simulations of the considered
model. This study relies on fundamental results from group theory, mainly focusing on G-sets and
stabilizers. Following a formal definition for completeness, we will apply the derived properties
without further elaboration.

Definition 1.2.1 (G-Set, Stabilizer, Normalizer)
Let 𝐺 be a group with identity element 𝑒.

i. Given a set 𝑋, a left group action of 𝐺 on 𝑋 is a binary mapping

∗ ∶ 𝐺 × 𝑋 → 𝑋 ∶ (𝑔, 𝑥) ↦ 𝑔 ∗ 𝑥 (1.20)

satisfying the following axioms:
a. (Identity) 𝑒 ∗ 𝑥 = 𝑥
b. (Compatibility) 𝑔 ∗ (ℎ ∗ 𝑥) = (𝑔ℎ) ∗ 𝑥

for all 𝑔, ℎ ∈ 𝐺 and 𝑥 ∈ 𝑋. Such a set 𝑋 together with a left group action of 𝐺 is then called a
left 𝐺-set, shortly 𝐺-set.

ii. Given a 𝐺-set 𝑋 with an element 𝑥 ∈ 𝑋. Then we define the stabilizer of 𝑥 as

Stab𝐺(𝑥) ≔ {𝑔 ∈ 𝐺 | 𝑔 ∗ 𝑥 = 𝑥}. (1.21)

iii. Given an arbitrary subset 𝑆 ⊆ 𝐺. Then the normalizer of 𝑆 in 𝐺 is

𝑁𝐺(𝑆) ≔ {𝑔 ∈ 𝐺 | 𝑔𝑆𝑔−1 = 𝑆}. (1.22)

Particularly, it holds rank 𝑁𝐺(𝑆) ≤ rank 𝐺, where rank(…) denotes the rank of the respective
group, i.e. the smallest number of generators of a generating set for the group.

Recalling definition 1.1.3 in case of a single qubit, ℋ1
2 forms a 𝐺1-set if the Pauli matrices in 𝐺1 are

identified with the corresponding automorphisms on ℋ1
2 regarding the computational standard basis

{|0⟩ , |1⟩}. This analogy can be extended for ℋ𝑁
2 and 𝐺𝑁 in the case of 𝑁 qubits. The normalizer of

𝐺𝑁 on 𝑈(2𝑁) is of special importance for quantum error correction:

Definition 1.2.2 (Clifford Group)
The normalizer of the Pauli group 𝐺𝑁 is defined as

𝒞𝑁 ≔ 𝑁𝑈(2𝑁)(𝐺𝑁) = {𝑢 ∈ 𝑈(2𝑁) | 𝑢𝐺𝑁𝑢† = 𝐺𝑁} (1.23)

and referred to as Clifford group.
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1 Introduction

The principal application of 𝐺-set theory used in this study is the stabilizer formalism. This
widely adopted framework in quantum computing and quantum information theory offers significant
efficiency advantages in describing quantum states and their evolution compared to the “classical
description” using linear operators applied directly to state vectors. The following section introduces
said framework while refraining from rigorous proofs and in-depth analysis. For a more compre-
hensive understanding, the reader is referred to [9, pp. 453 ff.] and the original literature [7].

Definition 1.2.3 (Stabilizer)
Given ℋ𝑁

2 the state space of 𝑁 qubits and 𝐺𝑁 the Pauli group operating on its states. Let 𝒢 = {𝑔𝑖}𝑟
𝑖=1

be a set of independent, pairwise commuting Pauli operators. Then we define the stabilizer

𝒮 ≔ span 𝒢 (1.24)

of the protected “stabilized ” subspace

𝒫𝒮 ≔ {|Φ⟩ ∈ ℋ𝑁
2 | 𝒮 |Φ⟩ = |Φ⟩}, (1.25)

call 𝒢 the generators of 𝒮 and
𝑟 ≔ rank 𝒮 (1.26)

the rank of the stabilizer. By definition, 𝒮 is an Abelian subgroup of 𝐺𝑁.

As stated in [9, p. 455], −𝜎0 ∉ 𝒮 is a necessary condition for 𝒫𝒮 being non-trivial. In fact, the
dimension of the protected subspace 𝒫𝒮 can be calculated:

Proposition 1.2.1 (Dimension of the protected subspace 𝒫𝒮)
Let 𝒢 with |𝒢| = 𝑟 be the independent generators of a stabilizer 𝒮 on the Hilbert space of 𝑁 qubits,
ℋ𝑁

2 . Requiring −𝜎0 ∉ 𝒮, it holds with 𝑘 ≔ 𝑁 − 𝑟

dim 𝒫𝒮 = 2𝑁−𝑟 = 2𝑘. (1.27)

In other words, the stabilizer 𝒮 spanned by the generators 𝒢 contains a 2𝑘 dimensional subspace of
ℋ𝑁

2 . This protected subspace 𝒫𝒮 is often referred to as the code space of the stabilizer and is said
to encode 𝑘 logical qubits. A proof of proposition 1.2.1 is provided in [9, p. 457 f.].

To make proposition 1.2.1 more concrete, suppose we want to stabilize a single state |Ψ⟩ ≠ 0 on
𝑁 qubits. Obviously, we have dim 𝒫𝒮 = 1. Using the previous definitions, we find the protected
subspace as 𝒫𝒮 = span{|Ψ⟩} and the corresponding stabilizer 𝒮 = Stab𝐺𝑁

(|Ψ⟩). Since we have
chosen |Ψ⟩ ≠ 0 and recalling the properties of 𝐺𝑁, particularly that elements of 𝐺𝑁 either commute
or anti-commute, we can deduce that 𝒮 is an Abelian subgroup of 𝐺𝑁. Moreover, proposition 1.2.1
can only be fulfilled for 𝑁 = 𝑟, so that we have a total of 𝑁 generators 𝒢 = {𝑔𝑖}𝑁

𝑖=1 with appropriately
chosen 𝑔𝑖. In particular, |Ψ⟩ cannot be chosen arbitrarily.
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1.2 Stabilizer Codes

To describe the evolution of quantum systems using the stabilizer formalism, it is essential to
examine how unitary transformations of a state protected by a stabilizer can be formulated within
this framework and the conditions that need to be met. For this purpose, we consider a state
|Ψ⟩ ∈ 𝒫𝒮 protected by the stabilizer 𝑆 and a unitary transformation 𝑈 ∈ 𝑈(2𝑁). We then define
the transformed stabilizer as

𝑈𝒮𝑈† ≔ {𝑈𝑠𝑈† | 𝑠 ∈ 𝒮}, (1.28)

with 𝑈𝒮𝑈† ⊆ 𝑈(2𝑁) and in that sense, it is an Abelian subgroup of the unitary group acting on
the state space of 𝑁 qubits. By the definition above, it is

𝑈𝑠𝑈†𝑈 |Ψ⟩ = 𝑈𝑠 |Ψ⟩ = 𝑈 |Ψ⟩ ≕ ∣Ψ′⟩ . (1.29)

Hence, the transformed state ∣Ψ′⟩ is protected by the stabilizer 𝒮′ = 𝑈𝒮𝑈†. Expressed in
abstract terms, the new space 𝒫𝒮′ = 𝑈𝒫𝒮 is protected by the transformed stabilizer 𝒮′ with
𝒮′ = span 𝒢′ formed by the transformed generators 𝒢′ = {𝑈𝑔𝑖𝑈†}𝑟

𝑖=1. Consequently, transforming
stabilizer states by conjugation of its generators with the unitaries is an elegant way of describing
the evolution of states without the need to explicitly deal with vectors from high dimensional vector
spaces like ℋ𝑁

2 .

To clarify this, suppose we have a system of 𝑁 qubits in a state protected by a stabilizer. Let one
generator be 𝜎𝑧

𝑖 on qubit 𝑖 and identities acting on all other qubits. Applying a Hadamard gate

𝐻 ≔ 1
√2

[1 1
1 −1

] (1.30)

would transform the particular generator according to equation (1.28) as 𝐻𝜎𝑧
𝑖 𝐻† = 𝜎𝑥

𝑖 . Since
𝜎𝑥

𝑖 ∈ 𝐺𝑁, we have 𝐻𝜎𝑧
𝑖 𝐻† ∈ 𝐺𝑁 in particular. In general, one can prove that 𝐻𝒮𝐻† ⊆ 𝐺𝑁.

However, it is important to note that for arbitrary 𝑈 ∈ 𝑈(2𝑁) the transformed stabilizer 𝒮 is not
necessarily a subset of the Pauli group 𝐺𝑁, in contrast to what is demanded by definition 1.2.3, i.e.,
it potentially exceeds the formalism’s capabilities. One of the most impressive examples can be
observed when we conjugate the generator 𝜎𝑥

𝑖 with the 𝑇- or 𝜋/8-gate:

𝑇𝜎𝑥
𝑖 𝑇† = [1 0

0 exp(i𝜋
4 )

] ⋅ [0 1
1 0

] ⋅ [1 0
0 exp(−i𝜋

4 )
] = exp(i𝜋

4 ) [0 exp(−i𝜋
2 )

1 0
] ∉ 𝐺𝑁. (1.31)

This is why in general, we must restrict the unitary transformations to the Clifford group, 𝑈 ∈ 𝒞𝑁.
By definition 1.1.3, it holds 𝑈𝐺𝑁𝑈† = 𝐺𝑁, so that 𝒮′ = 𝑈𝒮𝑈† is guaranteed to be a well-defined
new stabilizer, encoding the state of the system after applying 𝑈.
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1 Introduction

The previously introduced properties of the stabilizer formalism are advantageous for efficiently
describing the states of certain quantum systems. This is ensured by the following theorem, taken
from [9, p. 464] and originally introduced by [7]:

Theorem 1.2.1 (Gottesman-Knill)
A quantum computation involving only the following elements:

i. state preparation in the computational basis,
ii. Hadamard gates, phase gates, C-NOT gates, and Pauli gates,
iii. measurements of observables in the Pauli group and
iv. classical control of these gate operations conditioned on the outcome of such measurements

can be efficiently simulated on a classical computer.

This “efficiency” advantage in the setting of stabilizer codes is based on the fact that the computation
time needed to simulate such a system of 𝑁 qubits running a quantum algorithm with 𝑀 of these
special operations grows only polynomial with 𝑁 and 𝑀 in the stabilizer formalism, in contrast to the
exponentially growing time in case of a generic description with vectors taken from the state space
ℋ𝑁

2 . Theorem 1.2.1 thus remarkably dispels the widespread assumption that quantum computing
devices generally have a speed advantage over classical computers. Only for circuits implementing
non-Clifford gates, e.g., the 𝑇-gate, is there a justification for why quantum computers might, under
certain circumstances, provide a speed advantage.

Here, we use this to introduce the reader to a specific representation of the stabilizer formalism,
providing the opportunity to numerically simulate quantum computation on a classical computer.

1.2.2 Binary Implementation of Stabilizer Codes

The stabilizer formalism can be represented in a convenient, binary form. For this, we omit the
phase factors of each generator spanning the stabilizer. This is exemplarily justified in [10] and
basically a consequence of the fact that states protected by stabilizers differing only in such local
phases are equivalent under local unitary transformations.

Definition 1.2.4 (Generator Matrix)
Let 𝒮 be a stabilizer with 𝑁 generators 𝒢 = {𝑔𝑖}

𝑁
𝑖=1 ⊆ 𝐺𝑁 and consider the field 𝔽2 over two

elements. One can factor out ℐ ≔ span{±𝜎0, ±i𝜎0} by reason of it being a normal subgroup of 𝐺𝑁
ensures its intersection with 𝒮 is a normal subgroup with respect to 𝒮. Performing the factoring

𝒮∗ ≔ 𝒮 / ℐ (1.32)

we obtain a factor group in which computations are performed as in 𝒮 neglecting the phase factors.
By using the natural surjection, one can embed 𝒮 in 𝒮∗ and afterwards identify the generators of
𝒮∗ with 𝒢. Thus, without loss of generality (w.l.o.g.), every 𝑔𝑖 ∈ 𝒢 can be written in the form

𝑔𝑖 = 𝜎𝜈1
1 ⊗ ⋯ ⊗ 𝜎𝜈𝑁

𝑁 , where 𝜈𝑗 ∈ {0, 𝑥, 𝑦, 𝑧}. (1.33)
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1.2 Stabilizer Codes

Defining the group homomorphism [cf. 11, p. 13]

𝛿 ∶ 𝒮∗ → 𝔽2𝑁
2 , 𝛿(𝑔𝑖)𝑗 ≔

⎧{
⎨{⎩

1 𝑗 ≤ 𝑁 ∶ 𝜈𝑗 = 𝑧 ∨ 𝜈𝑗 = 𝑦; 𝑗 > 𝑁 ∶ 𝜈𝑗−𝑁 = 𝑥 ∨ 𝜈𝑗−𝑁 = 𝑦,
0 otherwise,

(1.34)

we receive a well-defined injective homomorphism of groups that maps 𝒮∗ into 𝔽2𝑁
2 . Restricting

the range to the image, i.e. 𝛿𝒮∗ = img(𝛿), it becomes a group isomorphism. This leads to the
generator matrix, representing the generating set of 𝛿𝒮∗:

M[𝒢] ≔ [𝛿(𝑔1), … , 𝛿(𝑔𝑁)] = ⎡⎢
⎣

Z
X

⎤⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝛿(𝑔1)1 ⋯ 𝛿(𝑔𝑁)1
⋮ ⋱ ⋮

𝛿(𝑔1)𝑁 ⋯ 𝛿(𝑔𝑁)𝑁
𝛿(𝑔1)𝑁+1 ⋯ 𝛿(𝑔𝑁)𝑁+1

⋮ ⋱ ⋮
𝛿(𝑔1)2𝑁 ⋯ 𝛿(𝑔𝑁)2𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (1.35)

where we identify the two 𝑁 × 𝑁-submatrices Z and X, because the first 𝑁 entries of 𝛿(𝑔𝑖) and
therefore the first 𝑁 rows of M[𝒢] indicate, if 𝜎0 or 𝜎𝑧 are operating on the corresponding qubit,
whereas the last 𝑁 entries of 𝛿(𝑔𝑖) or rows of M[𝒢] indicate it for 𝜎0 and 𝜎𝑥.

The software we developed in the course of this work simulate quantum circuits is based on the
binary representation of the stabilizer formalism. With the details of the implementation being
discussed in chapter 3, we point out that this central result allows us to efficiently simulate quantum
circuits to which Theorem 1.2.1 applies on a classical computer.

In order to further characterize the code space of a given stabilizer code, we additionally introduce
the concept of the (Hamming) weight of a Pauli operator to indicate the number of qubits on which
it acts non-trivially:

Definition 1.2.5 (Hamming weight of a Pauli operator)
The (Hamming) weight wt(𝑔) of a Pauli operator 𝑔 ∈ 𝐺𝑁 is defined as the number of non-identity
Pauli matrices in its decomposition, i.e.

wt(𝑔) ≔ ∣{ 𝑗 | 𝜈𝑗 ≠ 0, 1 ≤ 𝑗 ≤ 𝑁}∣, (1.36)

for which in the decomposition of 𝑔 in equation (1.33) the corresponding 𝜈𝑗 ≠ 0.

It is now central to understand that if the protected subspace 𝒫𝒮 encodes for 𝑘 logical qubits,
then it is possible to find additional 𝑘 pairs of Pauli operators that also pairwise commute with all
elements in 𝒮. While preserving the code space, these so-called logical operators must not be
in the stabilizer 𝒮, as they would otherwise act trivially on the code space. Hence, the logical
operators are elements of the normalizer 𝒞𝑁 of the stabilizer 𝒮 in 𝐺𝑁, but not of 𝒮 itself. This
leads us to
Definition 1.2.6 (Distance of a stabilizer)
The distance of a stabilizer with 𝑟 < 𝑁 is defined as the minimum (Hamming) weight of all non-trivial
logical operators acting on the code space:

𝑑 ≔ min{wt(𝑔) | 𝑔 ∈ 𝒞𝑁 ∖ 𝒮}. (1.37)
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1.3 Quantum Error Correction (QEC)

One challenge in quantum computing is the susceptibility of quantum systems to noise and errors.
This is because quantum states are highly sensitive to perturbations, which can lead to the loss of
information stored in the system. In order to address this issue, Quantum Error Correction (QEC)
algorithms have been developed [12]. These algorithms are designed to protect quantum information
from noise and errors by encoding it in a way that allows for the detection and correction of errors.
This section will provide an overview of quantum error correction and discuss some key concepts
and techniques used in this field.

1.3.1 Motivation

Quantum computation entails the algorithmic manipulation of quantum states in coherent superposi-
tions. Nevertheless, these superpositions are inherently fragile and prone to decay, a process known
as decoherence. An intuitive way to understand decoherence is to imagine the environment as
constantly “measuring” the quantum state through interactions, leading to its eventual degradation.
In addition, quantum superpositions always depend on certain continuous parameters; any physical
implementation of a quantum computer must be fundamentally understood as an analog device.
Inaccuracies in its design, e.g., due to imperfect gates, must be considered. Therefore, it is crucial to
develop methods to protect quantum information from these errors as well as inaccuracies to ensure
the reliability of quantum computation [cf. 13]. However, traditional methods of error correction,
which rely on redundancy to address noise, are not feasible in this context, as the No-cloning
theorem states that it is fundamentally impossible to create an exact duplicate of an unknown quan-
tum state. Instead, more sophisticated algorithms must be deployed, circumventing the restrictions
imposed by the no-cloning theorem.

One class of error correction algorithms developed to address these challenges is the stabilizer
codes, which are based on the stabilizer formalism introduced in section 1.2. It is common to denote
a stabilizer code 𝐶(𝒮) defined by the stabilizer 𝒮 on 𝑁 physical qubits, encoding for 𝑘 logical
qubits in a 2𝑘-dimensional subspace of ℋ𝑁

2 with distance 𝑑 as a so-called [[𝑁, 𝑘, 𝑑]] quantum
error-correcting stabilizer code. Such stabilizer codes’ efficacy in providing for quantum error
correction is intrinsically tied to the error model. A useful error model is considering bit-flip 𝑥-type
errors |0⟩ ↔ |1⟩ and phase-flip 𝑧-type errors |0⟩ + |1⟩ ↔ |0⟩ − |1⟩ with some probabilities 𝑝. This
division does not suggest that the only errors considered are simple state rotations in Hilbert space.
Instead, it acknowledges that any general error 𝐸 can be decomposed to a combination of amplitude
and phase errors, along with the accompanying entanglement with the environment, as any error
operator 𝐸 acting on 𝑁 qubits can be expanded in the Pauli group 𝐺𝑁 [cf. 9, pp. 435 ff.]. In fact, it
can be shown that the correction of bit-flip and phase-flip errors with (Hamming) weight less than a
certain threshold 𝑡 suffices for the correction of any error of weight less than 𝑡 [14, 15, 16].

The errors correctable by a given stabilizer code can be characterized:

Proposition 1.3.1 (Error correction capability of stabilizer codes)
Let 𝐶(𝒮) be a [[𝑁, 𝑘, 𝑑]] stabilizer code with stabilizer 𝒮 and suppose {𝐸𝑗} ⊆ 𝐺𝑁 is a given set of
errors in the Pauli group 𝐺𝑁 such that for all 𝑗 and 𝑘

𝐸†
𝑗 𝐸𝑘 ∉ 𝒞𝑁 ∖ 𝒮. (1.38)
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1.3 Quantum Error Correction (QEC)

Then {𝐸𝑗} is a correctable error set for the stabilizer code 𝐶(𝒮).

Again, a proof is provided in [9, pp. 457 ff.]. With that said and definition 1.2.6, it is not surprising
that the distance 𝑑 of a stabilizer code is closely related to the error correction capability of the
code: As pointed out in [3, 4], the (Hamming) weight of an error 𝑡 that is guaranteed to be corrected
by the stabilizer code is given by

𝑡 = ⌊𝑑 − 1
2 ⌋ . (1.39)

We will demonstrate this ability of a stabilizer code to correct certain errors in the following minimal
example, drawing an analogon to the classical repetition code: For an 𝑁 = 3 qubit quantum register,
i.e. ℋ3

2, we choose the following set 𝒢 of generators:

𝑔1 = 𝜎𝑧
1𝜎𝑧

2,
𝑔2 = 𝜎𝑧

2𝜎𝑧
3,

(1.40)

providing a stabilizer 𝒮 = span{𝑔1, 𝑔2} with rank 𝒮 = 2 according to definition 1.2.3.
By proposition 1.2.1, the dimension of the protected subspace is consequently given by
dim 𝒫𝒮 = 23−2 = 2, that is a code space encoding a single 𝑘 = 1 logical qubit into 𝑁 = 3
physical qubits. Indeed, it is not difficult to see that the so-called GHZ states [17]

∣ΨGHZ⟩ = 1
√2

(|000⟩ ± |111⟩) (1.41)

are stabilized by the generators 𝒢 and therefore elements of the code space 𝒫𝒮. In fact, the GHZ
states are the only states in the code space which is spanned by the eigenvectors of the generators.
This example paves the way to the key idea behind algorithmic quantum error correction based on
so-called syndrome measurements: Suppose we use the state in the protected subspace 𝒫𝒮 to store
quantum information. Then an 𝑥-type error at one of the three “physical” qubits will be reflected in
the fact that at least one of the stabilizer generators 𝑔𝑖 has eigenvalues −1 after the error occurred,
i.e. the parity of the stabilizer generators is odd. If, for example, the 𝑥-type error occurred on the
first qubit, the state will be corrupted to

∣ΨGHZ, 1⟩𝑥 = 1
√2

(|100⟩ ± |011⟩) ∉ 𝒫𝒮, (1.42)

such that 𝑔1 has eigenvalue −1, whereas 𝑔2 still has eigenvalue +1. It is said that the error has
syndrome 𝑠1 = −1 and 𝑠2 = +1. Analogously, an 𝑥-type error on the second qubit will lead to a
syndrome 𝑠1 = −1 and 𝑠2 = −1, and for the third qubit to 𝑠1 = +1 and 𝑠2 = −1. If no error occurred,
the syndrome is 𝑠1 = 𝑠2 = +1. This construction enables the detection and concrete localization
of 𝑥-type errors in the code space. Moreover, it is important to highlight that neither the error nor
the syndrome measurement corrupt the quantum information stored in the code space. Therefore,
restoring the original quantum state is possible in principle due to the unitary property of 𝜎𝑥

𝑖 that
ensures that the errors are fully invertible by applying the same error operator again. In summary,
the error can be inferred algorithmically by measuring the parity of the stabilizer generators 𝑔𝑖, and
subsequently, the error can be corrected by applying the corresponding correction operator, which
finally recovers the original state. This represents the basic idea behind the syndrome measurement
in quantum error correction, in contrast to directly measuring the state of the qubits, and thereby
corrupting the quantum information stored to the state of the code space.
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The example above is obviously quite limited, as it is e.g. only capable of correcting 𝑥-type errors.
In fact, it can be modified such that it can correct 𝑧-type errors [cf. 9, pp. 430 f.], but it is not capable
of correcting both types of errors simultaneously.

Calderbank-Shor-Steane codes [3, 4], abbreviated as CSS codes, are a class of stabilizer codes that
are particularly well-suited for a more generalized way of performing quantum error correction.
These codes can be constructed from classical error correction codes and are a promising approach
to protect quantum information from noise and errors in near-term quantum devices. For a detailed
discussion of the construction of CSS codes, we refer the reader to [9, 18]. A prominent representative
of CSS codes is given by the Color code [19], defined on particular 𝐷-dimensional graphs. In the
following, we will briefly introduce three small CSS codes, which we will also use as toy models in
the course of this work.

1.3.2 Steane Code

A small quantum error correction code that can correct both bit-flip and phase-flip errors is Steane’s
7-qubit code [20, 1, 9]. This [[7, 1, 3]] code is defined by the following set of generators:

𝑆𝑋
1 = 𝑋4𝑋5𝑋6𝑋7, 𝑆𝑍

1 = 𝑍4𝑍5𝑍6𝑍7, (1.43a)
𝑆𝑋

2 = 𝑋2𝑋3𝑋6𝑋7, 𝑆𝑍
2 = 𝑍2𝑍3𝑍6𝑍7, (1.43b)

𝑆𝑋
3 = 𝑋1𝑋3𝑋5𝑋7, 𝑆𝑍

3 = 𝑍1𝑍3𝑍5𝑍7, (1.43c)

where we used the notation commonly found in the literature regarding quantum error correction,
i.e. 𝑋𝑗 and 𝑍𝑗 denote the Pauli operators 𝜎𝑘

𝑗 for 𝑘 ∈ {𝑥, 𝑧} acting on the 𝑗-th qubit for the stabilizer
generators 𝑆𝑋

𝑛 and 𝑆𝑍
𝑛 , respectively. Recalling proposition 1.2.1, we find that the code space of the

Steane code is a dim 𝒫𝒮 = 27−6 = 2-dimensional subspace of ℋ7
2, encoding a single logical qubit.

The triangular graphical representation of the code as illustrated figure 1.2 is particularly useful to
understand the code space and the error correction capability of the code.

1 3 2

5

7

6

4

𝑆𝑋
3 , 𝑆𝑍

3 𝑆𝑋
2 , 𝑆𝑍

2

𝑆𝑋
1 , 𝑆𝑍

1
Figure 1.2: Graphical representation of Steane’s 7-qubit code. The qubits

are arranged in a triangular pattern with one qubit residing in
its center, where the stabilizer generators are associated with
the vertices of the three quadrilateral “plaquettes” inside the
triangle.

The illustration in figure 1.2 also motivates the choice of

𝑋L = 𝑋⊗7 and 𝑍L = 𝑍⊗7 (1.44)

as logical operators for the code space, as they are linearly independent and satisfy the commutation
relations

[𝑆𝑘
𝑗 , 𝑋L] = [𝑆𝑘

𝑗 , 𝑍L] = 0, for all 𝑘 ∈ {𝑋, 𝑍}, 𝑗 ∈ {1, 2, 3}, (1.45)

with the given stabilizer generators (1.43), as it holds

|supp(𝑆𝑋
𝑗 ) ∩ supp(𝑍L)| = |supp(𝑆𝑍

𝑗 ) ∩ supp(𝑋L)| = 4, (1.46)
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i.e. in each case we get an even number of {𝑋𝑗, 𝑍𝑗} = −1 contributions such that the commutator
vanishes. Because of [𝑆𝑋

𝑗 , 𝑆𝑋
𝑗 ] = [𝑆𝑍

𝑗 , 𝑆𝑍
𝑗 ] = 0, the remaining pairwise commutators vanish as well

obviously.

Analogous to the bit-flip code example, the Steane code enables for an algorithmic error correction
procedure based on syndrome measuremens, but now for both bit-flip and phase-flip errors. This
is a direct consequence of the construction of the generating set for its stabilizer: Assume that a
local error occurs at one of the seven physical qubits 𝑗. If the error is unitary, we apply 𝑋𝑗 or 𝑍𝑗 on
the system state |Ψ⟩ ∈ ℋ7

2 that is protected by the Steane code’s stabilizer, so it particularly holds
|Ψ⟩ ∈ 𝒫𝒮. Suppose we use the state in the protected subspace 𝒫𝒮 to store information encoding
one logical qubits, then an 𝑥-type error at the 𝑗-th qubit transforms the state as

|Ψ⟩𝑋
𝑗 = 𝑋𝑗 |Ψ⟩ , (1.47)

whereas in case of a 𝑧-type error, the state is corrupted to

|Ψ⟩𝑍
𝑗 = 𝑍𝑗 |Ψ⟩ . (1.48)

By the construction of the stabilizer generators, the error is reflected in the fact that we find at least
one of the stabilizer generators 𝑆𝑋

𝑖 or 𝑆𝑍
𝑖 such that

𝑆𝑍
𝑖 |Ψ⟩𝑋

𝑗 = − |Ψ⟩𝑋
𝑗 , and/or 𝑆𝑋

𝑖 |Ψ⟩𝑍
𝑗 = − |Ψ⟩𝑍

𝑗 , (1.49)

for every qubit 𝑗. Since this violates equation (1.21), we deduce |Ψ⟩𝑥,𝑧
𝑖 ∉ 𝒫𝒮. Obviously, this

enables the detection and concrete localization of such error types simply by measuring all stabilizer
operators 𝑆𝑘

𝑗 . Afterwards, the error can be corrected analogously to our initial example by applying
the correction operator corresponding to the syndrome, which finally recovers the original state.

1.3.3 Shor Code

Historically, the first quantum error correction codes that was capable to correct both bit-flip and
phase-flip errors was Shor’s 9-qubit code [12]. In principle, Shor’s [[9, 1, 3]] code is an elegant
generalization of the bit-flip code and its analogon for phase-flip errors on three triples of qubits. In
ℋ9

2, the code is defined by the following set of generators [2]:

𝑆𝑋
1 = 𝑋1𝑋2𝑋3𝑋4𝑋5𝑋6, 𝑆𝑍

b1= 𝑍4𝑍5, (1.50a)
𝑆𝑋

2 = 𝑋4𝑋5𝑋6𝑋7𝑋8𝑋9, 𝑆𝑍
b2= 𝑍5𝑍6, (1.50b)

𝑆𝑍
a1 = 𝑍1𝑍2, 𝑆𝑍

c1= 𝑍7𝑍8, (1.50c)
𝑆𝑍

a2 = 𝑍2𝑍3, 𝑆𝑍
c2= 𝑍8𝑍9, (1.50d)

where a graphical representation is depicted in figure 1.3.

Given figure 1.3, the stabilizer generators are organized into pairs, each acting on distinct sets of
three qubits. This grouping is reflected in the index naming of the generators and allows for the
syndrome detection of single bit-flip errors acting on different triples of qubits, e.g. 𝑋2𝑋5𝑋8, as
long as they are not in the protected subspace, see proposition 1.3.1. One possible choice for the
logical operators of the dim 𝒫𝒮 = 29−8 = 2-dimensional protected subspace is therefore given
by

𝑋L = 𝑋1𝑋2𝑋3 and 𝑍L = 𝑍1𝑍4𝑍7, (1.51)
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𝑆𝑋
1 𝑆𝑋

2

𝑆𝑍
a2 𝑆𝑍

b2 𝑆𝑍
c2

𝑆𝑍
a1 𝑆𝑍

b1 𝑆𝑍
c1

3 6 9

2 5 8

1 4 7

Figure 1.3: Graphical representation of Shor’s 9-qubit code. The 𝑆𝑍

stabilizers are organized into pairs, each acting on distinct
sets of three qubits. This grouping is mirrored in the in-
dex naming of the generators, facilitating the detection
of single bit-flip errors on different sets of three qubits
(e.g. 𝑋2𝑋5𝑋8), provided they are outside the protected
subspace.

as they are obviously linearly independent and satisfy the algebraic relations

[𝑆𝑘
𝑗 , 𝑋L] = [𝑆𝑘

𝑗 , 𝑍L] = 0, for all 𝑘 = 𝑋, 𝑗 ∈ {1, 2} and 𝑘 = 𝑍, 𝑗 ∈ {a1, a2, b1, b2, c1, c2},
(1.52)

since with the same argument as used for the Steane code, we exclusively have an even number of
anti-commutations due to

|supp(𝑆𝑋
𝑗 ) ∩ supp(𝑍L)| = |supp(𝑆𝑍

𝑘 ) ∩ supp(𝑋L)| ∈ {0, 2}, (1.53)

for all 𝑗 ∈ 1, 2 and 𝑘 ∈ {a1, a2, b1, b2, c1, c2}.

1.3.4 Surface Code

Another stabilizer code with the inherent capability of a physical quantum error correction algorithm
has been proposed by Kitaev in 2002, named the Toric Code Model (TCM) [21]. Besides the
algorithmic error correction capability, it also features a so-called gapped topological phase at
𝑇 = 0, making it one example of a topological quantum code. For details, we refer the reader to
[11].

In the following, we will focus on the minimal instance of the planar generalization [22] of the TCM,
the [[9, 1, 3]] Surface code. In contrast to the TCM, requiring a square lattice of physical qubits
embedded to a torus, the Surface code presented in the following is constructed on a planar square
lattice, as shown in figure 1.4 [1]. The [[9, 1, 3]] Surface code can be defined by the stabilizer
generators

𝑆𝑋
1 = 𝑋8𝑋9, 𝑆𝑍

1 = 𝑍6𝑍7, (1.54a)
𝑆𝑋

2 = 𝑋5𝑋6𝑋7𝑋8, 𝑆𝑍
2 = 𝑍1𝑍2𝑍5𝑍6, (1.54b)

𝑆𝑋
3 = 𝑋2𝑋3𝑋4𝑋5, 𝑆𝑍

3 = 𝑍4𝑍5𝑍8𝑍9, (1.54c)
𝑆𝑋

4 = 𝑋1𝑋2, 𝑆𝑍
4 = 𝑍3𝑍4, (1.54d)

and we choose the logical operators for its dim 𝒫𝒮 = 29−8 = 2-dimensional code space as

𝑋L = 𝑋1𝑋6𝑋7 and 𝑍L = 𝑍1𝑍2𝑍3. (1.55)

Figure 1.4 illustrates the graphical representation of the surface code, where the stabilizer generators
are associated with the vertices of the quadrilateral “plaquettes” inside the square lattice. We find
that the logical operators are linearly independent and satisfy the commutation relations

[𝑆𝑘
𝑗 , 𝑋L] = [𝑆𝑘

𝑗 , 𝑍L] = 0, for all 𝑘 ∈ {𝑋, 𝑍}, 𝑗 ∈ {1, 2, 3, 4}, (1.56)
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Figure 1.4: Graphical representation of the 9-qubit surface code. The
stabilizer generators are associated with the colored faces,
whereas their qubits correspond to the vertices of the square
lattice.

as the support of the stabilizer generators and the logical operators are chosen such that the commu-
tator vanishes due to an always even number of anti-commutations:

|supp(𝑆𝑋
𝑗 ) ∩ supp(𝑍L)| = |supp(𝑆𝑍

𝑗 ) ∩ supp(𝑋L)| ∈ {0, 2}. (1.57)

1.3.5 Measurement-free Fault-tolerant QEC (MFFT QEC)

One of the currently promising candidates for large-scale quantum information processors is given
by neutral atom arrays in which laser tweezers trap atoms in optical lattices [23]. Besides enabling
reconfigurable geometries, targeted manipulation of atoms at a large scale, as well as the physical
transport of individual atoms, this platform features long coherence times of the order of seconds.
This is due to the fact that the quantum information can be stored in different, slowly decaying
atomic levels [24]. Using controlled sequences of microwave or laser pulses, single-qubit gates can
be implemented, typically in times of the order of 0.5 µs, as e.g. shown in [25]. Rydberg interactions
between adjacent atoms allow for the realization of entangling multi-qubit gates: By engineering
pulses that drive the atoms in and out of their Rydberg states [26, 27], high-fidelity controlled-Z
gates 𝐶𝑍 have been archived, e.g. using rubidium [28], even outperforming single-qubit gates
slightly in time. The experiments have also paved the way for an extension of this mechanism [27,
28], enabling the realization of multi-controlled gates, such as 𝐶𝑚𝑍. Together with local Hadamard
gates 𝐻, this would realize fast Toffoli gates 𝐶2𝑋, which are of crucial importance to implement
algorithmic quantum error correction procedures.

However, one limitation of neutral-atom platforms is the measurement of states, which is typically
accomplished by inducing fluorescence and detecting the emitted light. Despite recent demonstra-
tions [29], implementing feed-forward operations based on real-time measurements continues to be
a challenge, requiring times of the order of 500 µs, even neglecting technical delays due to camera
readout times and possible shuttling time of atoms to a dedicated readout zone [cf. 2]. As a result,
there is a time difference of approximately three orders of magnitude between gate operations and
measurements in neutral-atom platforms.

This motivates the paradigm of Measurement-Free Fault-Tolerant Quantum Error Correction (MFFT
QEC) protocols, which are capable of correcting errors without the need for real-time measurements
(as required by the algorithmic error correction procedures we sketched in section 1.3.1). These
protocols would be relatively slow in neutral-atom platforms, requiring the repeated syndrome
measurements of stabilizer generators, and subsequent conditioned correction of errors by unitary
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Logical CNOT

Reset

∣𝜓⟩⊗𝑛
L

↑
Feedback (X)

|+⟩⊗𝑛
L,FT

Syndrome
↓

𝑅
↑

Copy

𝑅

|0⟩⊗𝑎 𝑅

repeat for every possible non-trivial syndrome

(a) Bit-flip 𝑥-type error correction. 𝑋-type errors on the logical data qubits ∣𝜓⟩⊗𝑛
L are coherently copied to the

ancillary register |+⟩⊗𝑛
L,FT (logical CNOT step). The error syndrome is encoded in another ancillary register

|0⟩⊗𝑎 by a unitary syndrome mapping. For every possible non-trivial syndrome, the corresponding error is
decoded from the ancillary register and copied onto physical qubits in reset state |0⟩ to apply the feedback
operation via conditioned 𝑋 gates. This copy step is necessary for fault tolerance. Eventually, the ancillary
registers are reset to their corresponding initial state.

Logical CNOT

ResetRotate

∣𝜓⟩⊗𝑛
L

↑
Feedback (Z)

|0⟩⊗𝑛
L,FT

Syndrome
↓

𝑅
↑

Copy

𝑅

|+⟩⊗𝑎 𝐻 𝑅

repeat for every possible non-trivial syndrome

(b) Phase-flip 𝑧-type error correction. Analogous to the bit-flip 𝑥-type error correction, except that the
logical data qubits ∣𝜓⟩⊗𝑛

L are copied to an additional ancillary register |0⟩⊗𝑛
L,FT. Starting from the latter, the

syndrome mapping is performed to another ancillary register |+⟩⊗𝑛. A rotation of the second ancillary
register transforms the syndrome mapping for the phase flip errors in bit flips, allowing for the application
of feedback operations via conditioned 𝑍 gates.

Figure 1.5: Logical building blocks of the Steane-type measurement-free fault-tolerant quantum error cor-
rection scheme proposed in [1].

operations according to a classical decoding algorithm. By contrast, MFFT QEC protocols have
emerged as a promising alternative for quantum information processor platforms suffering from
those limitations [1, 2].

The key idea is to replace the classical error correction processing with only unitary dynamics,
additional ancillary systems (ancillas), and resets of qubits. By applying a sequence of unitary
operations, the strategy is to encode information on errors in the ancillary system elegantly. Then,
conditioned multi-qubit gates can be applied to the data system to recover the quantum information
according to the syndrome encoding on the ancillas. After this feedback, the ancillary system is
reset to its pre-defined standard state, either by dedicated reset operations (significantly faster than
measurements) or a sufficiently large reservoir of continuously-provided ancillary qubits. Hence,
the entropy added to the system by errors is no longer removed by comparably slow syndrome
measurements but rather by resetting the ancillary system, leading to dissipative overall dynamics.
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If the overhead caused by mapping the procedure of encoding the error syndrome to the ancillary
register and the feedback operation is sufficiently small, the measurement-free fault-tolerant quantum
error correction protocols can be advantageous over algorithmic error correction on certain quantum
information processor platforms. This is particularly the case for the neutral-atom platforms, where
the time required for feedback operations is now only limited by the time required to apply the
unitary operations and the reset of the ancillary system. For a comparison of measurement-free
fault-tolerant quantum error correction protocols to conventional feed-forward implementations
based on syndrome measurement (given a general error model and considering typical time scales
for the necessary implementations), we refer the reader to [1, 2].

We conclude this motivation for measurement-free fault-tolerant quantum error correction by
highlighting the two strategies that have proven useful so far:

Steane-type MFFT QEC Inspired by Steane-type error correction [30], Müller et al. [1] have
developed a measurement-free fault-tolerant quantum error correction strategy, see figure 1.5.
One first coherently copies the errors of the to-be-corrected logical data qubits to an auxiliary
logical qubit register (Logical CNOT) to avoid the uncontrolled proliferation of errors to
the logical data qubits during the extraction of the error syndrome. This additional register
needs to be initialized fault-tolerantly into a logical state (encoding) to perform the coherent
error copying operation, which introduces additional overhead (a step that we do not discuss
in this work). Subsequently, a syndrome mapping encodes the error syndrome onto the
second ancillary system. For every possible non-trivial syndrome on the data qubits, the
corresponding correction is then decoded from the second ancillary system and copied onto
some physical qubits in the state |0⟩, either obtained by reset or by a reservoir. Finally, one
applies the matching feedback operation by multi-controlled 𝑋 or 𝑍 gate, respectively. This
strategy is depicted in figure 1.5a for the bit-flip 𝑥-type error correction, and in figure 1.5b for
the phase-flip 𝑧-type error correction. Combined, they form a Steane-type measurement-free
fault-tolerant quantum error correction cycle.

Single-shot MFFT QEC In follow-up work, Müller et al. [2] have proposed a new measurement-
free fault-tolerant quantum error correction strategy that avoids the overhead caused by the
preparation of an additional fault-tolerant ancillary register in a logical state, see figure 1.6.
Particularly well-suited for quantum error correction codes with low distance, they point to
another strategy for MFFT QEC by introducing redundancies in the syndrome information and
using additional flag qubits to counter potentially erroneous syndrome extractions. This allows
for controlled feedback operations on the data qubits in a single-shot fashion (i.e., no repeated
syndrome extractions are required). This improved strategy significantly reduces both the
number of ancillary qubits and the total number of operations needed for the procedure.

We will use protocols based on these strategies and proposed in [1, 2] as toy models to demonstrate
the capabilities of the algorithm developed in the course of this work, see chapter 4.
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Reset

∣𝜓⟩⊗𝑛
L

Syndrome 𝑆𝑖
↓

↑
Feedback (F)

↑
Feedback (X)

|0⟩⊗𝑓
flags 𝑅 𝑅

|0⟩⊗𝑎 𝑅

repeat for every possible non-trivial syndrome

(a) Bit-flip 𝑥-type error correction. All error syndromes are encoded in the ancillary register by a unitary
syndrome mapping. Additional flag qubits are introduced to detect potential errors in the syndrome
extraction itself. If the flags are triggered, immediate feedback (F) is applied to the data register. Subse-
quently, for every possible non-trivial syndrome, the corresponding error is decoded directly from the
ancillary register, and corresponding feedback is applied to the data register via multi-controlled 𝑋 gates.
Eventually, the ancillary registers are reset to their initial state.

ResetRotate

∣𝜓⟩⊗𝑛
L

Syndrome 𝑆𝑖
↓

↑
Feedback (F)

↑
Feedback (Z)

|0⟩⊗𝑓
flags 𝑅 𝑅

|+⟩⊗𝑎 𝐻 𝑅

repeat for every possible non-trivial syndrome

(b) Phase-flip 𝑧-type error correction. Analogous to the bit-flip error correction, except that the ancillary
register is initialized in the |+⟩-basis for the syndrome encoding, and the feedback is applied via multi-
controlled 𝑍 gates after rotating the ancillary register.

Figure 1.6: Logical building blocks of the improved measurement-free fault-tolerant quantum error correction
scheme proposed in [2].
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2 Efficient Simulation of MF QEC Protocols:
Theory

in a nutshell
The following chapter introduces the reader to the theoretical foundations of the algorithm we
use in the course of this work to systematically study the error correction capabilities of given
measurement-free fault-tolerant quantum error correction protocols.

On the grounds of the unitary time evolution of quantum states based on the stabilizer formalism,
we introduce a tweak to go beyond the widely known simulation of Clifford dynamics to
allow for the simulation of certain multi-controlled Clifford gates. The latter are crucial for
algorithmically correcting potential errors by measurement-free feedback mechanisms.

We proceed by introducing criteria to classify a protocol as fault-tolerant, given a pre-defined
error model. The chapter concludes with a detailed discussion of the elaborated iterative error
propagation model.

2.1 Circuit Model and Extended Clifford Dynamics

As outlined in the abstract, the one goal of this work is to provide a tool to systematically (and
efficiently) study the error correction capabilities of given measurement-free fault-tolerant quantum
error correction protocols. To this end, we start with two distinct registers of physical qubits as
sketched in the circuit model in figure 2.1: A logical qubit register on 𝑛 physical qubits is initialized
in a state ∣𝜓⟩⊗𝑛

L ∈ 𝒫𝒮 of a given [[𝑛, 𝑘, 𝑑]] error-correcting stabilizer code. On the other hand, the
ancillary qubit with 𝑎 physical qubits is initialized in a state |Ψ⟩⊗a

A and also described by a given
(not necessarily error-correcting) stabilizer code. Depending on the requirements and the chosen
strategy, the ancillary qubit register can be divided into subregisters with different initial states.

feedback

clifford

reset

∣𝜓⟩⊗5
L

𝑈2

𝑈3

𝑈1

|Ψ⟩⊗2
A

𝑅

𝑅

Figure 2.1: Exemplary circuit model for a measurement-free
fault-tolerant quantum error correction protocol,
featuring two distinct registers of physical qubits:
A logical register initialized into an abstract state
∣𝜓⟩⊗5

L ∈ 𝒫𝒮 and an ancillary register initialized to
a state |Ψ⟩⊗2

A . The protocol consists of a sequence of
unitary gates 𝑈𝑗, multi-controlled feedback mecha-
nisms and resets of qubits.
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2 Efficient Simulation of MF QEC Protocols: Theory

The algorithm we use to study the quantum error correction protocols is based on the stabilizer
formalism (section 1.2). Recalling the fact that the Clifford group 𝒞𝑁 is defined as the normalizer
of the Pauli group 𝒫𝑁, we can simulate the dynamics of Clifford gates 𝑈C on a quantum state
∣𝜓⟩ ∈ 𝒫𝒮 defined on 𝑁 physical qubits and protected by a stabilizer 𝒮 with generators 𝑔1, … , 𝑔𝑟
through transforming the corresponding generators accordingly, i.e. 𝑈C𝑔1𝑈†

C, … , 𝑈C𝑔𝑟𝑈†
C, see

equation (1.28). Since 𝑈C ∈ 𝒞𝑁, it holds 𝑈C𝑔𝑗𝑈†
C ∈ 𝐺𝑁 by construction. For some elementary

Clifford gates, the transformation properties take on a particularly simple form, as shown in table 2.1.
Note that because of 𝑌𝑖 = i ⋅ 𝑋𝑖𝑍𝑖, it suffices to consider the transformation of 𝑋𝑖 and 𝑍𝑖; the
transformation for 𝑌𝑖 is given by the product of the single transformations of 𝑋𝑖 and 𝑍𝑖. Moreover,
we quickly note that the index 𝑖 denotes the 𝑖-th qubit in the circuit.

Table 2.1: Transformation properties of stabilizers by some elementary Clifford gates under conju-
gation. For the 𝐶𝑁𝑂𝑇𝑖𝑗 gate, we use big-endian notation, i.e. the control qubit is 𝑖 and
the target qubit is 𝑗, [9, p. 460].

Clifford Matrix Circuit Input Output
Gate Representation Symbol

𝑋𝑖 [0 1
1 0

] 𝑖 𝑋
𝑋𝑖 𝑋𝑖
𝑍𝑖 −𝑍𝑖

𝑌𝑖 [0 −i
i 0

] 𝑖 𝑌
𝑋𝑖 −𝑋𝑖
𝑍𝑖 −𝑍𝑖

𝑍𝑖 [1 0
0 −1

] 𝑖 𝑍
𝑋𝑖 −𝑋𝑖
𝑍𝑖 𝑍𝑖

𝐻𝑖
1

√2
[1 1
1 −1

] 𝑖 𝐻
𝑋𝑖 𝑍𝑖
𝑍𝑖 𝑋𝑖

𝑆𝑖 [1 0
0 i

] 𝑖 𝑆
𝑋𝑖 𝑌𝑖
𝑍𝑖 𝑍𝑖

CNOT𝑖𝑗

⎡
⎢⎢⎢⎢
⎣

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤
⎥⎥⎥⎥
⎦

𝑖

𝑗

𝑋𝑖 𝑋𝑖𝑋𝑗
𝑋𝑗 𝑋𝑗
𝑍𝑖 𝑍𝑖
𝑍𝑗 𝑍𝑖𝑍𝑗

There is a number of other Clifford gates that can be constructed from the elementary gates in
table 2.1, e.g. the SWAP𝑖𝑗 gate by concatenating three alternately directed CNOT𝑖𝑗 gates. With that
said, the stabilizer formalism allows for the efficient simulation of a quantum circuit using Clifford
gates, as they can be decomposed into simple operators on the Pauli group 𝐺𝑁. All that needs to be
done is to keep track of the stabilizer generators and transform them according to the Clifford gates
applied in the circuit.

However, the Clifford group is not universal for quantum computation. One possible gate that
would allow for universal quantum computation is the CCX (or Toffoli) gate, for which there is
no decomposition of the transformation of 𝑋𝑖 and 𝑍𝑖 into simple operators in the Pauli group 𝐺𝑁.
For more details on the classification of Clifford gates we refer the reader to [31]. This prevents
the efficient simulation of such gates using the stabilizer formalism. Nonetheless, for algorithmic
correction of potential errors via controlled feedback, it is necessary to go beyond the simulation of
Clifford gates, recall figures 1.5, 1.6 and 2.1.
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2.1 Circuit Model and Extended Clifford Dynamics

In the following, we introduce an extension to the stabilizer formalism, which is crucial for
measurement-free fault-tolerant quantum error correction protocols and allows for the simula-
tion of certain multi-controlled Clifford gates: We consider a system of 𝑛 physical qubits and an
𝑚 + 1-fold multi-controlled Clifford gate. For |Ψ⟩ ∈ ℋ𝑛

2, we choose the (computational) 𝑧-basis
{|0⟩ , |1⟩}⊗𝑛, such that the first control qubit is labeled as the first qubit and the other 𝑚 control qubits
are included in the numbering hereafter. The target qubit(s) of the controlled Clifford gate and the
remaining uninvolved qubits follow afterwards. Accordingly, we denote the amplitudes of |Ψ⟩ with
respect to a basis vector |𝑏⟩ ∈ {|0⟩ , |1⟩}⊗𝑛 as 𝑐𝑏 ∈ ℂ and the gate as 𝐶𝑚+1𝑈C. Then, w.l.o.g., we
show that a projective measurement of the observable 𝑍𝑖 on the first control qubit commutes with
the gate as sketched in figure 2.2.

𝑍|Ψ⟩1

|Ψ⟩𝑛
2 𝐶𝑚𝑈C

=
𝑍|Ψ⟩1

|Ψ⟩𝑛
2 𝐶𝑚𝑈C

Figure 2.2: The commutation relation of multi-
controlled Clifford gates and projective
measurements of observables 𝑍𝑖 on its
control qubits allows for the simula-
tion of certain multi-controlled Clifford
gates in the stabilizer formalism.

For the left-hand side in figure 2.2, with 𝑃𝑍,1
𝜆 , 𝜆 ∈ {1, −1} as in definition 1.1.5, we have

𝐶𝑚+1𝑈C[𝑃𝑍,1
1 |Ψ⟩] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 𝐶𝑚𝑈C

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(0,…)
⋮

𝑐(0,…)
𝑐(1,…)

⋮
𝑐(1,…)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 𝐶𝑚𝑈C

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐|0,…⟩
⋮

𝑐|0,…⟩

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(0,…)
⋮

𝑐(0,…)

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.1a)

𝐶𝑚+1𝑈C[𝑃𝑍,1
−1 |Ψ⟩] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 𝐶𝑚𝑈C

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1

0 0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(0,…)
⋮

𝑐(0,…)
𝑐(1,…)

⋮
𝑐(1,…)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 𝐶𝑚𝑈C

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(1,…)
⋮

𝑐(1,…)

0 ⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(1,…)
⋮

𝑐(1,…)

0

𝐶𝑚𝑈C ⋅

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢⎢
⎣

⎤
⎥⎥
⎦

, (2.1b)
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where for the sake of clarity we neglected the normalization of the states after applying the mea-
surement projectors 𝑃𝑍,1

𝜆 .

On the right-hand side, again omitting the state normalization, we find in the reversed order

𝑃𝑍,1
1 [𝐶𝑚+1𝑈C |Ψ⟩] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 𝐶𝑚𝑈C

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(0,…)
⋮

𝑐(0,…)
𝑐(1,…)

⋮
𝑐(1,…)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(1,…)
⋮

𝑐(1,…)

0

𝐶𝑚𝑈C ⋅

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢⎢
⎣

⎤
⎥⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(0,…)
⋮

𝑐(0,…)

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.2a)

𝑃𝑍,1
−1 [𝐶𝑚+1𝑈C |Ψ⟩] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1

0 0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
0

0 𝐶𝑚𝑈C

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(0,…)
⋮

𝑐(0,…)
𝑐(1,…)

⋮
𝑐(1,…)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1

0 0

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(1,…)
⋮

𝑐(1,…)

0

𝐶𝑚𝑈C ⋅

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢⎢
⎣

⎤
⎥⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐(1,…)
⋮

𝑐(1,…)

0

𝐶𝑚𝑈C ⋅

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢⎢
⎣

⎤
⎥⎥
⎦

,

(2.2b)

so that in both cases there is an agreement with equations (2.1a) and (2.2a) as well as equations (2.1b)
and (2.2b), respectively. This proof shows that the commutator vanishes and can be continued
iteratively for all remaining controls (which is omitted here for brevity). In other words, if a control
qubit of a multi-controlled Clifford gate 𝐶𝑚𝑈C is followed by a measurement in the computational
𝑧-basis, the resulting dynamics is the same if we first apply the gate and then measure the control
qubit, or if we first measure the control qubit and then apply the gate conditioned on the outcome
of the measurement. This is a crucial observation as it allows for the efficient simulation of multi-
controlled Clifford gates that are followed by measurements on the controls: If the measurement is
performed first, the control qubit can be treated as a classical bit that is either in the state |0⟩ or |1⟩,
which is then used to condition the gate in a classical manner.

Hence, we are able to extend the set of efficiently simulatable gates of the stabilizer formalism to
multi-controlled Clifford gates with control qubits that are measured in the computational 𝑧-basis
(including reset to the |0⟩ state) afterwards.
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2.2 Criteria for MFFT QEC Protocols

To make the distinction to true multi-controlled Clifford gates clear, we refer to this specific set of
gates as conditioned Clifford gates. In table 2.2 we provide some notes on the physical implemen-
tation of resets and multi-conditioned Clifford gates. While we will discuss the implementation
of such operations in more detail in chapter 3, we already note that this extension is decisive for
the systematic analysis of measurement-free fault-tolerant quantum error correction protocols as
proposed in section 1.3.5.

Table 2.2: Notes on the physical implementation of resets and multi-conditioned Clifford gates,
enabling the efficient simulation in the stabilizer formalism. Combinations of conditioned
and negative-conditioned Clifford-gates are also possible.

(Conditioned) Circuit Physical Implementation
Gate Symbol

𝑅𝑖 |Ψ⟩𝑖 𝑅 |0⟩

Resets are considered as measurement in the 𝑧-basis.
If the outcome corresponds to the state |0⟩𝑖, nothing is
done. In case of |1⟩𝑖, the qubit is flipped to |1⟩𝑖.

Cond𝑖𝑈C,𝑗
|Ψ⟩𝑖 𝑅 |0⟩

|Ψ⟩𝑗 𝑈C

𝑍|Ψ⟩𝑖 𝑅 |0⟩

|Ψ⟩𝑗 𝑈C

The condition is fulfilled
iff the control qubit 𝑖
is in the state |0⟩𝑖.

Condneg,𝑖𝑈C,𝑗
|Ψ⟩𝑖 𝑅 |0⟩

|Ψ⟩𝑗 𝑈C

𝑍|Ψ⟩𝑖 𝑅 |0⟩

|Ψ⟩𝑗 𝑈C

The condition is fulfilled
iff the control qubit 𝑖
is in the state |1⟩𝑖.

2.2 Criteria for MFFT QEC Protocols

Based on the circuit model introduced in the previous section, we now aim to establish criteria for
fault-tolerant measurement-free quantum error correction protocols. In accordance with [2, 32,
33, 34], a quantum error correction protocol for a given [[𝑛, 𝑘, 𝑑]] error-correction stabilizer code
𝒮 with corresponding protected subspace 𝒫𝒮 is referred to as fault-tolerant, iff it satisfies the
following criteria:

Suppose 𝑡 is the weight of an error that is guaranteed to be corrected by the stabilizer code (recall
equation (1.39)), we require:

1. If the input state Ψ ∉ 𝒫𝒮 contains an error of weight 𝑟, and the protocol has 𝑠 faults “on the
fly”, then the output is the original code word up to a correctable error of the code as long as
it holds 𝑟 + 𝑠 ≤ 𝑡.

2. If the protocol has 𝑠 ≤ 𝑡 faults “on the fly”, then the output must not differ from any code
word by an error with a weight larger than 𝑠.

As exemplified in [1, 2], a general circuit-level error model must be specified for the protocol’s “on
the fly” faults (circuit error model), corresponding to various quantum channels, e.g. depolarization,
amplitude damping, or phase flip channels, which may depend on the respective gates used.
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2 Efficient Simulation of MF QEC Protocols: Theory

In accordance with section 1.3.1, we consider a circuit error model that is based on 𝑥-type errors
and 𝑧-type errors which can happen with a certain probability after each gate operation. We need to
ensure that the protocol fulfills the criteria described above for both types of errors. For example, if
the protocol uses any gate with support on two qubits, 𝑖 and 𝑗, the error model must account for the
possibility that both types of errors occur on either qubit 𝑖 or qubit 𝑗 or on both qubits after the gate
operation, i.e.

𝐸𝑋
1 = 𝑋𝑖, 𝐸𝑍

1 = 𝑍𝑖, (2.3a)
𝐸𝑋

2 = 𝑋𝑗, 𝐸𝑍
2 = 𝑍𝑗, (2.3b)

𝐸𝑋
3 = 𝑋𝑖𝑋𝑗, 𝐸𝑍

3 = 𝑍𝑖𝑍𝑗, (2.3c)
𝐸𝑋𝑍

1 = 𝑋𝑖𝑍𝑗, 𝐸𝑋𝑍
2 = 𝑍𝑖𝑋𝑗. (2.3d)

As we choose our error model to consist of error patterns 𝐸 ∈ 𝒢𝑁, i.e. essentially additional
Clifford gates that are applied to the system, we can use the same propagation rules as outlined for
the stabilizer generators in order to examine their dynamics.

2.3 State-aware Iterative Error Propagation

On the basis of the circuit model and this error model, we can now construct our algorithm to
systematically study the properties of measurement-free fault-tolerant quantum error correction
protocols, that is a state-aware iterative simulation of error propagation through given quantum
circuits.

Our approach for a state-aware iterative simulation of error propagation is structured as follows:

i. Circuit and error model setup:
a. First, we define the circuit model to be simulated, including the size of the data and

ancillary qubit registers.
b. Second, we choose an [[𝑛, 𝑘, 𝑑]] error-correcting stabilizer code and its logical polar-

ization for the data qubit register and (not necessarily error-correcting) stabilizer codes
for the ancillary qubit registers for initialization.

c. Third, we provide a candidate for a measurement-free fault-tolerant quantum error
correction protocol that is to be assessed as a sequence of gates 𝑈1, … , 𝑈𝑚, possibly
including conditioned Clifford gates.

d. Moreover, we declare a set of incoming error patterns 𝐸in ≡ {𝐸in,𝑙} ⊆ 𝐺𝑛 of weight
wt(𝐸in,𝑙) ≤ 𝑡 ≔ ⌊𝑑−1

2 ⌋ that are to be considered for the assessment, e.g. bit-flip 𝑥-type
errors and phase-flip 𝑧-type errors.

e. Additionally, we define the circuit error model: Whether to account for possible bit-flip
𝑥-type errors and/or phase-flip 𝑧-type errors after each gate operation. Depending on
the type of the gate operation, all possible error patterns from the error model will be
considered, as outlined in equation (2.3).

f. Finally, we specify the criterion for deciding whether the protocol candidate is fault-
tolerant: Either by the weight of the final error patterns wt(𝐸𝑖) ≤ 𝑡 (weight criterion) or
whether the final error patterns would be mitigated by another full run of the protocol
(validation run criterion). Note that the former criterion is stricter than the latter.
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2.3 State-aware Iterative Error Propagation

ii. Initialization of the stabilizer and error profile:
a. Given the code and error model in (i.), at 𝜏0 = 0, we initialize a common stabilizer

𝒮 for the stabilizer codes of the data qubit register and the ancillary qubit registers
to describe the state ∣Ψ(𝜏0 = 0)⟩ of the system, taking the logical polarization(s) into
account.

b. We also initialize a tableau of error patterns by inserting all considered incoming error
patterns 𝐸in.

iii. Iterative system evolution run for 𝜏𝑖 with discrete time steps Δ𝜏 = 1 up to 𝜏max:

Here, the current time step 𝜏𝑖 corresponds to the 𝑖-th application of a gate operation 𝑈𝑖, up to
the maximum number of gate operations 𝜏max.
For each time step 𝜏𝑖:

a. We apply the corresponding gate operation 𝑈𝑖 of the protocol to all current stabilizer
generators.

b. We update the error patterns {𝐸𝑙} ⊆ 𝐺𝑁 currently stored in the tableau of error patterns
accordingly.

c. In the error tableau, we eliminate all identical and mitigated error patterns 𝐸𝑖, as well as
those being in the span of the stabilizer generators span{𝑔𝑗(𝜏 = 𝑖)}, as they act on the
system trivially. Here, 𝑔𝑗(𝜏 = 𝑖) denotes the 𝑗-th stabilizer generator at time step 𝜏 = 𝑖.

d. The current stabilizer generators as well as the error patterns are appended to an evolution-
recording profile of both the stabilizer SP(𝜏) and the error tableau EP(𝜏) to allow for a
detailed analysis of the system dynamics afterwards.

e. At this point, several quantities of interest can be computed, e.g. the number of (incom-
ing) error patterns still present in the error tableau, their support in the data qubits as
well as their respective weight.

f. We assess if the protocol is fault-tolerant according to the criteria outlined in section 2.2,
that is, if all the following conditions are met:

1. The span of the generators span{𝑔𝑗(𝜏 = 𝑖)} of the current stabilizer is equal to the
initial code space, i.e. the protocol has not corrupted the code word nor transformed
the code space.

2. The set of initial incoming error patterns 𝐸in is empty, i.e. the protocol candidate
has corrected all errors that were present in the system initially.

3. The protocol candidate has not introduced any uncorrectable errors, which is
decided by the criterion specified in (i. f.).

g. Depending on the error model chosen in (i. e.), we append all possible error patterns 𝐸𝑙
that can occur after the gate operation 𝑈𝑖 to the tableau of error patterns.

h. We increment the current time step 𝜏𝑖 to 𝜏𝑖+1 and continue with the next gate operation
𝑈𝑖+1 until the maximum number of gate operations 𝜏max is reached.

We emphasize that the described state-aware iterative simulation of error propagation is fully
deterministic, i.e. there is no probabilistic sampling. We will discuss how to deal with probabilistic
measurement outcomes in the context of the implementation in chapter 3. Furthermore, we highlight
that the described procedure has to be repeated for each possible polarization of the data qubits to
ensure that the protocol is fault-tolerant for all possible initial states.
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Figure 2.3: Iterative time evolution and error propagation. The first steps of the propagation of an incoming
bit-flip 𝑥-type error on the fifth qubit (indicated by a yellow starburst symbol) through the
exemplary circuit introduced in figure 2.1. The occurrence of a phase-flip 𝑧-type error on the
third qubit (green starburst symbol) at 𝜏2 = 2, which would have to be taken into account in
subsequent time steps, is also sketched.

Figure 2.3 illustrates the first steps of the iterative time evolution and error propagation of an
incoming bit-flip 𝑥-type error on the fifth qubit through the circuit model introduced in figure 2.1.
The occurrence of a phase-flip 𝑧-type error on the third qubit (green starburst symbol) at 𝜏2 = 2,
which would have to be taken into account in subsequent time steps, is also sketched.
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Implementation

in a nutshell
This chapter details the implementation of the algorithm used to study measurement-free fault-
tolerant quantum error correction protocols in this thesis. It outlines the main algorithmic setup
of the underlying simulator, written in the high-performance programming language C++.

First, we outline the general structure of the quantum circuit simulator. Then, we discuss
the algorithmic implementation of the extended Clifford dynamics. Finally, based on this
dynamics, we introduce the state-aware iterative propagation of error patterns and discuss how
several quantities of interest are computed algorithmically; we also discuss how the algorithm
decides on the fault tolerance of a given quantum circuit.

3.1 General Structure of the Simulator

To provide a comprehensive understanding of the implementation of the algorithm, we first sketch
the general structure of the simulator. The simulator is designed to be highly modular, such that it
can be conveniently extended to include a larger amount of gates and initial stabilizer states and
additional criteria for measurement-free fault-tolerant quantum error correction protocols. The
simulator is structured into four main layers: the input layer, the simulation layer, the output layer,
and the binding layer, as illustrated in figure 3.1:

Input Layer The input layer allows for configuring the simulation parameters via JSON files, en-
abling a flexible and easy-to-use setup. The configuration of the simulation parameters
includes the size of the qubit registers, the initial state configuration, and whether the simu-
lation should be probabilistic. The error model parameters are also provided via the JSON
file, including the set of incoming error patterns, the circuit error model, and the desired fault
tolerance criteria. The circuit error model is defined by a set of error patterns that can occur
after each gate operation. As for the fault tolerance criteria, the user can choose between the
weight criterion and the validation run criterion (recall section 2.3). The input layer also
includes an interface for providing quantum error correction protocols or quantum circuits,
in general, using the OpenQASM language [35]. The OpenQASM circuits are tokenized and
parsed by the simulator.

Simulation Layer The complete simulation layer, which we refer to as QUANTUMcliff, is written
in the programming language C++ [36] to guarantee high performance as well as efficiency
and is designed to be used both as a standalone application and as a library. QUANTUMcliff
is built upon two main components: SIMUcliff and ERRORcliff. SIMUcliff is an extended
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Figure 3.1: Layer structure of QUANTUMcliff, a simulator for extended Clifford dynamics and state-aware iter-
ative error propagation. The input layer allows for the configuration of the simulation parameters
via JSON files and defines an interface to provide quantum error correction protocols or quantum
circuits in general using the OpenQASM language. The simulation layer consists of two main
components: SIMUcliff, an extended Clifford simulator, and ERRORcliff, a state-aware error
propagation simulator. The output layer performs the analysis of the simulation results, such as
the assessment of fault tolerance and the determination of quantities of interest. It also returns
the stabilizer profile and the error profile, i.e. the time evolution of the stabilizer states and the
error patterns, respectively. In addition, the results of the current simulation are temporarily
stored in a cache so that the simulation can be efficiently extended by further operations (time
steps). The binding layer provides Python/C++ bindings for easy integration of the simulator
into Python modules. The simulator is designed to be highly modular to allow for convenient
extensions and modifications.
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Clifford simulator that is capable of simulating the dynamics of a quantum circuit with a
given initial stabilizer state. While it can be a standalone application, it is also a building
block for the state-aware iterative simulation of error propagation. As we will point out, the
state awareness provided by SIMUcliff is crucial both for the error propagation and for the
assessment of the fault tolerance of a given quantum circuit with ERRORcliff.

Output Layer The output implements the analysis of the simulation results, such as the assessment
of fault tolerance and the computation of quantities of interest. It also returns the stabilizer
profile and the error profile (only with ERRORcliff), i.e., the time evolution of the stabilizer
states and the error patterns, respectively. In addition, all simulation results are temporarily
stored in a cache so that the circuit can be extended and evaluated efficiently by further
operations (time steps).

Binding Layer The simulator is also equipped with a Python/C++-binding (pyQUANTUMcliff) which
allows for an easy integration of the simulator into Python modules. This is not only useful
for the analysis of simulation results (see chapter 4), but also for integrating the simulator
into machine learning frameworks, such as Gymnasium [8], PyTorch [37], and TensorFlow [38].
To expose C++ types in Python, we use the binding library nanobind [39].

3.2 Implementation of the Extended Clifford Dynamics

3.2.1 Representation of Stabilizer States and Error Patterns

As proposed in [10], we use an extended binary representation of stabilizer states (compared to the
original idea outlined in definition 1.2.4): For a stabilizer 𝒮 with 𝑛 generators 𝒮 = {𝑠𝑖}𝑛

𝑖=1 ⊆ 𝐺𝑛 and
w.l.o.g. support on 𝑛 qubits, we additionally store 𝑛 “antistabilizer” generators 𝒟 = {𝑑𝑖}𝑛

𝑖=1 ⊆ 𝐺𝑛,
that, together with the stabilizer generators, form a complete set of generators 𝒢 = {𝑔𝑖}𝑛

𝑖=1 ⊆ 𝐺𝑛
of the full Pauli group 𝐺𝑛. According to equation (1.33), each generator 𝑔𝑖 can be written as a
tensor product of 𝑛 Pauli operators 𝑔𝑖 = ⨂𝑛

𝑗=1 𝑔𝑖𝑗 with 𝑔𝑖𝑗 ∈ {𝐼, 𝑋, 𝑌, 𝑍} for 𝑖 ∈ {1, … , 2𝑛} and
𝑗 ∈ {1, … , 𝑛}. We will also keep track of the phases assigned to each of the stabilizer generators 𝑔𝑖
and antistabilizer generators 𝑑𝑖 with two additional bits per generator, which will be justified below.
Moreover, we append two flag bits 𝐹1,2

𝑖 per row of the stabilizer tableau (recall section 1.2.2), were
we use 𝐹1

𝑖 to distinguish generators of initial “data” codes from those of to ancillary qubits. The
flags 𝐹2

𝑖 , however, are used to label the logical operators of the data code. All combined, such a
binary state encoding requires a total of 2𝑛(2𝑛 + 4) ∼ 4𝑛2 bits and is represented by a generator
tableau with pairwise elements

Stabilizer state ↔

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑋11 | 𝑍11 ⋯ 𝑋1𝑛 | 𝑍1𝑛 𝑃1 | 𝑁1 𝐹1
1 | 𝐹2

1
⋮ ⋱ ⋮ ⋮ ⋮

𝑋𝑛1 | 𝑍𝑛1 ⋯ 𝑋𝑛𝑛 | 𝑍𝑛𝑛 𝑃𝑛 | 𝑁𝑛 𝐹1
𝑛 | 𝐹2

𝑛
𝑋𝑛+1,1 | 𝑍𝑛+1,1 ⋯ 𝑋𝑛+1,𝑛 | 𝑍𝑛+1,𝑛 𝑃𝑛+1 | 𝑁𝑛+1 𝐹1

𝑛+1 | 𝐹2
1

⋮ ⋱ ⋮ ⋮
𝑋2𝑛,1 | 𝑍2𝑛,1 ⋯ 𝑋2𝑛,𝑛 | 𝑍2𝑛,𝑛 𝑃2𝑛 | 𝑁2𝑛 𝐹1

2𝑛 | 𝐹2
1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (3.1)
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where each element of the tableau with rows 𝑖 ∈ {1, … , 2𝑛} and columns 𝑗 ∈ {1, … , 𝑛} represents
the binary encoding for a single qubit, i.e. 𝑋𝑖𝑗 and 𝑍𝑖𝑗 are the binary values for the 𝑋 and 𝑍 operators,
respectively, and 𝑃𝑖 and 𝑁𝑖 are the positive and negative phase bits for the 𝑖-th generator 𝑔𝑖 with

𝑋𝑖𝑗 =
⎧{
⎨{⎩

1 if 𝑔𝑖𝑗 = 𝑋 or 𝑔𝑖𝑗 = 𝑌 and
0 otherwise,

(3.2a)

𝑍𝑖𝑗 =
⎧{
⎨{⎩

1 if 𝑔𝑖𝑗 = 𝑌 or 𝑔𝑖𝑗 = 𝑍 and
0 otherwise,

(3.2b)

𝑃𝑖 =
⎧{
⎨{⎩

1 if 𝑔𝑖 has a negative sign and
0 if 𝑔𝑖 has a positive sign,

(3.2c)

𝑁𝑖 =
⎧{
⎨{⎩

1 if 𝑔𝑖 has a probabilistic sign and
0 if 𝑔𝑖 has a deterministic sign,

(3.2d)

𝐹1
𝑖 =

⎧{
⎨{⎩

1 if 𝑔𝑖 belongs to the initial “data” code
0 otherwise,

(3.2e)

𝐹2
𝑖 =

⎧{
⎨{⎩

1 if 𝑔𝑖 is a logical operator of the “data” code
0 otherwise.

(3.2f)

In other words, the first 𝑛 rows of the tableau correspond to the antistabilizer generators and the
second 𝑛 rows to the stabilizer generators. The 𝑛 + 1-th column is used to store the (deterministic)
positive or negative sign assigned to each generator and to indicate whether the sign is probabilistic.

Example We will demonstrate this for the minimal example on 𝑛 = 2 qubits with the stabilizer state
|0⟩⊗2, stabilized by the generators 𝒮 = {+𝑍1𝐼2, +𝐼1𝑍2}. In this simple case it is not difficult
to see that a possible choice of antistabilizer generators is 𝒟 = {+𝑋1𝐼2, +𝐼1𝑋2}. Thus, a
possible tableau for the state (omitting the flags) can be constructed as

Stabilizer state ↔
⎡
⎢⎢⎢⎢
⎣

1 | 0 0 | 0 1 | 0 0 | 0
0 | 0 1 | 0 1 | 0 0 | 0
0 | 1 0 | 0 1 | 0 0 | 0
0 | 0 0 | 1 1 | 0 0 | 0

⎤
⎥⎥⎥⎥
⎦

. (3.3)

As for the error tableau, we use the same mapping for the set of error patterns {𝐸𝑖}𝑒
𝑖=1 ⊆ 𝐺𝑛 with

dynamic size 𝑒 using one flag bit 𝐹𝑖 per row, resulting in

⎡
⎢⎢
⎣

𝑋11 | 𝑍11 ⋯ 𝑋1𝑛 | 𝑍1𝑛 𝐹1
⋮ ⋱ ⋮ ⋮

𝑋𝑒1 | 𝑍𝑒1 ⋯ 𝑋𝑒𝑛 | 𝑍𝑒𝑛 𝐹𝑛

⎤
⎥⎥
⎦
, (3.4)

44



3.2 Implementation of the Extended Clifford Dynamics

where we use each element of the tableau with rows 𝑖 ∈ {1, … , 𝑒} and columns 𝑗 ∈ {1, … , 𝑛} to
represent if a bit-flip 𝑥-type error occurred in the 𝑖-th error pattern 𝐸𝑖 on the 𝑗-th qubit, i.e. 𝑋𝑖𝑗 and
𝑍𝑖𝑗 are the binary values for the 𝑋 and 𝑍 operators, respectively, and 𝐹𝑖 is a flag bit to label the error
incoming error patterns: Error patterns �

𝑋𝑖𝑗 =
⎧{
⎨{⎩

1 if 𝐸𝑖𝑗 = 𝑋 or 𝐸𝑖𝑗 = 𝑌 and
0 otherwise,

(3.5a)

𝑍𝑖𝑗 =
⎧{
⎨{⎩

1 if 𝐸𝑖𝑗 = 𝑌 or 𝐸𝑖𝑗 = 𝑍 and
0 otherwise,

(3.5b)

𝐹𝑖 =
⎧{
⎨{⎩

1 if 𝐸𝑖 is an incoming error pattern
0 otherwise,

(3.5c)

Hence, the error tableau is constructed in the same way as the stabilizer tableau, but with the
difference that we do not track anti-commuting generators and the signs, resulting in a total of
𝑒(2𝑛 + 1) ∼ 2𝑒𝑛 bits. The error tableau is used to simulate the error propagation through the circuit,
as we explain in section 3.3.

3.2.2 Unitary Evolution

In the following, we provide a scheme for the simulation of Clifford gates according to the transfor-
mation properties listed in table 2.1. For every row 𝑖 ∈ {1, … , 2𝑛}, we update the tableau as follows,
where ⊕ denotes binary addition, i.e. an exclusive OR operation of two boolean values:

X gate For an 𝑋𝑎 gate acting on qubit 𝑎, we perform

𝑃𝑖 ↦ 𝑃𝑖 ⊕ 𝑍𝑖𝑎. (3.6a)

Y gate For a 𝑌𝑎 gate acting on qubit 𝑎, we perform

𝑃𝑖 ↦ 𝑃𝑖 ⊕ 𝑋𝑖𝑎 ⊕ 𝑍𝑖𝑎. (3.7a)

Z gate For a 𝑍𝑎 gate acting on qubit 𝑎, we perform

𝑃𝑖 ↦ 𝑃𝑖 ⊕ 𝑋𝑖𝑎. (3.8a)

Hadamard gate For an 𝐻𝑎 gate acting on qubit 𝑎, we perform

𝑋𝑖𝑎 ↦ 𝑍𝑖𝑎, (3.9a)
𝑍𝑖𝑎 ↦ 𝑋𝑖𝑎. (3.9b)
𝑃𝑖 ↦ 𝑃𝑖 ⊕ 𝑋𝑖𝑎𝑍𝑖𝑎. (3.9c)

Phase gate For an 𝑆𝑎 gate acting on qubit 𝑎, we perform

𝑍𝑖𝑎 ↦ 𝑍𝑖𝑎 ⊕ 𝑋𝑖𝑎, (3.10a)
𝑃𝑖 ↦ 𝑃𝑖 ⊕ 𝑋𝑖𝑎𝑍𝑖𝑎. (3.10b)
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CNOT gate For a CNOT𝑎𝑏 gate with control qubit 𝑎 and target qubit, we perform

𝑋𝑖𝑏 ↦ 𝑋𝑖𝑏 ⊕ 𝑋𝑖𝑎, (3.11a)
𝑍𝑖𝑎 ↦ 𝑍𝑖𝑎 ⊕ 𝑍𝑖𝑏, (3.11b)
𝑃𝑖 ↦ 𝑃𝑖 ⊕ 𝑋𝑖𝑎𝑍𝑖𝑏(𝑋𝑖𝑏 ⊕ 𝑍𝑖𝑎 ⊕ 1). (3.11c)

In case of 𝑁𝑖 = 1, which signifies a preceding probabilistic measurement and therefore an ambiguous
sign, the update of 𝑃𝑖 is omitted.

Given the obvious generalization of the above example (3.4) to 𝑛 qubits with |0⟩⊗𝑛 as the initial
state, we can determine a possible choice for the non-unique antistabilizer generators corresponding
to a given stabilizer state by the following procedure: If we take the generalization of the state
representation for |0⟩⊗𝑛 as starting point, applying the encoding sequence of unitary gates for the
code generators leaves us with one choice for the antistabilizers.

3.2.3 Generalized Measurement Process

In order to simulate measurements in the stabilizer formalism, we follow the implementation
proposed by Aaronson and Gottesman [10], but generalize the approach to measurements of
observables 𝑀 ∈ 𝐺𝑁 as justified in [9, pp. 463 f.]. In particular, besides measuring the observable
𝑍𝑗 of a single qubit in the computational basis, our implementation includes the possibility to
measure multi-qubit observables. The transformation of the stabilizer state triggered by such a
measurement 𝑀 can be described by the following two cases:

Case 1: The observable commutes with all generators in the stabilizer. Assume the observ-
able 𝑀 pairwise commutes with all generators {𝑠𝑖}𝑛

𝑖=1 of the stabilizer 𝒮, i.e.

𝑠𝑖𝑀 |Ψ⟩ = 𝑀𝑠𝑖 |Ψ⟩ ≡ 𝑀 |Ψ⟩ (3.12)

for all 𝑠𝑖 and |Ψ⟩ ∈ 𝒫𝒮. Hence, the transformed state is contained in the span of the
stabilizer 𝑀 |Ψ⟩ ∈ 𝒫𝒮. By construction 𝑀 ∈ 𝐺𝑁 is involutory, 𝑀2 = 𝐼⊗𝑛, thus leaving us
with 𝑀 |Ψ⟩ = ± |Ψ⟩ and the conclusion that either 𝑀 ∈ span{𝑠𝑖}𝑛

𝑖=1 or −𝑀 ∈ span{𝑠𝑖}𝑛
𝑖=1.

Therefore, the state after the measurement can be determined deterministically.

Case 2: The observable anticommutes with at least one generator in the stabilizer. If there
is at least one generator in the stabilizer that anticommutes with the observable 𝑀, i.e. there
is a set {𝑠a,𝑙} for which

𝑠a,𝑙𝑀 |Ψ⟩ ≠ 𝑀𝑠a,𝑙 |Ψ⟩ , (3.13)

then the stabilizer state has to be transformed such that the observable is in the transformed
stabilizer and the outcome is probabilistic. As justified in [9, pp. 463 f.], we can replace one
of the anti-commuting generators 𝑔a,1 with 𝑀 itself and modify the remaining set of anti-
commuting generators by 𝑔a,1𝑔a,𝑙, ensuring commutation with the observable 𝑀 afterwards.
In this case, the measurement outcome is a positive or negative sign with equal probability.

Using the stabilizer tableau introduced in section 3.2.1, we implemented the following (modified)
procedure for a measurement process within the stabilizer formalism, analogous to [10].
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Algorithm 3.1 Rowsum procedure
procedure rowsum(𝑎, 𝑏)

for 1 ≤ 𝑗 ≤ 𝑛 do
𝑋𝑎𝑗 = 𝑋𝑏𝑗 ⊕ 𝑋𝑎𝑗
𝑍𝑎𝑗 = 𝑍𝑏𝑗 ⊕ 𝑍𝑎𝑗

end for
𝑚 ← 2𝑃𝑎 + 2𝑃𝑏 + ∑𝑛

𝑗=1 ex(𝑋𝑏𝑗, 𝑍𝑏𝑗, 𝑋𝑎𝑗, 𝑋𝑏𝑗) mod 4
𝑃𝑎 ← 𝑚

2
return 𝑃𝑎

end procedure

We start by defining a mechanism to “add” a generator 𝑏 to another generator 𝑎 with 𝑎, 𝑏 ∈ {1, … , 2𝑛},
the rowsum(𝑎, 𝑏) procedure.

In the rowsum procedure, we first update the 𝑋 and 𝑍 operators of the 𝑎-th row by the exclusive OR
operation. Then, we calculate the sign of the resulting generator 𝑔𝑎 by summing up the signs of the
generators 𝑔𝑎 and 𝑔𝑏 and the result of the function ex, which is defined as

ex ∶ {0, 1}4 → {−1, 0, 1}, ex(𝑋1, 𝑍1, 𝑋2, 𝑍2) =

⎧{{{{
⎨{{{{⎩

0, if 𝑋1 = 𝑍1 = 0,
𝑍2 − 𝑋2, if 𝑋1 = 𝑍1 = 0,
𝑍2(2𝑋2 − 1), if 𝑋1 = 1, 𝑍1 = 0,
𝑋2(1 − 2𝑍2), if 𝑋1 = 0, 𝑍1 = 1,

(3.14)

and returns the exponent of the imaginary unit i in the sign of the resulting generator 𝑔𝑎 when pairs
𝑋1𝑍1 and 𝑋2𝑍2 are multiplied. Then, for the two cases of the measurement process, we proceed as
follows:

Case 1: The observable commutes with all generators. In this case the outcome is determinis-
tic and can be obtained by first creating an additional (2n+1)-th row in the tableau identically
to zero. Then, we iterate over rows 𝑖 ∈ {1, … , 𝑛} and check whether the observable 𝑀
anti-commutes with the antistabilizer generator 𝑑𝑖. If so, we add the corresponding stabi-
lizer generator 𝑠𝑛+𝑖 to the additional (2n+1)-th row by calling rowsum(2𝑛 + 1, 𝑛 + 𝑖). The
measurement result is given by 𝑃2𝑛+1 after finishing the iteration.

Case 2: The observable anticommutes with at least one generator. In this case, the outcome
is probabilistic and the stabilizer state has to be modified. In the subset of anti-commuting
stabilizer generators {𝑠a,𝑙}, we choose one with row index 𝑞 that has not been flagged as a
logical operator (if possible). Then for all {𝑠a,𝑙}∖𝑠a,𝑞 we add the 𝑞-th stabilizer generator to the
𝑙-th row by calling rowsum(𝑙, 𝑞). Technically, this implements the replacement of all remaining
anticommuting stabilizer generators by 𝑠a,𝑞𝑠a,𝑙. By construction, 𝑠a,𝑞 anticommutes with the
transformed stabilizer state and we choose it as new antistabilizer, i.e. we set the (𝑞 − 𝑛)-th
row equal to the 𝑞-th row. Afterwards, we replace the 𝑞-th row itself by the observable
𝑀. At this point, it still has to be decided whether the sign of the 𝑞-th row is positive or
negative. Our implementation offers two choices: Either the sign is sampled randomly with
equal probabilities or the sign is marked as probabilistic. In the latter case, we set the flag
𝑁𝑞 = 1 and thus, the probabilistic sign can be deterministically reflected in the simulation of
subsequent dynamics. This approach circumvents the need for trajectory sampling.
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The described implementation of the measurement process is crucial for the simulation of the error
propagation and for the assessment of the fault tolerance of a given quantum circuit. It is also needed
for the simulation of the dynamics of a circuit model under multi-conditioned Clifford gates, as we
explain below.

Special case: Reset gate However, before moving on, we note that when a reset gate 𝑅𝑎 is applied
to qubit 𝑎, we consider it as an intentional transformation of the stabilizer state such that
the resulting state is deterministically given by |0⟩a ⊗ |Ψ⟩S∖𝑎, where |Ψ⟩S∖𝑎 is the state of
the system with qubit 𝑎 traced out. We implement such a reset as a measurement of the
observable 𝑍𝑖. Depending on the outcome, we do nothing (outcome 0), or apply a bit-flip 𝑋𝑎
gate to the qubit 𝑎 (outcome 1).

3.2.4 Multi-conditioned Clifford Gates

Our simulator is designed to be capable of simulating the dynamics of a quantum circuit with certain
multi-controlled Clifford gates, which we refer to as multi-conditioned Clifford gates (recall in
section 2.1). We take the following approach: For a multi-conditioned Clifford gate Cond𝑚 𝑈C with
a set {𝑚𝑖} of 𝑚 (potentially negative) control qubits 𝑚, we first “virtually” measure each control
qubit separately and store the measurement outcomes. Measuring “virtually” means that we do
not aactually transform the state, but rather analyze whether the corresponding control qubit is
deterministically in the state |0⟩ or |1⟩, or not:

Case 1: All control qubits are deterministic. If so, we can assess classically whether the condi-
tion is satisfied by comparing the measurement outcome for each control to its corresponding
condition type, i.e. if it’s a positive control, we check if the measurement outcome is 1, and if
it’s a negative control, we check if the measurement outcome is 0. If all conditions are met,
we apply the gate 𝑈C.

Case 2: At least one control qubit is not determinstic. However, if any of the control qubits is
not deterministically in the state |0⟩ or |1⟩, the simulation must be aborted, as the gate in that
case would be a true multi-controlled Clifford gate in a quantum mechanical sense, which
cannot be simulated in the stabilizer formalism. This situation is possible, if the quantum
circuit is using multi-controlled Clifford gates without a subsequent of the 𝑍 observable or a
reset, respectively. Hence, it does not fulfill the prerequisite for the “tweak” introduced in
section 2.1 to simulate the dynamics of multi-conditioned Clifford gates.

3.3 Implementation of the State-aware Iterative Error Propagation

With the main ingredients for the simulation of extended Clifford dynamics in place, we now turn to
the implementation of the state-aware iterative error propagation. As described in section 2.3, both
the stabilizer state and the error representation have to be taken into account to simulate the error
propagation through the quantum circuit. To this end, we have implemented the QuantumCircuit

class, which is the key structure for our simulation and shown in figure 3.2. The QuantumCircuit

class is designed to be highly modular and inherits from the two main components of QUANTUMcliff:
the StabilizerCode class and the ErrorPropagation class. In the following, we will describe those
main components of the QuantumCircuit class and how they interact with each other briefly:
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QuantumCircuit class

QuantumCircuit methods
- apply_conditioned_gate(...)
- finalize_timestep(...)
- determine_quantities(...)
- determine_properties(...)

CircuitProperties struct
⋄ fault-tolerant properties
⋄ quantities of interest
⋄ error_profile
⋄ stabilizer_profile

StabilizerCode class

- apply_gate(...)
- measure_qubit(...)

StabilizerTableau class
⋄ generator_tableau
- initialize(...)

SingleQubitEncoding
struct

ErrorPropagation class

- apply_gate(...)
- reset_qubit(...)

ErrorTableau class
⋄ error_tableau
- initialize(...) / seed(...)

SingleQubitEncoding
struct

Figure 3.2: Structure of the QuantumCircuit class. The class inherits of the two main components of
QUANTUMcliff: the StabilizerCode class and the ErrorPropagation class. The StabilizerCode

class is responsible for the time evolution of the stabilizer state, based on the binary representation
of the stabilizer tableau provided by the StabilizerTableau class. The ErrorPropagation class
is responsible for the time evolution of the error patterns, based on the binary representation
of the error tableau provided by the ErrorTableau class. Both class components use the same
encoding scheme per single qubit (SingleQubitEncoding struct) to represent the generators and
error patterns, respectively. The QuantumCircuit class itself includes a CircuitProperties struct,
which stores the evolution of the fault tolerance properties, the quantities of interest, the error
profile, and the stabilizer profile. Moreover, the class itself implements the main methods to
simulate the error propagation through conditioned Clifford operations, and to assess the fault
tolerance properties of the quantum circuit, as well as to determine the quantities of interest.

– Given a quantum circuit, the StabilizerCode class is responsible for the evolution of the
stabilizer state, based on its binary representation introduced in section 3.2.1 (which is
provided by the StabilizerTableau class).

– On the other hand, the ErrorPropagation class is responsible for the time evolution of the
error patterns, based on the binary representation of the error tableau we also introduced in
section 3.2.1 provided by the ErrorTableau class. Here, we use that each error pattern 𝐸𝑖 ∈ 𝐺𝑛
with support on certain qubits can be thought of as additional 𝑋, 𝑌, or 𝑍 gate operations
applied on these qubits. Since those gates can only modify the sign of each generator, we
can directly apply the transformation properties of Clifford gates to the error patterns (recall
section 3.2.2), and track their evolution through the circuit indepndantly of the stabilizer state.
This is true as long as there is no operation conditioned on measurement outcomes involved.
Taking advantage of this fact, both, the StabilizerCode and the ErrorPropagation classes,
technically use the same encoding scheme per single qubit (SingleQubitEncoding struct) to
represent the generators and error patterns, respectively. This allows for a consistent use of
the same transformation properties that simulate the application of non-conditioned Clifford
gates (apply_gate(...)).

– While generalized measurements are implemented in the StabilizerCode class outlined in
section 3.2.3 (including qubit resets), the ErrorPropagation class only contains a method
for a qubit reset that sets all error patterns at the column corresponding to the qubit to zero,
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i.e. equivalent to 𝐼. Moreover, several methods are included in both class components to
operate on the the two tableaux, e.g. to initialize them or to seed new error patterns on given
circuit components according to the predefined error model. For the sake of conciseness,
their implementation is not discussed here in detail.

– The QuantumCircuit class also includes a CircuitProperties struct, which stores the time
evolution of the fault-tolerant properties, the quantities of interest, the error profile, and the
stabilizer profile. This struct and its content is exposed to the Python bindings pyQUANTUMcliff
for the set of simulated QuantumCircuit instances, as it contains all the relevant information
about the simulation. The QuantumCircuit class itself implements the main methods for
simulating the error propagation through conditioned Clifford gates, as it requires the full
information of the stabilizer state to perform such operations, and to assess the fault tolerance
properties of the quantum circuit as well as to determine the quantities of interest.

The state-aware simulation of the error propagation through the quantum circuit is performed
busing instances of the QuantumCircuit class in an iterative manner. Each iteration corresponds
to a single time step of the simulation and updates each instance according to the steps discussed
in section 2.3. Apart from being able to simultaneously simulate the error propagation through a
quantum circuit for different polarizations of the logical oqubit, this approach also simplifies the
error propagation through the circuit in the presence of multi-conditioned Clifford gates, as we
explain in the following.

3.3.1 Error Propagation and Multi-conditioned Clifford Gates

Each error pattern present in the error tableau at the time of operation can in principle affect the
action of multi-controlled Clifford gates in the circuit differently, as they lead to changes in the
sign of the stabilizer generators. We use the following procedure to simulate the error propagation
through a circuit with multi-conditioned Clifford gates:

i. For every error pattern 𝐸𝑖 in the error tableau {𝐸𝑖}𝑒
𝑖=1 at the time of operation, we

a. apply the error pattern 𝐸𝑖 to the stabilizer state, i.e. we apply the corresponding 𝑋, 𝑌, or
𝑍 gate operations to the affected qubits,

b. check if the control qubits are in the deterministic state |0⟩ or |1⟩ by “virtually” mea-
suring them, and store the measurement outcomes. If any of the control qubits is not
deterministic, we abort the simulation. Otherwise, we

c. categorize the error pattern 𝐸𝑖 in one of the following three classes: Given that 𝐸𝑖 was
applied to the stabilizer state, we find ...

1. the condition cannot be fulfilled; then the target gate is not applied.

2. the condition is deterministically fulfilled; then the target gate is applied.
3. the condition is probabilistically fulfilled; then at least one of the control gates yields

a probabilistic measurement outcome and the target gate is applied/not applied
with equal probability.
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ii. For the error patterns 𝐸𝑖 categorized in (1.) we do nothing.
iii. If there is an error pattern 𝐸𝑖 categorized into (2.), we duplicate the QuantumCircuit instance

and apply the target gate to the stabilizer state of the duplicated instance. Subsequently, we
erase all error patterns from the error tableau of the duplicated instance that are not in (2.),
i.e. we only keep the error patterns that are in the same category as 𝐸𝑖, and also apply the
target gate to the remaining error patterns. Finally, we erase the error patterns in class (2.)
from the error tableau of the original instance.

iv. If there is an error pattern 𝐸𝑖 categorized into (3.) we proceed as in class (2.), but we do
not erase the error patterns in class (3.) from the error tableau of the original instance. This
mimics the probabilistic application of the target gate.

3.3.2 Fault Tolerance Quantities

To conclude this chapter, we discuss the implementation of the methods used to assess the fault
tolerance properties of a QuantumCircuit instance, and to determine the quantities that might be
useful for a machine learning agent. The simulator classifies a given quantum error correction
protocol as fault-tolerant, iff all QuantumCircuit instances at the last time step are judged to be
fault-tolerant. The conditions are as follows:

Assessment of stabilizer span equivalence In order to determine whether a protocol is fault-
tolerant, we have to assess if the stabilizer span of the final stabilizer state is equivalent to
the initial stabilizer span, i.e. neither has the code word been corrupted nor has the code
space been transformed. However, as the simulation of the circuit can lead to a basis change,
one cannot directly compare the initial stabilizer generators to the evolved ones. Instead, we
“measure” each initial stabilizer generator 𝑀 ≡ 𝑠𝑖(𝜏0) (flagged by 𝐹1

𝑖 = 0) against the final
set of stabilizer generators {𝑠𝑗(𝜏)} with the generalized measurement process introduced in
section 3.2.3. If all measurements yield a deterministic outcome equivalent to the sign of the
initial generators, the stabilizer span is equivalent (as we have checked that each 𝑠𝑖(𝜏0) is in
span{𝑠𝑖(𝜏)} by construction of the measurement process).

Determine if an error pattern is mitigated After each time step 𝜏, we remove error patterns in
the error tableau that are identically zero, i.e. obviously mitigated. In the same run, we
also identify and remove error patterns 𝐸𝑗 that are in the stabilizer span, and therefore act
trivally on the state. To this end, we use the same idea as for the assessment of stabilizer span
equivalence and measure the error pattern 𝑀 ≡ 𝐸𝑗 against the stabilizer generators to check if
the outcome is deterministic. If so, the error pattern is in the stabilizer span, i.e. it has weight
wt(𝐸𝑗) = 0 (otherwise it is not and has weight wt(𝐸𝑗) > 0).

Determine if all incoming error patterns are mitigated Since we are already removing mitigated
error patterns (or those acting trivially on the stabilizer state) after each time step 𝜏, we can
determine whether all incoming error patterns are mitigated simply by checking that for none
of the remaining error patterns the flag 𝐹1

𝑗 is set to 1, i.e. 𝐹1
𝑗 = 0 for all 𝐸𝑗.
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Determine the code weight of an error pattern An interesting quantity is the code weight of an
error pattern, which is defined as the weight of the error pattern with respect to the stabilizer
span of the data code. We choose the span of the data code because the ancillary register
would be reset at the end anyway, so errors that only affect this subsystem have no effect
on the logical information. To this end, we calculate the span of the stabilizer generators
{𝑠𝑖(𝜏)}𝑛

𝑖=1 by determining all possible products. As this is exponentially hard, we save the
result in a hash-based data structure to efficiently store and retrieve the products of stabilizer
generators. Technically, we iterate over each product generator and combine its representation
in the tableau into a single hash using bitwise operations and an order preserving hash
constant, ensuring each product has a unique hash and enforcing a certain ordering. Given
the determination of all products, we search for the minimum (Hamming) distance between
the error pattern and an element of the stabilizer span on the data qubit register, which is
referred to as the code weight of the error pattern.

Determine the weight of the logical operator Analogous to the (code) weight of an error pattern,
we can determine the weight of the logical operator (flagged with 𝐹2

𝑖 = 1) by calculating the
span of the stabilizer generators {𝑠𝑖(𝜏)}𝑛

𝑖=1 without the logical operator itself, and searching
for the minimum distance between the logical operator and an element of the stabilizer span.
Depending on the application, it might be sensible to determine the weight only regarding
the span on the data qubits, too.

Determine if all error patterns are correctable In order to determine whether all present error
patterns are correctable, we have to check if the code weight of each error pattern is below
the error correction threshold of the code 𝑡 = ⌊𝑑−1

2 ⌋. If the weight criterion has been chosen
(see section 2.3) we are done at this point and simply return true if there is no error pattern
with a code weight above the threshold (otherwise false). However, if the validation run
criterion has been chosen, we initialize a new QuantumCircuit validation instance and add all
error patterns above the threshold to the error tableau of the validation instance as incoming
error patterns. Then we perform a validation run of the simulation for the validation instance
and check for its fault tolerance, i.e. if the now incoming error patterns are mitigated by the
protocol candidate. If so, the pattern would be corrected in the next error correction round,
and we can return true (otherwise false).
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in a nutshell
In this chapter, we demonstrate the application of the efficient simulator for measurement-free
quantum error correction we have developed so far. Measurement-free fault-tolerant quantum
error correction protocols taken from the literature for the Steane code, Surface code, and Shor
code serve as toy models for the simulation. We systematically analyze the error propagation
through the protocols and verify their fault tolerance.

By visualizing some key quantities that break down the protocols’ performance, we gain
insight into the underlying mechanisms and highlight the potential for using the model and the
quantities obtained in a reinforcement learning setting.

4.1 Application 1: Steane Code

As the first toy model to demonstrate the capabilities of QUANTUMcliff, we consider Steane’s [[7, 1, 3]]
code introduced in section 1.3.2. A measurement-free fault-tolerant quantum error correction
protocol for this code is proposed in [1]. The proposed protocol is based on the circuit presented in
figure 4.1, which consists of two error correction blocks, one for 𝑥-type errors and one for 𝑧-type
errors. The 𝑥-type error correction block is shown in figure 4.1a, and the 𝑧-type error correction
block is shown in figure 4.1b, both of which closely follow the Steane-type QEC strategy outlined
in figure 1.5: A coherent copy step is performed to copy the errors from the logical data qubits to
an additional ancillary register, from which the syndrome mapping for all stabilizer generators 𝑆𝑘

𝑗
is performed to another ancillary register subsequently, with 𝑘 = 𝑍 for the 𝑥-correction block and
vice versa. Since seven possible non-trivial error syndromes exist for each type in the Steane code,
seven corresponding controlled feedback operations are applied to the data qubits in both correction
blocks. The controlled feedback operations are preceded by a copy step to reset qubits that are no
longer needed to prevent error proliferation. The protocol is designed to correct any single error of
any type on any circuit element within a single cycle, consisting of the two error correction blocks
executed as a sequential unit.

Using our simulator, we verify the proposed protocol’s fault tolerance. Besides the sequence of
gates in the circuit, we adopt the general parameters such as the qubit register sizes and their initial
states for the simulation (recall section 2.3). As a set of incoming error patterns, we choose all
possible single-weight errors on the data qubits, i.e.

𝐸in = {𝑋𝑖, 𝑍𝑖 ∣ 𝑖 ∈ {1, … , 7}}, 𝐸in ⊆ 𝐺𝑁, (4.1)
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(a) Bit flip 𝑥-type error correction block. Errors on the logical data qubits ∣𝜓⟩L are coherently copied to an
additional ancillary register |+⟩L (logical CNOT step). The error syndrome is encoded in another ancillary
register |0⟩⊗𝑎 by a unitary syndrome mapping. For every of the seven possible non-trivial syndromes, the
corresponding error is decoded from the ancillary register and copied onto physical qubits in reset state
|0⟩ to apply the feedback operation via conditioned 𝑋 gates. For the last feedback operation, the copy step
is omitted due to the subsequent overall reset of the ancillary register.
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(b) Phase flip 𝑧-type error correction block. Analogous to the bit-flip 𝑥-type error correction, except that the
logical data qubits ∣𝜓⟩⊗𝑛

L are copied to an additional ancillary register |0⟩⊗𝑛
L,FT. Starting from the latter, the

syndrome mapping is performed to another ancillary register |+⟩⊗𝑛. A rotation of the second ancillary
register transforms the syndrome mapping for the phase flip errors in bit flips, allowing for application of
feedback operations corresponding to each of the seven non-trivial syndromes via conditioned 𝑍 gates, so
that the copy step can also be omitted for the last feedback operation.

Figure 4.1: Measurement-free fault-tolerant quantum error correction protocol for the Steane code as pro-
posed in [1]. Our algorithm verifies the fault tolerance of the protocol by systematically analyzing
the propagation of any single error of any type on any circuit element for one cycle, i.e. both the
𝑥- and 𝑧-type error correction blocks in sequence.
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where 𝑋𝑖 and 𝑍𝑖 denote the 𝑥- and 𝑧-type errors on the 𝑖-th data qubit, respectively. As for the circuit
error model, we consider all possible error patterns consisting of both 𝑥- and 𝑧-type errors that might
occur after each operation. Since the Steane code cannot correct errors with a weight greater than
one, we can use the weight criterion to determine if the code has introduced uncorrectable errors.

Given this setup, we simulate the iterative error propagation through the protocol for both polariza-
tions of the logical qubit, i.e., 𝑋L and 𝑍L, and numerically verify:

1. The set of incoming error patterns 𝐸in is entirely mitigated by the protocol, i.e., the information
stored in the logical qubit is successfully restored after both error correction blocks have been
completed.

2. The logical operator is unaffected by the error correction blocks, i.e., the logical qubit is
not flipped during the error correction process. This is a crucial property of the protocol,
ensuring that logical information is not lost during the error correction process. Moreover,
we find no stabilizer code transformation on the data qubits, i.e., the span of the stabilizer
code is preserved.

3. The error correction protocol has not introduced uncorrectable errors with a code weight
greater than one. If an error occurs, the outgoing error pattern is equal to one of the incoming
error patterns, i.e., it is estimated to be corrected by the protocol in the next cycle.

However, our simulator is capable of verifying the fault tolerance of the protocol and providing a
detailed analysis of the error propagation through the protocol. By tracking the evolution of the
error patterns and the stabilizer, we can gain insight into the underlying mechanisms and extend our
understanding. The following will present key quantities and discuss the results obtained for the 𝑥-
and 𝑧-type error correction blocks on the Steane code.

To this end, besides distinguishing incoming error patterns and those that originate from the circuit
error model, we also categorize the error patterns at a specific time step 𝜏𝑖 as follows: We refer to
the set of all error patterns that have support on the data qubits as code error patterns 𝐸code. If it is
also an incoming error pattern, we denote it as code incoming error pattern 𝐸code,in. The fact that
the ancillary register is reset at the end of a protocol either way motivates this distinction. Using it,
we introduce the following quantities for the error pattern analysis:

Number of (code, incoming) error patterns At a certain time step 𝜏𝑖, we determine the number of
error patterns that are present in the error tableau, assigned to the categories (code, incoming)
error patterns mentioned above.

Weight of a code (incoming) error pattern The (Hamming) weight of a code (incoming) error
pattern with respect to the Stabilizer code can be determined, see section 3.3.

Normalized weight ratio of the logical operator We define the normalized weight ratio of the
logical operator of the code 𝐿L ∈ {𝑋L, 𝑍L} as

wtR(𝐿L) = max ( | wt(𝐿L)|data
| wt(𝐿L)|system

) , (4.2)

i.e. the maximal weight of the logical operator with respect to the data qubits | wt(𝐿L)|data,
normalized by the overall weight of the logical operator on the whole system | wt(𝐿L)|system.
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Support of code (incoming) error pattern The support of a code (incoming) error pattern is de-
fined as the set of qubits that are affected by the error pattern. We can analyze the distribution
of the qubit support for the code error patterns and the code incoming error patterns.

Figure 4.2 shows the results of the error pattern analysis for the 𝑥-type error correction block on
Steane’s code with the logical qubit polarized in 𝑋L. The color coding is consistent with the colors
used in figure 4.1 to highlight the different logical building blocks of the protocol. The results for the
𝑧-type error correction block are analogous and can be found in figure 4.3. In both cases, reversing
the polarization of the logical operator to 𝑋L does not change the qualitative results except for the
weight ratio of the logical operator, which we have included in the visualization in figure 4.2b and
figure 4.3b, respectively. We note the following observations:

– The course of the number of (code, incoming) error patterns in total and respect to the code is
depicted in figure 4.2a and figure 4.3a. The protocol can mitigate all incoming error patterns,
where the total number of error patterns is initially increased by the coherent copying of the
error patterns to the ancillary system and the syndrome mapping performed afterward. The
feedback operations are applied according to the syndrome mapping, so the incoming error
patterns lose code support. Resets decrease the number of error patterns. This reflects the
entropy removal added by the errors to the system by the protocol. A comparison of the code
error patterns with the total error patterns shows that the errors introduced by the protocol are
mainly localized in the ancillary qubits and are systematically prevented from proliferation to
the data qubits.

– The maximum weight of the code (incoming) error patterns and the normalized weight ratio
of the logical operator are shown in figure 4.2b and figure 4.3b. It is immediately apparent
that the protocol never introduces uncorrectable errors with a code weight greater than one.
Furthermore, the maximum weight of the incoming code error patterns does not increase
during the protocol and finally disappears with the last feedback operation, i.e. they are
fully mitigated with respect to the code. For the 𝑥-correction block, the weight ratio of the
logical operator 𝑋L shows some dynamics during the coherent copy and conditioned feedback
operation, but finally returns to the initial value of 1, i.e., the logical information is not lost
and is fully recoverable in the data qubit system. In contrast, 𝑍L remains unaffected. In the
case of the 𝑧-correction block, however, we witness a dual behavior, i.e., the dynamics are
now observed for the logical operator 𝑍L, while 𝑋L remains unaffected.

– The distribution of qubit support for code error patterns and code incoming error patterns are
shown in figure 4.2c and figure 4.2d. With the cyclic reset after each syndrome extraction in the
copy steps, we observe that the protocol is designed so that errors originating from the circuit
error model cannot dissipate arbitrarily. However, the incoming code error patterns dissipate
significantly to the ancillary system: The overall support increases, but as figure 4.2b shows,
they do not proliferate to the data qubits. The same observations hold for the 𝑧-correction
block, where the distribution of qubit support for code error patterns and code incoming error
patterns are shown in figure 4.3c and figure 4.3d.

56



4.1 Application 1: Steane Code

0 10 20 30 40 50
Timestep 𝜏

0

20

40

60

80

100

120

140

160

N
um

be
ro

fe
rr

or
pa

tte
rn

s

Logical CNOT
Syndrome
Reset

Copy
Feedback

|𝐸code|
|𝐸|

|𝐸code,in|
|𝐸in|

0

1

2

3

4

5

6

7

N
um

be
ro

fi
nc

om
in

g
er

ro
rp

at
te

rn
s

(a) Number of (code, incoming) error patterns in to-
tal and with respect to the code. The protocol can
mitigate all incoming error patterns, where the total
number of error patterns is initially increased by the
coherent copying of the error patterns to the ancillary
system and the syndrome mapping performed after-
ward. The feedback operations are applied according
to the syndrome mapping so that the incoming error
patterns lose code support. Resets remove the entropy
added by the error patterns to the system, which is
reflected in the decreasing number of error patterns.
The comparison of the code error patterns with the
total error patterns shows that the errors introduced
by the protocol are mainly localized in the ancillary
qubits and are systematically prevented from prolifer-
ation to the data qubits.

0 10 20 30 40 50
Timestep 𝜏

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

H
am

m
in

g
w

ei
gh

tw
t

Logical CNOT
Syndrome
Reset

Copy
Feedback

wt(𝑋L)
wt(𝑍L)

max{wt(𝐸code,in)}
max{wt(𝐸code)}

(b) Maximum weight of code (incoming) error pat-
terns and the normalized weight ratio of the logical
operator. It is immediately apparent that the pro-
tocol never introduces uncorrectable errors with
a code weight greater than one. Furthermore, the
maximum weight of the incoming code error pat-
terns is not increased during the protocol. Finally,
it disappears with the last feedback operation, i.e.,
they are fully mitigated with respect to the code.
The weight ratio of the logical operator 𝑋L shows
some dynamics during the coherent copy and con-
ditioned feedback operations but finally returns to
the initial value of 1, i.e., the logical information
is not lost and is fully recoverable in the data qubit
system. In contrast, 𝑍L remains unaffected.

0 10 20 30 40 50
Timestep 𝜏

0

20

40

60

80

100

Su
pp

or
to

fc
od

e
er

ro
rp

at
te

rn
s|

su
pp

(𝐸
co

de
)|

Logical CNOT
Syndrome
Reset

Copy
Feedback
supp(𝐸code) = 1

supp(𝐸code) = 2
supp(𝐸code) = 3
supp(𝐸code) = 4

supp(𝐸code) = 5
supp(𝐸code) = 6
supp(𝐸code) = 7

(c) Distribution of qubit support for code error pat-
terns. The protocol is designed so that circuit errors
can only proliferate within the ancillary system for a
limited number of operations before being cleared
by resets.
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(d) Distribution of qubit support for incoming code
error patterns. The protocol transforms them into
patterns with high overall support, but as figure 4.2b
shows, they cannot further proliferate to the data qubits.

Figure 4.2: Error pattern analysis for the 𝑥-correction block on Steane’s code with the logical qubit
polarized in 𝑋L. The color coding is consistent with the colors used in figure 4.1a to
highlight the different logical building blocks of the protocol.
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(a) Number of (code, incoming) error patterns in to-
tal and with respect to the code. The protocol can
mitigate all incoming error patterns, where the total
number of error patterns is initially increased by the
coherent copying of the error patterns to the ancillary
system and the syndrome mapping performed after-
ward. The feedback operations are applied according
to the syndrome mapping so that the incoming error
patterns lose code support. Resets remove the entropy
added by the error patterns to the system, which is
reflected in the decreasing number of error patterns.
The comparison of the code error patterns with the
total error patterns shows that the errors introduced
by the protocol are mainly localized in the ancillary
qubits and are systematically prevented from prolifer-
ation to the data qubits.
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(b) Maximum weight of code (incoming) error
patterns and the normalized weight ratio of the
logical operator. It is immediately apparent that
the protocol does not introduce uncorrectable er-
rors with a code weight greater than one. Fur-
thermore, the maximum weight of the incoming
code error patterns does not increase during the
protocol and finally disappears with the last feed-
back operation, i.e., they are fully mitigated with
respect to the code. This time, the weight ratio
of the logical operator 𝑍L shows some dynamics
during the protocol but also finally returns to the
initial value of 1, i.e., the logical information is
not lost, and is fully recoverable in the data qubit
system. 𝑋L remains unaffected.
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(c) Distribution of qubit support for code error pat-
terns. The protocol is designed so that errors can only
proliferate within the ancillary system for a limited
number of operations before being cleared by resets.
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(d) Distribution of qubit support for incoming code
error patterns. The protocol transforms them into
patterns with high overall support, but as figure 4.3b
shows, they cannot further proliferate to the data
qubits.

Figure 4.3: Error pattern analysis for the 𝑧-correction block on the Steane code with the logical
qubit polarized in 𝑋L. The color coding is consistent with the colors used in figure 4.1b
to highlight the different logical building blocks of the protocol.
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Figure 4.4: Modified bit flip 𝑥-type error correction block. The syndrome mapping corresponding to the 𝑆𝑍
3

stabilizer generator is artificially omitted. As a consequence, the initial errors 𝑋1, 𝑋3, 𝑋5, and
𝑋7 are no longer corrected by the protocol. The propagation of 𝑋3 is exemplarily shown in red.

It stands to reason that all the discussed quantities could potentially be interesting inputs for a
reinforcement learning agent, as they characterize the error propagation through the protocol and
allow for conclusions to be drawn about how well a protocol is on track to fulfill the requirements
mentioned above for fault tolerance. For instance, a protocol that allows for the proliferation of
errors with a code weight greater than the distance of a code to the data qubits (here: distance 1)
would require additional effort to “recapture” it without destroying the logical information in the
code word or transforming the code space. The latter requirement is also reflected in the weight ratio
of the logical operator, which should be kept close to and must be restored to 1 finally to ensure that
the logical information does not dissipate into the ancillary qubit registers but is instead preserved
in the data qubits.

The investigated MFFT QEC protocol for the Steane code has been constructed precisely to fulfill
all the fault tolerance requirements, which is why the observed quantities also behave so nicely.
A reinforcement learning agent, however, will build many imperfect protocols during its training
episodes. To illustrate this, we have modified the 𝑥-type error correction block of the Steane code
by artificially omitting the syndrome mapping corresponding to the 𝑆𝑍

3 stabilizer generator, see
figure 4.4.

As a consequence, the initial errors 𝑋3, 𝑋5, and 𝑋7 are no longer corrected by the protocol, but
instead transformed into uncorrectable weight-two errors. Accordingly, QUANTUMcliff no longer
categorizes the protocol candidate as fault-tolerant and reports the violation of the required criteria.
The error pattern analysis for this modified protocol is shown in figure 4.5. As expected, figure 4.5a
shows that four code incoming error patterns remain after the protocol completed and indeed, they
get transformed into weight-two errors, see figure 4.5b. We also witness qualitative changes in the
support distribution of the code error patterns and the code incoming error patterns, see figure 4.5c
and figure 4.5d. Together with the other quantities and the evolution of the error profile EP(𝜏), these
observations justify the quantities as promising input candidates for a reinforcement learning agent
to learn how to construct MFFT QEC protocols that fulfill the requirements of fault tolerance.
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(a) Number of (code, incoming) error patterns in total
and with respect to the code. The protocol is no longer
able to mitigate all incoming error patterns, instead
four remain uncorrected after the protocol completed.
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(b) Maximum weight of code (incoming) error pat-
terns and the normalized weight ratio of the logical
operator. Without the syndrome mapping of the
𝑆𝑍

3 stabilizer generator, the protocol is no longer
able to correct the errors 𝑋3, 𝑋5, and 𝑋7, which
are transformed into uncorrectable weight-two er-
rors. Additionally, erroneous operations within the
coherent copy step that affect both the data and an-
cillary qubits can proliferate as weight-two errors
to the data qubits.
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(c) Distribution of qubit support for code error pat-
terns. The overall support decreases compared to
figure 4.2c. This is consistent with the missing map-
ping of the syndrome to the ancillary qubits, which
is a controlled dissipation of errors in the ideal case.
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(d) Distribution of qubit support for incoming code
error patterns. Compared to figure 4.2d, the modified
protocol can no longer prevent the proliferation of er-
rors in the data qubits.

Figure 4.5: Error pattern analysis for the modified 𝑥-correction block on the Steane code as depicted
in figure 4.4 with the logical qubit polarized in 𝑋L.
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4.2 Application 2: Surface Code

Using the same setup as in section 4.1, we apply our simulator to the proposal [1] for a MFFT QEC
protocol for the [[9, 1, 3]] Surface code depicted in figure 4.6. Likewise, we present the results
of the error pattern analysis in the same manner as for the Steane code. We are, therefore, only
discussing the main differences compared to the results of the Steane Code in the following.

The MFFT QEC protocol consists of two correction blocks, one for 𝑋 and one for 𝑍 errors. The
𝑋-correction block is shown in figure 4.6a, and the 𝑍-correction block is shown in figure 4.6b.
Analogous to what we discussed in terms of the Steane code in chapter 4, the protocol in figure 4.6
follows closely the Steane-type strategy in figure 1.5. However, since the Surface code is also capable
to correct certain weight-two error patterns, we can expand the set of single-weight incoming error
patterns

𝐸in = {𝑋𝑖, 𝑍𝑖 ∣ 𝑖 ∈ {1, … , 9}}, 𝐸in ⊆ 𝐺𝑁, (4.3)

by the following weight-two error patterns

𝑋1𝑋3, 𝑋4𝑋7, 𝑍1𝑍7, 𝑍2𝑍9, (4.4a)
𝑋3𝑋5, 𝑋3𝑋6, 𝑍1𝑍5, 𝑍1𝑍8, (4.4b)
𝑋3𝑋7, 𝑋5𝑋7, 𝑍1𝑍9, 𝑍5𝑍9, (4.4c)
𝑋7𝑋9, 𝑋4𝑋6, 𝑍3𝑍9, 𝑍2𝑍8. (4.4d)

Given this extended set of incoming error patterns, QUANTUMcliff verifies the fault tolerance of the
protocol. We depicted the resulting error pattern analysis in figure 4.7 and figure 4.8 for the 𝑋- and
𝑍-correction block, respectively.

Two main new phenomena are noticeable:

– In addition to the single-weight error patterns, the protocol for the Surface code is also able
to mitigate the weight-two incoming error patterns that we have specified in equation (4.4).
This is reflected in the course of the number of (code, incoming) error patterns in figures 4.7a
and 4.8a, and the maximum weight of the incoming error patterns in figures 4.7b and 4.8b.

– For the 𝑥-correction block, we observe a temporary increase between 𝜏 = 54 and 𝜏 = 60 in the
number of code incoming error patterns in the general downward trend, see figure 4.7b. Here,
incoming code error patterns are not eliminated with a feedback operation corresponding
to the syndrome mapping as before but prepared in such a way that they finally end up in
the span of the stabilizer. The same phenomenon is also visible for the 𝑧-correction block
between 𝜏 = 58 and 𝜏 = 64, see figure 4.8b.

– Clearly, the last weight-two code incoming error pattern for both error types are reduced
to a weight-one code error pattern by the last feedback operation, see the courses of the
maximum weight of incoming code error patterns in figures 4.7b and 4.8b. Since the protocol
is fault-tolerant, we know that the protocol corrects all possible single-weight errors. Hence,
the remaining weight-one code error patterns are corrected in the subsequent protocol run.
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(a) Bit flip 𝑥-type error correction block. Errors on the logical data qubits ∣𝜓⟩L are coherently copied to an
additional ancillary register |+⟩L (logical CNOT step). The error syndrome is encoded in another ancillary
register |0⟩⊗𝑎 by a unitary syndrome mapping. For every of the seven possible non-trivial syndromes, the
corresponding error is decoded from the ancillary register and copied onto physical qubits in reset state
|0⟩ to apply the feedback operation via conditioned 𝑋 gates. For the last feedback operation, the copy step
is omitted due to the subsequent overall reset of the ancillary register.
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(b) Phase flip 𝑧-type error correction block. Analogous to the bit-flip 𝑥-type error correction, except that the
logical data qubits ∣𝜓⟩⊗𝑛

L are copied to an additional ancillary register |0⟩⊗𝑛
L,FT. Starting from the latter, the

syndrome mapping is performed to another ancillary register |+⟩⊗𝑛. A rotation of the second ancillary
register transforms the syndrome mapping for the phase flip errors in bit flips, allowing for application of
feedback operations corresponding to each of the seven non-trivial syndromes via conditioned 𝑍 gates, so
that the copy step can also be omitted for the last feedback operation.

Figure 4.6: Measurement-free fault-tolerant quantum error correction protocol for the Surface
code as proposed in [1]. Our simulator verifies the fault tolerance of the protocol by
systematically analyzing the propagation of any single error of any type on any circuit
element for one cycle, i.e. both the 𝑥- and 𝑧-type error correction blocks in sequence.
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(a) Number of (code, incoming) error patterns in total
and with respect to the code. Analogous to figure 4.2a,
but including the correction of weight-two code in-
coming error patterns. Between 𝜏 = 54 and 𝜏 = 60,
we observe a temporary increase in the number of
code incoming error patterns in the general down-
ward trend. Here, incoming code error patterns are
not eliminated with a feedback operation correspond-
ing to the syndrome mapping as before, but prepared
in so that they finally end up in the span of the stabi-
lizer.
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(b) Maximum weight of code (incoming) error
patterns and the normalized weight ratio of the
logical operator. The last weight-two code incom-
ing error pattern is reduced to a weight-one code
error pattern by the last feedback operation. Since
the protocol is fault-tolerant, we know that the
protocol corrects all possible single-weight errors.
Hence, the remaining weight-one code error pat-
terns are corrected in the subsequent protocol run.
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(c) Distribution of qubit support for code error pat-
terns. Analogous to figure 4.2c.
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(d) Distribution of qubit support for incoming code
error patterns. Analogous to figure 4.2d.

Figure 4.7: Error pattern analysis for the 𝑥-correction block on the Surface code with the logical
qubit polarized in 𝑋L. The color coding is consistent with the colors used in figure 4.6a
to highlight the different logical building blocks of the protocol.
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(a) Number of (code, incoming) error patterns in total
and with respect to the code. Analogous to figure 4.2a,
but including the correction of weight-two code in-
coming error patterns. Between 𝜏 = 58 and 𝜏 = 64,
we observe a temporary increase in the number of
code incoming error patterns in the general down-
ward trend. Here, incoming code error patterns are
not eliminated with a feedback operation correspond-
ing to the syndrome mapping as before, but prepared
so that they finally end up in the span of the stabilizer.
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(b) Maximum weight of code (incoming) error
patterns and the normalized weight ratio of the
logical operator. Clearly, the last weight-two code
incoming error pattern is reduced to a weight-one
code error pattern by the last feedback operation.
Since the protocol is fault-tolerant, we know that
the protocol corrects all possible single-weight
errors. Hence, the remaining weight-one code
error patterns are corrected in the subsequent run
of the protocol.

0 10 20 30 40 50 60 70
Timestep 𝜏

0

50

100

150

200

Su
pp

or
to

fc
od

e
er

ro
rp

at
te

rn
s|

su
pp

(𝐸
co

de
)|

Logical CNOT
Syndrome
Reset
Rotate

Copy
Feedback
supp(𝐸code) = 1
supp(𝐸code) = 2

supp(𝐸code) = 3
supp(𝐸code) = 4
supp(𝐸code) = 5

supp(𝐸code) = 6
supp(𝐸code) = 7
supp(𝐸code) = 8

(c) Distribution of qubit support for code error pat-
terns. Analogous to figure 4.3c.
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(d) Distribution of qubit support for incoming code
error patterns. Analogous to figure 4.3d.

Figure 4.8: Error pattern analysis for the 𝑧-correction block on the Surface code with the logical
qubit polarized in 𝑋L. The color coding is consistent with the colors used in figure 4.6b
to highlight the different logical building blocks of the protocol.
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4.3 Application 3: Shor Code

Finally, we apply our simulator to the MFFT QEC protocol for the [[9, 1, 3]] Shor code depicted
in figure 4.9 and proposed in [2]. Although this protocol again consists of two correction blocks
(𝑥-correction block in figure 4.9a and 𝑧-correction block in figure 4.9b), its approach is different
from the ones we discussed for the Steane and Surface code: It is based on the Single-shot strategy,
as sketched in figure 1.6. Thus, the overhead for gate operations is reduced significantly compared
to the Steane-type strategy. For the set of single-weight incoming error patterns

𝐸in = {𝑋𝑖, 𝑍𝑖 ∣ 𝑖 ∈ {1, … , 9}}, 𝐸in ⊆ 𝐺𝑁, (4.5)

this circumstance is also reflected in the results of the error pattern analysis provided in figure 4.10
and figure 4.11 for the 𝑋- and 𝑍-correction block, respectively:

– We witness a significant reduction in the number of possible circuit error patterns (figures 4.10a
and 4.11a) and the average support of error patterns (figures 4.10c, 4.10d, 4.11c and 4.11d).
Despite the reduced overhead, QUANTUMcliff confirms the fault tolerance of the protocol. In
comparison with the results obtained for the investigated protocols for the Steane and Surface
code following a Steane-type MFFT QEC approach (recall figure 1.5), this highlights the
increased efficiency of the single-shot strategy figure 1.6.

– Remarkably, a comparison of the results for the 𝑥-correction block in figure 4.10 with the
results for the 𝑧-correction block in figure 4.11 reveals that the underlying mechanism leading
to the fault tolerance of the protocol is not the same for both correction blocks: While the
𝑥-correction block shows a qualitatively quite similar behavior as we witnessed for the Steane-
type MFFT QEC protocol for the Steane code, the 𝑧-correction block exhibits more complex
behavior. Given the construction of the generator set for the Shor code, this is not surprising:
As outlined in section 1.3.3, the 𝑆𝑍 stabilizers of the Shor code are organized into pairs, each
acting on distinct sets of three qubits. The 𝑧-correction block proposed in [2] utilizes this
fact that for any possible 𝑧-type error pattern, it is sufficient to transform the pattern in the
protocol such that one of the other qubits in the same group is also affected by a 𝑧-type error.
In this case, the error pattern is in the code span and acts trivially after the ancillary register
is reset at the end. Therefore, the strategy of the protocol is not to fully localize a 𝑧-type error
up to a single qubit but rather to its corresponding group of three qubits. This is reflected in
the results of the error pattern analysis for the 𝑧-correction block in figure 4.11.
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(a) Bit flip 𝑥-type error correction block. Redundant syndrome mapping to an ancillary register |0⟩⊗3 allows
for immediate feedback operations via controlled 𝑋 gates. As only the weight-two stabilizers 𝑆𝑍

𝑗 are
considered, no additional flags are needed to counteract error proliferation due to circuit errors in the
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(b) Bit flip 𝑧-type error correction block. Redundant syndrome mapping to an ancillary register |0⟩⊗3 allows
for immediate feedback operations via controlled 𝑋 gates. However, as weight-six stabilizers are read-out,
additional flags are needed to encount for possible errors in the syndrome mapping.

Figure 4.9: Measurement-free fault-tolerant quantum error correction protocol for the Shor code as
proposed in [2]. Our simulator verifies the fault tolerance of the protocol by systemati-
cally analyzing the propagation of any single error of any type on any circuit element
for one cycle, i.e. both the 𝑥- and 𝑧-type error correction blocks in sequence.
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Figure 4.10: Error pattern analysis for the 𝑥-correction block on the Shor code with the logical qubit
polarized in 𝑋L. The color coding is consistent with the colors used in figure 4.9a to
highlight the different logical building blocks of the protocol.
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(d) Distribution of qubit support for incoming code
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Figure 4.11: Error pattern analysis for the 𝑧-correction block on the Shor code with the logical qubit
polarized in 𝑋L. The color coding is consistent with the colors used in figure 4.9a to
highlight the different logical building blocks of the protocol.
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5 Optimization of MFFT QEC Protocols: A
Reinforcement Learning Approach

in a nutshell
This chapter presents a possible approach to optimizing measurement-free fault-tolerant
quantum error correction protocols for minimizing gate counts based on reinforcement learning
to increase the overall resource and fault tolerance efficiency.

To this end, we briefly introduce the reader to the fields of artificial neural networks and
reinforcement learning. We provide an overview of the concepts and techniques used in these
fields without claiming completeness. Subsequently, we describe our setup for the simulation
environment using the simulator for measurement-free quantum error correction protocols
developed so far. Finally, we propose promising choices for the architecture of reinforcement
learning agents that may be able to fulfill this challenging task.

The first part of this chapter outlines essential concepts in artificial neural networks and reinforcement
learning. We refrain from rigorous mathematical derivations and focus on the most crucial techniques
in these fields without claiming completeness. For a more profound understanding of these topics and
additional details about the mentioned techniques, we refer the interested reader to the literature [40,
41, 42, 43, 44], which we used as a basis for this chapter.

5.1 Preliminaries: Artificial Neural Networks

As is often the case in the development of artificial objects and processes, nature is a source of
inspiration for teaching computers to learn. In the case of artificial neural networks, the model is
the human brain. It is a complex network of interconnected neurons that makes decisions based on
processing sensory information like acoustics, touch, and vision. This network of neurons continues
to develop throughout a human’s life, allowing the human brain to learn from experience and adapt
to new situations. For instance, the inputs of a single neuron (dendrites) coming from other neurons
in the network are subject to change over time. The neuron processes these inputs in their current
configuration and sends an output signal (axon) to other following neurons in the network if a
particular (biological) action potential is reached.

Artificial neural networks are computational models inspired by the structure and function of the
human brain. They consist of interconnected nodes called artificial neurons (or perceptrons) that
mimic the function of the aforementioned biological neurons in the human brain. Each artificial
neuron takes 𝑛 inputs from other neurons, processes the input, and sends an output signal to other
artificial neurons in the network. So-called feedforward artificial neural networks arrange artificial
neurons into distinct layers. These neurons connect sequentially, passing information forward
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a(1) = 𝜎 (W(0)a(0) + b(0)) (5.1c)

Figure 5.1: Graphical representation of a neuron layer. We sketch the composition of the activation of the
artificial neurons a(1) in one layer of an artificial neural network by the inputs of preceding
artificial neurons a(0). Idea adopted from [45].

without looping back to previous neurons. Each network comprises an input layer that processes
raw input data and an output layer that delivers the approximated result. Situated between these are
one or more hidden layers, in which significant computation takes place.

Formally, the connections between neurons (𝑚, 𝑛) are represented by weights 𝑤𝑚𝑛 ∈ ℝ that
determine the strength of the connection between neurons. For a particular neuron, we sketch a
standard way of determining the state of an artificial neuron a(1) ∈ ℝ𝑛 by taking the weighted
sum of the corresponding inputs a(0) ∈ ℝ𝑛, adding a bias vector b ∈ ℝ𝑛 and applying a specific
so-called activation function 𝜎 ∶ ℝ𝑛 → ℝ𝑛 in figure 5.1 and equation (5.1). It is common to
collect all weights of a layer in a weight matrix W(𝑖) ∈ ℝ𝑚×𝑛 for all layers 𝑖 in an artificial neural
network.

Algorithmically adjusting the weights is the key to learning in artificial neural networks: Given
an input state 𝑥 ∈ ℝ𝑛, neural networks make approximate predictions for a non-linear function
𝑓 ∗(𝑥) ∶ ℝ𝑛 → ℝ𝑛 by composing multiple neurons in a chain. The process of determining a set of
weights W ≡ {W(𝑖)} for every possible neuron interconnection in a manner that the best possible
function approximation is achieved is referred to as learning.

5.1.1 The Learning Process

From an algorithmic point of view, the learning process in artificial neural networks is an iterative
process that involves adjusting the weights of the network to minimize the so-called loss between the
predicted output and the actual output. The learning process qualitatively consists of the following
steps:
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Initialization The neural network weights are initialized to random values. The initial weights
determine the initial state of the network and influence the learning process.

Forward Pass The input data is fed into the neural network, and the network computes the output
by passing the input data through the network layers. The network output is compared to the
actual output to compute the error.

Loss Function The loss function 𝐿(W) is a measure of the error between the predicted output and
the actual output with respect to the weights of the network.

Backward Pass The global loss is propagated back through the network using a process called
backpropagation. The backpropagation algorithm computes the global gradient ∇𝐿(W) of
the loss with respect to the weights of the network.

Weight Update The network weights are updated using an optimization algorithm such as stochas-
tic gradient descent. The optimization algorithm adjusts the weights in the direction that
minimizes the loss 𝐿(W).

Iterative Repetition The forward pass, calculation of the loss function, backward pass, and weight
update steps are repeated iteratively until the loss 𝐿(W) is minimized, and the network
converges to a solution.

Additional important techniques are used to accomplish the learning in artificial neural networks.
These include regularization, activation functions, and optimization algorithms. We will briefly
introduce these concepts in the following [cf. 42]:

Regularization Techniques Regularization techniques are used to prevent overfitting in neural
networks. Overfitting occurs when the network learns the training data too well and performs
poorly on unseen data. On the other hand, underfitting occurs when the network is too simple
to capture the underlying patterns in the data. Finding a balance between fitting the training
data well and generalizing it to unseen data can be challenging. Regularization techniques
introduce a regularization term Ω(W) to the loss function that penalizes large weights by a
particular functional specification:

𝐿̃(W) = 𝐿(W) + 𝜆Ω(W), (5.2)

where the hyperparameter 𝜆 ∈ ℝ+
0 is a regularization factor weighting the regularization term

against the loss function. Common regularization techniques include 𝐿1 and 𝐿2 regularization,
dropout, and early stopping.

Activation Functions Activation functions 𝜎 ∶ ℝ𝑛 → ℝ𝑛 are used to introduce non-linearity into
the neural network, allowing it to learn complex patterns in the data. After the weighted sum
of the inputs is computed, including the bias, a pre-defined activation function can be applied
to the result to produce the output of a neuron. Common activation functions include the
sigmoid, tanh, and ReLU functions.

Optimization Algorithms Optimization algorithms are used to update the neural network weights
during each training iteration. Standard optimization algorithms include stochastic gradient
descent, Adam, and RMSprop. Optimization algorithms adjust the network weights in the
direction that minimizes the loss function. A central aspect of the optimization process is the
learning rate, commonly denoted by 𝛼, which determines the size of the weight updates.
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5.1.2 Machine Learning

Machine learning is a subfield of artificial intelligence that focuses on developing algorithms that
enable computers to learn from data using artificial neural networks. Machine learning algorithms
can be broadly classified into three paradigms: supervised, unsupervised, and reinforcement learning.
In supervised learning, the algorithm learns to map input data to output labels by training on a
labeled dataset. In unsupervised learning, the algorithm finds patterns in the input data without
using labeled data. However, in reinforcement learning, the algorithm learns to make decisions by
interacting with an environment and receiving feedback as a reward. Reinforcement learning is
particularly well-suited for problems where the agent must learn to make sequential decisions to
achieve a long-term goal. Our proposal for the optimization of MFFT QEC protocols makes use of
the latter, introducing it in the upcoming section 5.2.

5.2 Introduction to Reinforcement Learning (RL)

Reinforcement Learning (RL) is a machine learning paradigm that enables a software agent to learn
a specific advantageous behavior in an interactive environment by trial and error using feedback
collected from its actions and experiences. The following presents the key takeaways of RL and its
components. For a more detailed discussion, we refer to the literature [43, 44].

A general RL model consists of the following main components:

Agent The (software) agent is the learner or decision-maker interacting with the environment. The
agent observes the state of the environment, selects actions and receives rewards based on its
actions.

Environment The environment is the external system with which the agent interacts. The environ-
ment provides feedback to the agent in the form of rewards based on the actions taken by the
agent.

State The state represents the environment at a given time. The state provides information about
the environment’s current situation so the agent can use observation to make decisions.

Action An action is a decision made by the agent to interact with the environment. The agent
selects actions based on the current state to achieve its goal.

Reward The reward is the feedback the environment provides to the agent based on its actions. The
reward ideally indicates the quality of the action taken by the agent and helps the agent learn
to make better decisions.

The reinforcement learning is an iterative process where at each time step 𝑡, the agent observes a
particular state 𝑆𝑡 of the environment, selects an action 𝐴𝑡 out of a particular action set 𝒜 based on
the current state and the preceding reward 𝑅𝑡 from the environment, and transitions to a new state
𝑆𝑡+1 based on the action taken. For the new state, the environment computes a new reward 𝑅𝑡+1,
and the process repeats. The agent aims to learn a policy that maps states to actions to maximize
the cumulative reward over time. The general structure of reinforcement learning is illustrated in
figure 5.2.
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Figure 5.2: General structure of Reinforcement Learning (RL). A software agent observes the state of an
environment 𝑆𝑡, selects actions 𝐴𝑡 ∈ 𝒜, and receives rewards 𝑅𝑡 based on its actions. The goal
of the software agent is to learn a policy that maps states to actions to maximize the cumulative
reward over time.

5.2.1 Marcov Decision Processes

Central to the formulation of reinforcement learning problems is the concept of Markov Decision
Process (MDP). An MDP is a mathematical framework that models decision-making in a stochastic
environment. Central to the so-called Markov Assumption is the property of independence of past
and future states, i.e., transferred to RL, the environment’s future state only depends on the current
state, and the action taken by the agent. If an RL task satisfies the Markovian property, it can be
perceived as five-tuple MDP (𝒮, 𝒜, 𝑃𝑎

𝑠,𝑠′, 𝑅𝑎
𝑠,𝑠′, 𝛾), where:

– 𝒮 is a set of states of the environment.

– 𝒜 is a set of available actions that the agent can take in a given state.

– 𝑃𝑎
𝑠,𝑠′ ∶ (𝒮 × 𝒜 × 𝒮) → [0, 1] is the transition probability of moving from state 𝑠 to state 𝑠′

by taking action 𝑎 at time step 𝑡.

– 𝑅𝑎
𝑠,𝑠′ ∶ (𝒮 × 𝒜 × 𝒮) → ℝ is the reward function that provides the immediate reward to the

agent for transitioning from state 𝑠 to state 𝑠′ by taking action 𝑎 at time step 𝑡.

– 𝛾 ∈ [0, 1] is the discount factor that determines the importance of future rewards. A discount
factor of 𝛾 = 0 indicates that the agent only considers immediate rewards, while a discount
factor of 𝛾 = 1 indicates that the agent considers all future rewards.

An MDP is said to be finite if the set of states 𝒮 as well as the action set 𝒜 is finite. Moreover, it is
common to distinguish between episodic and continuing tasks. In episodic tasks, the agent interacts
with the environment for a finite number of time steps before reaching a terminal state. In this case,
the so-called training episode is completed, and the agent is reset to the initial state. Continuious
tasks are problems that lack the opportunity of a formal terminal state, i.e., the concept of episodes
is not applicable. In either case, the agent’s goal is to maximize the expected cumulative reward
over time, also known as the return. It is defined by

𝐺𝑡 = 𝑅𝑡+1 + 𝛾𝑅𝑡+2 + 𝛾2𝑅𝑡+3 + … =
∞
∑
𝑘=0

𝛾𝑘𝑅𝑡+𝑘+1. (5.3)
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The discount factor 𝛾 ∈ [0, 1] weighs the future rewards, thereby determining the importance of
future rewards. If 𝛾 = 1, all future rewards are considered equally important, while for 𝛾 = 0 only
the immediate reward is considered. The goal of the agent is to learn a policy 𝜋 ∶ 𝒮 → 𝒜 that
maps states to actions to maximize the expected return over time.

5.2.2 Policy and Value Functions

The policy 𝜋 ∶ 𝒮 → 𝒜 is a mapping that defines the agent’s behavior in an environment. The
policy specifies the action 𝐴𝑡 that the agent should take in a given state 𝑆𝑡 to maximize the expected
return. The policy can be deterministic or stochastic. A deterministic policy maps each state to a
single action. In contrast, a stochastic policy maps each state to a probability distribution 𝜋(𝑎 | 𝑠)
over the number of available actions 𝑎 ∈ 𝒜(𝑠) for each state 𝑠, from which the agent samples an
action to take. Consequently, the probability of the agent taking action 𝐴𝑡 in a particular state 𝑆𝑡 is
given by 𝜋(𝐴𝑡 | 𝑆𝑡).

The value function is used to evaluate a policy’s quality and select the best action to take in a given
state. It can be defined in terms of the state-value function 𝑉𝜋(𝑠) or the action-value function
𝑄𝜋(𝑠, 𝑎). The state-value function estimates the expected return of following a policy 𝜋 from a
given state 𝑠 (recall 𝐺𝑡 in equation (5.3)):

𝑉𝜋(𝑠) = 𝔼𝜋 [𝐺𝑡 | 𝑆𝑡 = 𝑠] = 𝔼𝜋 [
∞
∑
𝑘=0

𝛾𝑘𝑅𝑡+𝑘+1 | 𝑆𝑡 = 𝑠] , for all 𝑠 ∈ 𝒮. (5.4)

The so-called Bellman equation decomposes the value function into immediate rewards and the
value of the next state 𝑠′. The Bellman equation for the state-value function is given by

𝑉𝜋(𝑠) = 𝔼𝜋 [𝐺𝑡 | 𝑆𝑡 = 𝑠]
= 𝔼𝜋 [𝑅𝑡+1 + 𝛾𝐺𝑡+1 | 𝑆𝑡 = 𝑠]
= 𝔼𝜋 [𝑅𝑡+1 + 𝛾𝑉𝜋(𝑆𝑡+1) | 𝑆𝑡 = 𝑠]

= ∑
𝑎∈𝒜(𝑠)

𝜋(𝑎 | 𝑠) ∑
𝑠′∈𝒮

𝑃𝑎
𝑠,𝑠′ [𝑅𝑎

𝑠,𝑠′ + 𝛾𝑉𝜋(𝑠′)] . (5.5)

On the other hand, the action-value function estimates the expected return of taking an action 𝑎 in a
given state 𝑠 and then following the policy 𝜋:

𝑄𝜋(𝑠, 𝑎) = 𝔼𝜋 [𝐺𝑡 | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎]
= 𝔼𝜋 [𝑅𝑡+1 + 𝛾𝐺𝑡+1 | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎] for all 𝑠 ∈ 𝒮 and 𝑎 ∈ 𝒜 (5.6)

The overall goal of the agent in RL is to learn the optimal policy 𝜋∗ that maximizes the expected
return over time. Here, a policy 𝜋 is said to be advantageous compared to another 𝜋′ if the value
function of the former is greater than the latter 𝑉𝜋(𝑠) ≥ 𝑉𝜋′(𝑠) for all states 𝑠 ∈ 𝒮. The optimal
policy 𝜋∗ is the policy that maximizes the value function for all states 𝑠 ∈ 𝒮, not necessarily
unique:

𝑉∗(𝑠) = max𝜋 𝑉𝜋(𝑠), for all 𝑠 ∈ 𝒮. (5.7)
Hence, optimal policies also result in the optimal action-value function 𝑄∗(𝑠, 𝑎) that maximizes the
expected return for all states 𝑠 ∈ 𝒮 and actions 𝑎 ∈ 𝒜:

𝑄∗(𝑠, 𝑎) = max𝜋 𝑄𝜋(𝑠, 𝑎), for all 𝑠 ∈ 𝒮 and 𝑎 ∈ 𝒜

= 𝔼 [𝑅𝑡+1 + 𝛾𝑉∗(𝑠′) | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎] . (5.8)
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Finally, we combine these results into the Bellman optimality equation for the state-value function:

𝑉∗(𝑠) = max𝑎 𝑄∗(𝑠, 𝑎)

= max𝑎 𝔼 [𝑅𝑡+1 + 𝛾𝑉∗(𝑠′) | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎]

= max𝑎 ∑
𝑠′

𝑃𝑎
𝑠,𝑠′ [𝑅𝑎

𝑠,𝑠′ + 𝛾𝑉∗(𝑠′)]

= max𝑎 ∑
𝑠′

𝑃𝑎
𝑠,𝑠′ [𝑅𝑎

𝑠,𝑠′ + 𝛾 max
𝑎′

𝑄𝜋∗
(𝑠′, 𝑎′)] . (5.9)

5.2.3 Temporal Difference Learning

Among others, the Temporal Difference (TD) learning algorithm is a popular method for estimating
the value function in reinforcement learning. The TD learning algorithm combines the advantages of
dynamic programming and Monte Carlo methods [cf. 43, pp. 91 ff.] to estimate the value function:
In TD learning methods, the expected return is not directly available, but rather approximated with
the so-called TD target, given by 𝑅𝑡+1 + 𝛾𝑉(𝑆𝑡+1). This leads to the update

𝑉(𝑆𝑡) ← 𝑉(𝑆𝑡) + 𝛼[𝑅𝑡+1 + 𝛾𝑉(𝑆𝑡+1) − 𝑉(𝑆𝑡)], (5.10)

with the learning rate 𝛼 ∈ (0, 1] determining the size of the weight updates. Consequently, the TD
target can be seen as a possible estimate of the Bellman optimality equation (5.9).

Algorithm 5.1 Pseudocode for Temporal Difference Learning [43, p.120].
Input: the policy 𝜋 to be evaluated, learning rate 𝛼 ∈ (0, 1]
Initialize: the value function 𝑉(𝑠) for all arbitrary states 𝑠 ∈ 𝒮, except the terminal states

procedure TD(0)
for each episode do

Initialize the state 𝑆 ∈ 𝒮
while 𝑆 is not a terminal state do

Select an action 𝐴𝑡 using the policy 𝜋 for 𝑆𝑡
Take action 𝐴𝑡, observe reward 𝑅𝑡+1 and next state 𝑆𝑡+1
Update the value function 𝑉(𝑆) using the TD target
𝑉(𝑆𝑡+1) ← 𝑉(𝑆𝑡) + 𝛼[𝑅𝑡+1 + 𝛾𝑉(𝑆𝑡+1) − 𝑉(𝑆𝑡)]
𝑆𝑡 ← 𝑆𝑡+1

end while
end for

end procedure

We provided a pseudocode for TD learning in Algorithm 5.1. The algorithm iterates over episodes
and updates the value function 𝑉(𝑆) for all states 𝑆 ∈ 𝒮 by selecting actions based on the policy 𝜋,
observing the reward and next state, and finally updating the value function using the TD target. The
algorithm continues until the terminal state is reached. The learning rate 𝛼 determines the size of
the weight updates and represents a so-called hyperparameter that must be tuned to achieve optimal
performance. There are several adaptions of the TD learning algorithm, such as the Q-learning
algorithm, which estimates the action-value function 𝑄(𝑠, 𝑎) instead of the state-value function
𝑉(𝑠) [cf. 43, pp. 131 ff.].
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Figure 5.3: General structure for an actor-critic architecture (AC). An actor-critic architecture consists of
two components: an actor (policy) that selects actions based on the current state and a critic
(value function) that evaluates the actions taken by the actor. Both networks can be updated via
a temporal difference error to which the critic output contributes. The assessment of the critic is
used to update the actor’s policy [cf. 43, pp. 331 ff.].

5.2.4 Actor-Critic Architecture

Replacing value tables used in classical RL for representing the value function with deep neural
networks is a common approach to scaling reinforcement learning algorithms. There are many
architectures for deep reinforcement learning, each with advantages and disadvantages. One class is
made up by so-called value-based methods that built upon TD learning as described in section 5.2.3,
such as Deep-Q-Networks (DQN) [46].

Another class includes so-called policy-based methods that directly learn the policy 𝜋(𝑎 | 𝑠, W) with-
out estimating the value function, such as the Proximal Policy Optimization (PPO) algorithm [47].
To this end, a measure to evaluate the policy is required, which is typically done by a so-called
policy performance measure 𝐽(W). Thus, the goal of policy-based methods is to maximize the
policy performance measure 𝐽(W) by adjusting the weights W of the policy network, i.e., to find

W∗ = argmaxW 𝐽(W). (5.11)

To achieve this maximization, gradient ascent methods are used to update the weights of the policy
network in the direction that maximizes the policy performance measure 𝐽(W):

W ← W + 𝛼∇W𝐽(W), (5.12)

where 𝛼 ∈ (0, 1] is the learning rate that determines the size of the weight updates. Policy-based
methods have the advantage of being able to learn stochastic policies that can capture complex and
multi-modal action distributions.

The actor-critic architecture [48] is a popular model that combines the advantages of both value-
based and policy-based methods. The actor-critic architecture consists of two components: an actor
(policy) that selects actions based on the current state and a critic (value function) that evaluates the
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actions the actor takes. Both networks can be updated via an TD error to which the critic output
contributes. The assessment of the critic is used to update the actor’s policy. The general structure
of an actor-critic architecture is illustrated in figure 5.3.

5.3 Proposal for the RL Architecture to Optimize MFFT QEC Protocols

We began this work by exploring the potential to optimize measurement-free error-tolerant quantum
error correction protocols using reinforcement learning. In the following, we present a possible,
promising approach in its essential features, which we have not yet been able to complete in the
context of this work.

To this end, we will first collect a few general observations:

– The number of existing MFFT QEC protocols in the literature is still very limited. Hence,
so-called offline reinforcement learning methods are not applicable. These methods require
a large dataset to learn a policy, which is unavailable in this case. Instead, we propose
to use online reinforcement learning methods to optimize the MFFT QEC protocols, in
which the agent interacts with the environment directly and learns a policy simultaneously.
Therefore, we assume that transformer models, which are regarded as “sponges” due to their
ability to absorb large amounts of data, are not readily applicable in this context, even if the
corresponding protocols can be represented as OpenQASM code in a string structure and
could therefore potentially be considered as input for so-called large language models (LLMs)
based on the transformer architecture [49].

– The action set can generally be limited to a minimal subset of gates available in the extended
Clifford dynamics (recall section 2.1) for achieving MFFT QEC protocols in testing scenarios.
For instance, the action space can be defined as

𝒜 = {𝐻𝑖, CNOT𝑖𝑗, CZ𝑖𝑗, Cond2
𝑖𝑗𝑃𝑘, Cond1

𝑖 Cond1
neg,𝑗𝑃𝑘, Cond2

neg,𝑖𝑗𝑃𝑘} , (5.13)

where 𝑃𝑘 ∈ {𝑋𝑘, 𝑍𝑘} and further minimalizations are possible depending on the considered
stabilizer code and error model. Consequently, the agent’s actions are to select a gate to apply
to the quantum circuit and on which qubit(s) of the circuit to place the gate. However, this
quickly leads to a combinatorial explosion of the action space, which can be mitigated using a
hierarchical action space. In this case, the agent first selects a qubit to apply a gate to and then
selects the gate to apply to the qubit. This hierarchical action space reduces the complexity
of the action space and allows the agent to learn a policy more efficiently.

– In addition to Boolean or scalar variables that provide information about the fulfillment
of certain sub-criteria for fault tolerance (section 2.2) or, e.g., the presence of high-weight
errors with respect to the code, the observation space should also contain information about
which qubits are affected by errors for the set of (incoming) error patterns. This localized
information is crucial for the agent to learn a strategy that effectively corrects errors.
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Based on these observations and literature research, we concluded that promising candidates for the
architecture of an RL agent to tackle the outlined optimization problem are given by generalizations
of the actor-critic architecture that can deal with hierarchical action spaces, such as the Hierarchical
Actor-Critic (HAC) architecture [50]. The HAC architecture consists of two components: a high-
level actor that selects a subgoal and a low-level actor that selects actions to achieve the subgoal. The
high-level actor provides the subgoal to the low-level actor and then selects actions to achieve the
subgoal. The low-level actor is trained using the TD loss from the critic, while the high-level actor
is trained using the TD loss from the low-level actor. As pointed out in [50], the HAC architecture
has been shown to overcome the instability issues arising when agents try to learn multiple levels of
policies jointly. Therefore, a possible approach to our problem is to train the high-level actor within
the hierarchical actor-critic architecture to select the gate and the low-level actor to select the qubits
on which the selected gate is to be placed.

Without going into further details and referring to the results in chapter 4, we provide the following
quantities that could be considered as part of the observation space and thus as input for one (or)
both of the actors as well as for the composition of the reward function:

– (Boolean) variables that provide information about the fulfillment of certain sub-criteria for
fault tolerance (section 2.2), i.e., whether the code span is equivalent, whether no uncorrectable
error has been introduced by the protocol, and whether all incoming error patterns have been
mitigated.

– The current number of gates in the protocol, i.e. 𝜏max.

– The total number of error patterns, i.e. |𝐸|.

– The number of code incoming error patterns still present, i.e., |𝐸code,in|.

– The weight of code (incoming) error patterns, i.e., those originating from the circuit error
model wt(𝐸code(,in)).

– The normalized weight ratio of the logical operator, i.e. wt𝑅(𝐿L) (recall equation (4.2)).

– A “faulty” qubit vector that provides information about which qubits are affected by errors
for the set of (incoming) error patterns.

syndrome feedback reset

∣𝜓⟩L

𝑋

𝑋

𝑋

|0⟩⊗3

𝑅

𝑅

𝑅

Figure 5.4: Hand-crafted measurement-free fault-tolerant quan-
tum error correction protocol for the three qubit bit
flip 𝑥-type repetition code (recall section 1.3.1). We
extract the generators 𝑔1 = 𝑋1𝑋2, 𝑔2 = 𝑋2𝑋3, and
𝑔3 = 𝑔1𝑔2 = 𝑋1𝑋3 from the stabilizer group of the
repetition code to three ancillary qubits and apply
feedback via double-controlled 𝑋 (Toffoli) gates.

A possible scenario for a proof of concept of a chosen RL agent architecture is given by the task to
correctly identify an MFFT QEC protocol for the three-qubit bit flip repetition code for 𝑥-type error
correction (recall section 1.3.1). We sketched a possible choice in figure 5.4 that is fault-tolerant
against incoming single-qubit errors on each data qubit and the circuit error model we already used
in chapter 4.
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5.4 Learning Environment Setup for MFFT QEC Protocols

With QASMCircuitEnv, we provide a standardized environment for training and testing reinforcement
learning models on the QUANTUMcliff simulator. The QASMCircuitEnv environment is based on
the Gymnasium framework [8], which defines a standardized interface for RL agents to interact
with a particular environment. Thus, the QASMCircuitEnv environment mediates the interaction
between a potential RL agent and the QUANTUMcliff simulator, as illustrated in figure 5.5. Using the
C++/Python bindings of QUANTUMcliff, the QASMCircuitEnv environment provides a convenient way
for RL agents to efficiently interact with the simulator and train on measurement-free quantum error
correction protocols while utilizing the cache mode of the simulator for improved performance.

Agent
Reinforcement Learning

QASMCircuitEnv
Gymnasium Environment

QUANTUMcliff
C++/Python bindings

interacts with
step, reset

results

Figure 5.5: Mediation role of QASMCircuitEnv. The QASMCircuitEnv environment mediates the interaction
between the reinforcement learning agent and the QUANTUMcliff simulator. Since QASMCircuitEnv

is based on Gymnasium, it provides a standardized interface for the agent to interact with the
simulator. Therefore, software agents written according to the standards of Gymnasium can
be trained and tested on the QUANTUMcliff simulator using the QASMCircuitEnv environment
conveniently.

According to Gymnasium’s standards, the QASMCircuitEnv environment provides the following
methods for an RL setup to interact with the simulator:

step(action) Executes the given action on the simulator and returns the next state, reward, and
whether the episode is done.

reset() Resets the simulator to the initial state and returns the initial state.

render() Renders the current state of the simulator via OpenQASM code [35], e.g. for visualization
purposes.

close() Closes the simulator and releases any resources used by the simulator.

Technically, besides controlling the QUANTUMcliff simulator, QASMCircuitEnv maps an action chosen
by an agent to OpenQASM code, which is then executed on the simulator given a base configuration
file for the simulator in JSON, see section 3.1. A reward can be calculated based on the output of
the simulation, and the next state is the result of the simulation. We return observed quantities such
as the current number of gates, the number of (incoming) error patterns, and the weight ratio of
logical operators, as Spaces, an abstract class of mathematical sets that are used in Gymnasium to
specify valid observations (and actions).

By adhering to the described standardization, the QASMCircuitEnv environment is designed to be
flexible and can be easily extended to support different RL algorithms. For instance, if such an
algorithm requires batch normalization, dropout, or other techniques, Gymnasium provides wrapper
functions that can extend the environment with minimal effort.
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6 Conclusion

In this thesis, we introduced and implemented QUANTUMcliff, an algorithm employing the stabilizer
formalism [7] to efficiently simulate error propagation through quantum circuits on a classical
computer. This versatile simulator supports a highly efficient analysis of quantum error correction
protocols based on Clifford dynamics and a state-aware iterative error propagation approach. We
detailed the theoretical foundations of the simulator, including the stabilizer formalism, the error
model, and the simulation algorithm. In addition, we justified extending the applicability of the
stabilizer formalism to protocols utilizing certain multi-controlled Clifford gates, essential for the
realization of measurement-free fault-tolerant quantum error correction. Moreover, we provided a
comprehensive overview of the modular implementation of the elaborated algorithm, outlining the
representation of stabilizer states, error patterns, and the overall simulation workflow.

Our work demonstrated the potential of QUANTUMcliff by systematically verifying the fault tolerance
of existing measurement-free quantum error correction protocols from the literature, including the
Steane and Surface code [1], as well as the Shor code [2]. Moreover, by introducing and analyzing the
evolution of quantities along given protocols, such as the number of (incoming) error patterns, their
weights, the weight ratio of logical operators, and the support distribution of patterns, we enabled
a new level of understanding of the underlying mechanisms of measurement-free fault-tolerant
quantum error correction protocols. We also assessed the feasibility of these introduced quantities
as inputs for reinforcement learning agents that aim to optimize such protocols automatically.

Furthermore, we proposed a reinforcement learning architecture designed to interact with the simu-
lator QUANTUMcliff, paving the way for automatic optimization of measurement-free fault-tolerant
quantum error correction protocols. By utilizing the Gymnasium [8] framework, we established
a robust and standardized environment for training reinforcement learning agents to tackle the
optimization of such protocols. We provided a possible choice for the state representation of the
observation space, action space, and reward function tailored to the specific requirements of the
problem, thereby laying the groundwork for future research and development in this area.
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A Containerization using Podman: Modern GPU
Computing Setup

Perhaps in time the so-called Dark Ages will be thought of as including our own.

(Georg C. Lichtenberg, German physicist and satirist (∗1742; †1799))

Given their architecture, GPUs are particularly well-suited for parallel processing tasks like machine
learning, scientific computing, and data processing. However, setting up a GPU environment can be
challenging due to the complexity of the software stack and the need for specific drivers and libraries.
Therefore, using containerized environments for GPU computing has become a standard practice in
modern scientific computing. Containers provide a lightweight and reproducible environment for
running applications, including those that require GPU acceleration.

Docker [51] provided by Docker, Inc., US-CA, is frequently used to create and manage containers.
However, Docker requires root privileges due to its daemon-based design, a potential security risk
in multi-user environments. Although Docker supports a rootless mode, it is less well-supported
than the default mode and must still be considered error-prone. Podman, developed by Red Hat, Inc.,
US-NC, represents a drop-in replacement to Docker, but fundamentally different in its architecture.
Particularly in that, it does not require a daemon to run containers. Instead, Podman uses the
same container runtime as Docker but runs containers in the user space, eliminating the need for
root privileges. This circumstance makes Podman a more secure alternative to Docker for running
containers in multi-user environments. However, Podman remains compatible with Docker container
specifications, i.e., it can run Docker containers without any modifications. Another advantage of
Podman in HPC environments is given by the fact that Slurm can be directly integrated with Podman
to run containers as jobs.

In the course of this thesis, Podman was set up on a computer cluster with several NVIDIA H100
graphics accelerators. Additionally, templates for the creation and use of containers for well-known
machine learning frameworks such as PyTorch [37] and [38] were elaborated based on images taken
from the NVIDIA GPU Cloud (NGC) catalog [52]. Among other use cases at our institute, these
enabled the first test runs for the reinforcement learning architecture proposed in this work.
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