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Summary

The simulation of many-body quantum systems with classical computers can
be challenging due to the exponential growth of the Hilbert space [1]. Promis-
ing devices to study quantum many-body problems are quantum simulators,
that utilize highly controllable quantum systems. One distinguishes between
analog quantum simulators, where a certain quantum many-body problem is
physically encoded in artificial quantum matter and digital quantum simula-
tors, where quantum many body problems are solved by applying quantum
gates to qubits. While analog quantum simulators are expected to tolerate
noise to a certain extent, many applications of quantum computers require
quantum error correction [2]. In this thesis we consider topics from analog
quantum simulation and quantum error correction.

In the first part we consider analog quantum simulations with dipolar ex-
change interactions.

• In Chapter 1, we lay the foundations for the following 4 chapters. We
start with introducing quantum simulation platforms with dipolar ex-
change interactions. To this end, we initially focus on the Rydberg
platform and illustrate how spin XY-models can be encoded in such
systems. Afterward, we provide a brief overview on other platforms
with dipolar exchange interactions. This is followed by a classification
of algebraic interactions. Here, we motivate the distinction of short-
range interactions, weak long-range interactions and strong long-range
interactions. In the last part of Chapter 1, we review important concepts
from the theory of quantum phases and quantum phase transitions,
like the Landau Paradigm of spontaneous symmetry breaking and the
classification of phase transitions with universality classes.
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• In Chapter 2, we analyze how a spin-1/2 system that is initialized in a
product state evolves under a XY-model with algebraic interactions. The
analysis is motivated by recent experiments with Rydberg atoms, where
the spin-wave dispersion was extracted from the quench dynamics
of the system [3]. For weak long-range interactions the dynamics
can be computed using linear spin-wave theory. However, for short-
range systems some of the approximations used in this approach are
no longer valid due to strong phase fluctuations [4]. To account for
these fluctuations we use a low energy effective theory, which allows
us deriving the dynamics of the system self-consistently for weak-long
range and short-range interactions. For the weak-long range regime our
approach gives the same result as the linear spin-wave approach, while
for short range interactions this is in general not the case. However, for
some observables the results match even though the linear-spin wave
derivation is not self-consistent for the short-range regime. In addition,
we generalize both, the linear spin-wave approach and the low energy
derivation to a system with an additional staggered magnetic field term,
that allows to drive a phase transition from a paramagnetic phase to a
XY-ferromagnetic phase.

• In Chapter 3, we study the critical behavior of the two-dimensional
Bose-Hubbard model with dipolar hopping. The Bose-Hubbard model
exhibits a phase transition from a Mott-insulating phase to an ordered
phase. Following reference [5] we map the problem to a spin-1 XY-
model, which is a valid approximation near the critical line, and use
linear spin wave theory to compute the excitation spectrum and corre-
lations. Based on this approach we derive the spatial form of spin-spin
correlations using numerical integration. Furthermore, we estimate
analytical expressions for the correlations and identify a characteris-
tic length scale. In addition, we sketch possible routes towards the
experimental observation of the critical behavior.

• In Chapter 4, we discuss the implementation of spin-1 XXZ-chains and
the Haldane phase with Dysprosium. We propose schemes for isolat-
ing spin-1 subsystems in the ground state manyfold of fermionic and
bosonic Dysprosium. For fermionic Dysprosium the hyperfine coupling
shifts the other levels out of resonance, and we show that for suitable
magnetic fields the setup can be used to mimic spin-1 particles. Further-
more, we derive subleading corrections that occur due to the admixing
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of other hyperfine levels and virtual processes. Using finite density
renormalization group methods we find that, despite these corrections,
the ground state exhibits the characteristic spin fractionalization at
the edges, that is expected for the Haldane phase. Finally, we discuss
the possibility to isolate spin-1 systems in bosonic Dysprosium using
AC-stark shifts. The results are published in reference [6].

• In Chapter 5, we propose protocols for the dissipative preparation of
many-body states with Rydberg atoms. A system of two-level Rydberg
atoms is coupled to a bath with additional two-level Rydberg atoms,
that are subject to spontaneous decay. The system-bath coupling leads
to effective decay in the system and tuning the transition frequency
between system and bath allows us to engineer decay into selected
energy eigenstates. We compute the dynamics of this setup for a few
minimal examples using Lindblad super operators to illustrate possible
applications. In particular, we show that our schemes can be used to
deterministically add excitations to the system and to cool the system
into its ground state. Furthermore, we discuss possible implementa-
tions with Rydberg atoms, that we worked out together with Antoine
Browaeys and his group.

In the second part, we discuss quantum error correction protocols for Rydberg
quantum computers.

• In Chapter 6, we present concepts that are required to follow the second
part of the thesis. We start with a brief introduction to gate based
quantum computing and summarize the requirements on quantum
computing platforms. We then introduce the Rydberg platform, discuss
how single- and two-qubit gates can be implemented and comment
on possible sources of noise. Finally, we provide an introduction to
quantum error correction. We use the Steane code to illustrate the
concept of stabilizer codes and how they protect logical qubits against
noise. Furthermore, we discuss how logical gates are realized and
present the requirements a logical gadget has to fulfill to achieve fault-
tolerance. Finally, we comment on the possibility to achieve arbitrary
low logical error rates - provided that the physical error rate of the
quantum hardware is below a certain threshold.

• In Chapter 7, we optimize measurement-free quantum error correction
protocols for a biased noise model, that is inspired by the Rydberg
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platform. This allows us to reduce the gate and qubit overhead that
typically comes with the measurement-free approach. In particular,
we develop measurement-free circuits for performing quantum error
correction and a logical T-gate on the Steane Code, derive the logical
noise model of these gadgets, and show that the break even points of our
protocols are in reach for state-of-the-art experiments. Together with
the encoding protocol presented in reference [7] and the transversal
Clifford gates we have all logical components at hand that are required
to run arbitrary quantum circuits on a logical level. In particular, our
measurement-free logical qubits could serve as building blocks in fully
fault-tolerant and scalable error correction protocols. The work was
done in collaboration with the group of Markus Müller and is published
in [8].

• In Chapter 8, we analyze the impact of multi-qubit gates on the perfor-
mance of measurement-free protocols. The chapter covers numerical
simulations that were used in reference [8] and results that were con-
tributed to a joint publication with the group of Markus Müller [9]. In
particular, we compare the logical error rates of the circuits designed in
Chapter 7 for platforms with and without multi-qubit gates. Further-
more, we compute the break even points for measurement-free circuits
that were developed in reference [10] for different multi-qubit gate
fidelities and in the absence of multi-qubit gates. Our results quantify
to which extent measurement-free protocols benefit from high-fidelity
multi-qubit gates.
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Zusammenfassung

Das Simulieren von Quantenvielteilchensystemen mit klassischen Compu-
tern kann sehr herausfordernd sein, da der Hilbertraum exponentiell mit der
Teilchenzahl wächst. Eine vielversprechende Alternative sind Quantensimula-
toren, die gut kontrollierbare Quantensysteme verwenden. Man unterscheidet
zwischen analoge Quantensimulatoren, die ein Quantenvielteilchenproblem
mithilfe künstlicher Materie im Labor nachstellen, und digitale Quantensi-
mulatoren, die Quantenvielteilchenprobleme lösen, indem Quantengatter
auf Qubits angewendet werden. Während man davon ausgeht, dass analoge
Quantensimulatoren experimentelle Ungenauigkeiten bis zu einem gewis-
sen Grad tolerieren, benötigen die meisten Anwendungen von Quantencom-
putern Quantenfehlerkorrektur. In dieser Arbeit beschäftigen wir uns mit
Fragestellungen aus dem Bereich der analogen Quantensimulation und mit
Quantenfehlerkorrektur.

Der erste Teil der Arbeit beschäftigt sich mit analogen Quantensimulatoren
mit dipolaren Austauschwechselwirkungen.

• In Kapitel 1 legen wir die Grundlagen für die 4 nachfolgenden Kapitel.
Zunächst führen wir verschiedene Plattformen mit dipolaren Austausch-
wechselwirkungen ein. Hierbei fokussieren wir uns zunächst auf die
Rydbergplattform und skizzieren an diesem Beispiel, wie mit solchen
Systemen Spin-1/2 XY-Modelle simuliert werden können. Anschlie-
ßend geben wir einen kurzen Überblick über weitere Plattformen mit
dipolaren Austauschwechselwirkungen. Als Nächstes führen wir eine
Klassifikation für algebraisch zerfallende Wechselwirkungen ein und
motivieren die Unterscheidung von kurzreichweitigen, schwach lang-
reichweitigen und stark langreichweitigen Wechselwirkungen. Zuletzt
fassen wir wichtige Konzepte aus dem Gebiet der Quantenphasen und
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Quantenphasenübergänge zusammen und wiederholen zum Beispiel
Landaus Theorie der spontanen Symmetriebrechung und die Idee von
Universalitätsklassen.

• In Kapitel 2 analysieren wir das zeitliche Verhalten eines Spin-1/2 XY-
Systems, welches zu Beginn in einem simplen Produktzustand präpa-
riert wird. Die Untersuchung ist von aktuelle Experimenten inspi-
riert, die mithilfe der Zeitevolution eines solchen Aufbaus das An-
regungsspektrum von Spinwellen messen konnten [3]. Für schwach
langreichweitige Wechselwirkungen kann man die Dynamik des Sys-
tems mithilfe eines linearen Spinwellenansatzes berechnen. Aufgrund
von starken Phasenfluktuationen sind einige der hier benötigten Nähe-
rungen für kurzreichweitige Systeme jedoch nicht konsistent [4]. Um
diese Phasenfluktuationen zu berücksichtigen, verwenden wir einen
Niedrigenergieansatz, der es uns ermöglicht die Dynamik des Systems
für kurzreichweitige und schwach langreichweitige Wechselwirkun-
gen zu berechnen. Im schwach langreichweitigen Fall bekommen wir
das Resultat aus der lineare Spinwellentheorie. Für kurzreichweitige
Wechselwirkungen ist das grundsätzlich nicht der Fall. Allerdings be-
kommen wir für einige Observablen auch hier das Resultat aus der
Spinwellentheorie, obwohl diese für kurzreichweitige Systeme nicht
selbst-konsistent ist. Zusätzlich erweitern wir beide Ansätze auf ein
System mit einem alternierenden magnetischen Feld, welches den Über-
gang von einer Paramagnetischen Phase in die XY-ferromagnetische
Phase treiben kann.

• In Kapitel 3 studieren wir das kritische Verhalten des 2-dimensionalen
Bose-Hubbard Modells mit dipolarem Hüpfen. Nahe dem Phasenüber-
gang vom Mottisolator in die geordnete Phase kann das System nähe-
rungsweise durch ein Spin-1 XY-Modell beschrieben werden [5]. Wir
nutzen lineare Spinwellentheorie um Anregungsenergien und Korre-
lationen zu berechnen. Dies erlaubt es uns räumliche Form von Spin-
Spin-Korrelationen mithilfe von numerischer Integration zu bestimmen.
Zusätzlich schätzen wir analytische Ausdrücke für die Korrelationen
ab und identifizieren eine charakteristische Längenskala. Anschließend
skizzieren wir, wie das kritische Verhalten experimentell beobachtet
werden könnte.

• In Kapitel 4 diskutieren wir mögliche Realisierungen von Spin-1 XXZ-
Modellen und der Haldanephase mit Dysprosium. Wir schlagen zwei
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Ansätze vor um ein Spin-1 Subsystem in der Grundzustandsmanigfal-
tigkeit von Dysprosium zu isolieren. Im ersten Ansatz betrachten wir
fermionisches Dysprosium und nutzen aus, dass die Hyperfeinkopplung
störende Zustände aus der Resonanz schiebt. Wir zeigen, dass man für
geeignete Magnetfelder ein effektives Spin-1 Subsystem erhält. Für die-
ses Subsystem berechnen wir Korrekturen, die wegen der Beimischung
anderer Zustände und wegen virtuellen Prozessen auftreten. Mithilfe
von DMRG, einer numerischen Methode, berechnen wir den Grund-
zustand des resultierenden Systems und finden, dass dieser trotz der
Korrekturen die für die Haldanephase erwartete Spin-Fraktionalisierung
an den Rändern der Kette aufweist. Als zweiten Ansatz schlagen wir
vor Spin-1 Systeme mithilfe von ”Stark-shifts” aus der Resonanz zu
schieben. Die Resultate dieses Kapitels wurden in Referenz [6]

• In Kapitel 5 schlagen wir Protokolle vor, um Vielteilchenzustände mit
Rydbergatomen zu präparieren. Ein System aus Rydbergatomen wird
an ein Bad mit weiteren Rydbergatomen gekoppelt, welche spontan
zerfallen. Dies impliziert effektiven Zerfall im System. Mithilfe der Ener-
giedifferenz zwischen dem Übergang im System und im Bad kann kon-
trolliert werden, dass der Zerfall in ausgewählte Energieeigenzustände
dominiert. Wir berechnen die Dynamik dieses Systems für einige Mini-
malbeispiele und zeigen, dass unser Aufbau dazu verwendet werden
kann deterministisch Teilchen zum System hinzuzufügen und dazu das
System zu kühlen. Außerdem besprechen wir mögliche experimen-
telle Realisierungen, die wir zusammen mit der Gruppe von Antoine
Browaeys ausgearbeitet haben.

Im zweiten Teil beschäftigen wir uns mit Quantenfehlerkorrektur für Rydberg-
Quanten-
computer.

• In Kapitel 6 legen wir die nötigen Grundlagen für die nachfolgenden
beiden Kapitel. Nach einer kurzen, allgemeinen Einführung in gatterba-
sierte Quantencomputer, fokussieren wir uns auf die Rydberg-Plattform.
Wir besprechen wie Ein- und Zweiqubitgatter implementiert werden
und diskutieren mögliche Fehlerquellen. Anschließend führen wir wich-
tige Konzepte aus der Quantenfehlerkorrektur ein. Am Beispiel des
Steanecodes besprechen wir Stabilizercodes und wie diese genutzt wer-
den können, um Fehler zu korrigieren. Anschließend diskutieren wir,
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wie logische Gatter implementiert werden können und was zum Errei-
chen von Fehlertoleranz nötig ist. Schließlich geben wir einen Ausblick,
wie Fehlerraten mithilfe von Fehlerkorrekturprotokollen beliebig unter-
drückt werden können - vorausgesetzt die physikalische Fehlerrate ist
unter einer bestimmten Schwelle.

• In Kapitel 7 optimieren wir messungsfreie Fehlerkorrekturprotokolle für
ein vereinfachtes Fehlermodell, welches durch die Rydberg-Plattform
inspiriert ist. Dies erlaubt uns im Vergleich mit anderen messungfreien
Protokollen die Anzahl an benötigten Qubits und Gattern zu verringern.
Wir entwickeln Protokolle für den Steane-Code, um Fehler messungs-
frei zu korrigieren und um ein logisches T-Gatter zu implementieren.
Für diese Schaltungen bestimmen wir das logische Fehlermodell und
zeigen, dass die Schwelle ab der Fehler unterdrückt werden in einem
Regime liegt, dass experimentell realistisch ist. Zusammen mit dem
Initialisierungsprotokoll aus Referenz [7] und den transversalen Clif-
fordgattern haben wir alle logischen Komponenten, die für logisches
Quantenrechnen nötig sind. Insbesondere bieten sich unsere logischen
Qubits als Bausteine für skalierbare und vollständig fehlertolerante
Protokolle an. Die genannten Resultate sind in Zusammenarbeit mit
der Gruppe von Markus Müller entstanden und wurden in Referenz [8]
publiziert.

• In Kapitel 8 analysieren wir den Einfluss von Vielteilchengattern auf
die Leistungsfähigkeit von messungsfreien Fehlerkorrekturprotokollen.
Das Kapitel beinhaltet Resultate die ebenfalls in Referenz [8] einge-
flossen sind und Resultate, die wir zu einer weiteren gemeinsamen
Publikation mit der Gruppe von Markus Müller beigetragen haben [9].
Zum einen vergleichen wir die Fehlerraten der Protokolle, die wir in
Kapitel 7 entwickelt haben für Plattformen mit und ohne Vielteilchen-
gatter. Zum anderen analysieren wir messungsfreie Protokolle, die in
Referenz [10] entwickelt wurden, für verschieden gute Vielteilchengat-
ter und in der Abwesenheit von Vielteilchengattern. Unsere Resultate
zeigen quantitativ inwieweit messungsfreie Fehlerkorrekturprotokolle
von Vielteilchengattern profitieren.
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Introduction

The idea of quantum computing and quantum simulation came up already
in the 80’s, when Richard Feynman outlined the limitations on simulating
quantum physics with classical computers [1]. The number of bits that are
required to simulate a quantum system grows exponentially with the number
of quantum particles. Even if we consider the smallest instance of a quantum
system, a spin-1/2 degree of freedom or qubit, the size of the Hilbert space
doubles with each qubit that is added. On a conventional computer, with 16
GB RAM, about 30 qubits can be simulated exactly. There are many approxi-
mative techniques to simulate larger quantum systems on classical computers
like for example tensor-networks [11] or quantum Monte Carlo methods
[12]. Nevertheless, the study of quantum systems using classical machines is
fundamentally limited. The solution, envisioned by Feynman, is a quantum
simulator, whose smallest processing unit obeys the laws of quantum physics.
Nowadays, we distinguish between analog and digital quantum simulation
[13]:

Analog quantum simulators physically implement quantum many-body
problems in artificial quantum matter. They enable condensed matter type
experiments with a high degree of control over the system parameters and
allow for the realization of quantum phases of matter [14]. Analog quantum
simulators are thus expected to tolerate experimental imperfections to some
extent [2]. However, such devices are not universal, and the problems that
can be simulated on a specific platform are typically limited. A prime example
for analog quantum simulators are bosonic atoms in optical lattices, which
can be used to simulate Bose-Hubbard models [15–17]. Varying the strength
of the optical lattice and thereby the depth of the trapping potential, allows
tuning the ratio of hopping strength and onsite interaction. Besides atoms
in optical lattices, there are many other platforms that are used for analog
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quantum simulations; examples are trapped ions [18], polar molecules [19],
highly magnetic atoms [20] atoms coupled to cavities [21] and Rydberg atoms
[22].

Several platforms (like Rydberg atoms) allow for quantum simulation with
dipolar exchange interactions. Such systems naturally implement, among
others, spin XY-models and can be used to study quantum magnetism [22].
Experiments on Rydberg platforms that utilize dipolar exchange interactions
enabled, for example, the observation of spontaneous symmetry breaking [23],
a symmetry protected topological phase of matter [24], and spin squeezing
[25]. Very recently, it has been demonstrated that such systems are promising
candidates for the implementation of Dirac spin liquids [26]. Furthermore,
systems with dipolar exchange interactions allow studying the effect of long
range interactions. For power-law interacting systems, where the interaction
strength scales with the distance r as r−α, one distinguishes three cases:
strong long-range interactions have an exponent α that is smaller than the
system dimension d, weak long-range interactions, that have d < α < α∗,
and short-range interactions, where the exponent α is larger than a certain
value α∗ [27]. In the weak long range regime, the interaction energy is still
extensive, but the interaction range affects system properties [27, 28]. For
example, while for the short range XY-ferromagnet the spin wave dispersion
is linear in the momentum k, the excitation spectrum of a two-dimensional
XY-ferromagnet with dipolar interactions is proportional to

√
k [29]. Using a

Rydberg quantum simulator, the
√
k-dispersion has recently been observed

experimentally [3].

Digital quantum simulators address many-body problems by applying
quantum gates to qubits. To determine, for example, how a system evolves
under a given Hamiltonian, the time evolution is discretized and the resulting
trotterized time evolution operator is represented by a sequence of quantum
gates [30]. Another example for digital quantum simulation is the calcu-
lation of molecular ground state energies using phase estimation [31–33].
However, digital quantum simulation is not the only application of quantum
computers [34]. A very important achievement is Shor’s algorithm enabling
prime factorization of integers in polynomial time – which undermines the
security of crypto systems like RSA [35]. Another prominent algorithm is
the Grover search, for finding a specific element in an unsorted collection
of N entries using O(

√
N) operations [36]. There are algorithms, like the

variational quantum eigensolver (VQE) [37, 38] and the quantum approxi-
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mate optimization algorithm (QAOA) [39], that are believed to run on noisy
intermediate scale quantum devices (NISQ) [40]; however, most applications
require fault-tolerant quantum computers.

A very promising approach to achieve fault tolerance is quantum error correc-
tion (QEC) [41]. To protect against noise, the logical information is encoded
into several physical qubits, and error correction cycles are performed to
detect and correct errors. For fault-tolerant quantum computing, in addi-
tion, a universal logical gate set is required. Unfortunately, a quantum error
correcting code, where all logical gates are implemented transversally, by
applying physical gates qubit-wise, cannot exist [42]. Thus, the implemen-
tation of a universal gate set requires techniques like magic state injection
[43, 44] or code switching [45, 46], which come along with qubit and gate
overhead. Furthermore, the encoding of logical information into quantum
error correcting codes is only beneficial if the physical error rate lies below a
certain threshold [47–50]. In recent years, quantum error correcting codes and
logical gates have been implemented in many quantum computing platforms
like trapped ions [51–54], superconducting qubits [55, 56], and Rydberg atoms
[57, 58]. In particular, even quantum error correction below the threshold
has been demonstrated [59, 60]. Nevertheless, the realization of fault-tolerant,
universal quantum computing remains challenging. One possibility to achieve
higher thresholds and reduce the overhead in qubits and gates is the design
of hardware specific quantum error correction protocols [61–63].

In this thesis we focus on questions related to analog quantum simulation
as well as problems concerning quantum error correction. The first part
of the thesis deals with analog quantum simulators with dipolar exchange
interactions. Inspired by recent experiments [3, 23], we analytically compute
in Chapter 2 the dynamics of a product state under the spin-1/2 XY-model.
Such quench experiments enable the experimental observation of excitation
spectra, as demonstrated in reference [3]. For weak long-range interactions,
the dynamics can be derived using linear spin-wave theory; however, for
short-range interactions, the derivation is not self-consistent due to strong
phase fluctuations. We use a low-energy theory to account for these phase
fluctuations and derive the dynamics for short-range systems. In Chapter 3 we
switch to spin-1 systems with dipolar exchange interactions and discuss their
critical behavior in the weak long-range regime. Such three-level systems are
well suited to describe the Bose-Hubbard model near criticality [5]. We use a
linear spin-wave approach to compute correlations in the system and outline
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possibilities towards the experimental observation of the critical behavior. In
Chapter 4 we propose schemes for encoding spin-1 degrees of freedom with
Dysprosium, a platform known for the experimental observation of supersolid
properties [64, 65]. Using density renormalization group methods we show
that the phase diagram of the resulting system in one dimension contains the
Haldane phase, where the edges fractionalize into spin-1/2 degrees of freedom.
In the last chapter of the first part (Chapter 5) we discuss the dissipative
preparation of many-body states with Rydberg atoms. The preparation of
many-body ground states is a key challenge in the field of quantum simulation.
Many experiments use adiabatic protocols (see for example reference [23, 66]),
where in most cases the duration of the preparation process increases with
the system size. Dissipative state preparation offers a promising alternative
[67–69]. In Chapter 5 we show that a dissipative bath of Rydberg atoms can
be used to deterministically prepare states in a Rydberg quantum simulator,
or to cool the system into its ground state.

In the second part of the thesis, we design quantum error correction protocols
for Rydberg quantum computers. Here we focus on three aspects: The fact
that in current experiments the measurements are slow compared to the du-
ration of gates (see for example reference [70]), the possibility that the noise
on the Rydberg platform can be dominated by a certain type of error [63, 71],
and the ability to implement multi-qubit gates [72–74]. The slow measure-
ments we address by considering measurement-free protocols, where coherent
feedback is implemented using quantum gates, and entropy is removed from
the system with reset operations [7, 48, 75–77]. Such protocols typically
imply a huge overhead in qubits and gates. In Chapter 7 we optimize such
measurement-free protocols assuming a strong noise bias and the availability
of multi-qubit gates. This allows us reducing the qubit and gate overhead, and
furthermore improving the break-even point, where logical errors become
less likely than physical errors. In Chapter 8 we analyze how the performance
of these protocols changes if no high-fidelity multi-qubit gates are available.
Furthermore, we discuss, at which fidelity multi-qubit gates become beneficial
for measurement-free quantum error correction protocols.
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1
Basic Concepts

The first part of this thesis deals with the simulation of quantum phases and
quantum phase transitions on quantum simulation platforms with dipolar ex-
change interactions. In this chapter we thus provide an overview on quantum
simulation with dipolar interactions and discuss how the range of interac-
tions affects system properties. Furthermore, we give a brief introduction to
quantum phase transitions.

1.1. Quantum Simulation with Dipolar
Interactions

Dipolar interactions are naturally present on many quantum simulation
platforms like Rydberg atoms, polar molecules and highly magnetic atoms
[19, 20, 22]. We initially consider Rydberg atoms to illustrate how such sys-
tems can be used to encode spin Hamiltonians and afterward comment on
polar molecules and magnetic atoms. The discussion is mainly based on refer-
ence [22] for Rydberg atoms, references [19, 78] for polar molecules and [79]
for magnetic atoms.
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|nP ⟩

|nS⟩

|nP ⟩

|nS⟩
r

∝ J/r3

(a) (b)

Figure 1.1.: Encoding spin models with Rydberg atoms. Panel (a) illustrates
two atoms trapped in optical tweezer. Panel (b) illustrates ex-
change interactions between two Rydberg atoms. One atom is
initialized in the state |nS⟩ and the other atom is initialized in
the state |nP ⟩. The interaction scales with 1/r3, where r is the
distance between the atoms.

1.1.1. Encoding Spin Models with Rydberg Atoms

Typical Rydberg experiments use alkaline or earth alkaline atoms, that have
one or two valence electrons. The atoms can be trapped in optical tweezers,
which allows arranging the atoms with high flexibility and in particular
enables the realization of various lattice geometries [80–82]. One valence
electron of the atoms is excited to a state with a large n-quantum number,
a Rydberg state. Typically, Rydberg states have much longer lifetimes then
lower lying excited states. Furthermore, since the expectation value of the
distance re between the positively charged core of the atom and the excited
electron scales with n2 [83], Rydberg atoms interact strongly via dipole-dipole
interactions

Vdd(r1, r2) =
1

4πϵ0

(
d1 · d2

r312
− 3

(d1 · r12)(d2 · r12)
r512

)
. (1.1)

Here, r12 = r1 − r2 is the distance between the two dipoles and d1 and d2

are the dipole operators. The dipole operator is connected to the position
operator of the excited electron via d = ere. Due to the combination of
long lifetimes and strong interactions Rydberg atoms are ideal candidates for
quantum simulation.

It is important to note, that the expectation value of ⟨re⟩ and thus also the
expectation value of the dipole operator ⟨d⟩ vanish. However, the transition
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matrix element of dipole operator for two different states, for example an
s-state |nS⟩ and a p-state |nP ⟩ is not zero. Consequently, if one atom is
prepared in an s-state and the other one in a p-state one can observe exchange
interactions, where one atom is flipped from |nS⟩ to |nP ⟩, while the other
atom transitions from |nP ⟩ to |nS⟩ [84]. Rydberg atoms thus naturally allow
for the implementation of spin-1/2 XY-models with

HXY = ℏJxy
∑
i ̸=j

a3

r3ij

(
Sxi S

x
j + Syi S

y
j

)
, (1.2)

whereSi is the spin operator of the spin at position ri. In our example, the spin
states |↑⟩ and |↓⟩, with Sz |↑⟩ = + 1

2 |↑⟩ and Sz |↓⟩ = − 1
2 |↓⟩, are encoded into

the Rydberg states |nP ⟩ and |nS⟩. The coupling strength Jxy can be tuned via
external electric and magnetic fields and depends furthermore on the distance
between the atoms and the angle θ between the quantization axis and the inter
atomic distance. To calculate the interaction potentials one can for example
use the PairInteraction software [85] or the Alkali Rydberg Calculator (ARC)
[86]. One important aspect of this Hamiltonian is the interaction range, that
decays algebraically with 1/r3. As we will see later, this can strongly affect
the system properties and can give rise to phenomena that do not occur in
systems with nearest neighbor interactions.

There is a variety of options to add additional terms to the Hamiltonian in
Eq. (1.2). For example microwave fields allow to couple the states |nS⟩ and
|nP ⟩ and thus gives rise to a transversal magnetic field term with HΩ =
ℏΩ
∑
i S

x
i , where Ω is determined by the strength of the microwave. In

addition, if the microwave is detuned from the transition, we obtain a magnetic
field in z-direction with HδMW = ℏδMW

∑
i S

z
i . A magnetic field in z-direction

can also be obtained using AC-Stark shifts, where for example the s-state
is weakly coupled to a lower lying state using a laser. While microwave
fields are global, lasers allow for single site addressing. Thus, such an AC-
stark shift can be applied to every second atom only, which allows for the
implementation of a staggered magnetic field term with Hδ = −ℏδ

∑
i siS

z
i ,

where si = ±1 depending on the lattice site [23]. There are many more
options for Hamiltonian engineering, that are not covered here.

Besides the dipolar exchange interactions Rydberg atoms also interact via van
der Waals interactions. These interactions stem from second order processes
where two atoms, that are initially in the same state, are virtually excited to a
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state that is energetically detuned. Such processes give rise to an interaction
Hamiltonian of the form HVdW = ℏJz

∑
i<j

a6

r6ij
Szi S

z
j . Again, the coupling

strength Jz can be tuned via electric and magnetic fields. Since van der
Waals interactions go with 1/r6 and dipolar interactions with 1/r3, van der
Waals interactions become more relevant if the atoms are closer together. In
particular, we would like to highlight, that strong van der Waals interactions
give rise to the Blockade mechanism. Here, if one atom is excited to a Rydberg
state, no other atom in a distance smaller than the so-called blockade radius
can be excited as the strong interactions shift the corresponding states out of
resonance. The blockade mechanism forms the basis of many proposals for
implementing two- and multi-qubit gates on Rydberg quantum processors
(see Section 6.2 for more details). In the first part of the thesis we focus on a
regime where van der Waals interactions can be neglected.

Readout can be performed by de-exciting one Rydberg state, for example the
state |nS⟩, into the ground state. Using fluorescence imaging one can then
detect whether an atom was in the ground state or not. Assuming that no
atoms got lost, atoms that are detected are then counted as spin down and
atoms that were not detected are counted as spin up. This procedure thus
implements a measurement in the eigenbasis of Sz . To measure in another
basis one first applies a rotation to the spin-states using microwave coupling
and then proceeds as before. In general, we can thus access spin expectation
values ⟨Sβi ⟩ as well as spin-spin correlations ⟨Sβi Sβj ⟩, where β labels different
components of the spin operator S.

Finally, Rydberg quantum simulators are not restricted to spin-1/2 systems.
Tuning external magnetic and electric fields one can find Förster resonances,
where three levels are approximately equidistant in energy [87, 88]. Such
systems can be used to simulate spin-1 systems [89–92]. Furthermore, v-
shaped configurations are proposed to implement artificial gauge fields, which
can be used to implement a Chern insulator [93].

1.1.2. Magnetic Atoms and Polar Molecules

The electronic configuration in magnetic atoms like Erbium, Chromium and
Dysprosium gives rise to large angular momentaJ and thus to strong magnetic
interactions [20]. The magnetic dipole moment is connected to the angular
momentum viaµ = µBgJJ, whereµB is the Bohr magneton and gJ the Lande
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factor. The interactions between magnetic dipoles are also described by a term
of the form of Eq. (1.1). However, one has to replace the prefactor 1/(4πϵ0)
with µ0/(4π). In recent years Bose-Einstein condensates of Dysprosium and
Erbium enabled the investigation of quantum droplets [94, 95] and supersolid
states of matter [64, 65, 79, 96]. Furthermore, using inner shell transitions
specific Zeeman sublevels can be prepared [97, 98]. Magnetic atoms can be
trapped in optical lattices, where typical lattice constants lie between 200 nm
and 500 nm [99–104]. In Chapter 4 we propose schemes for encoding a spin-1
degree of freedom in the ground state manifold of Dysprosium.

In recent years great progress has been made in quantum simulation with
polar molecules [19, 105–108]. Like Rydberg atoms polar molecules can be
trapped in optical tweezers which allows again for flexible lattice geometries.
Molecules have vibrational and rotational degrees of freedom and in addition
there is the option for electronic excitations. Spin states can be encoded into
different rotational states. Recently, dipolar exchange interactions between
two rotational levels in molecules haven been demonstrated [19].

1.2. Classification of Algebraic Interactions

The interaction range can strongly affect the system properties. We consider
here interactions that decay with 1/rα, where r is the distance between the
particles and α is an arbitrary exponent. For systems with dipolar interactions
we have α = 3 and nearest neighbor interactions are obtained for α = ∞.
An important quantity is the difference σ = α− d between the interaction
exponent α and the system dimension. If σ is sufficiently large, the critical
behavior of the system is similar to the nearest-neighbor case. This interaction
regime is thus called short-range. If σ becomes negative the system energy is
not extensive, and we are in the strong long-range regime. In between these
two regimes the system is not yet strong long-range, but the system properties
and critical exponents are affected by the value of σ. This regime is thus called
weak long-range regime [27, 28, 109, 110].

To illustrate the appearance of different interaction regimes, we consider the
discrete Fourier transform of the interaction

γk =
∑
R̸=0

|R|−αeik·R. (1.3)
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We expand the exponential in Eq. (1.3) for small k, such that

γk ≈
∑
R̸=0

|R|−α − 1

2

∑
R̸=0

|R|−α(k ·R)2. (1.4)

Using the integral test for convergence we can estimate that the first sum
in Eq. (1.4) diverges if

∫∞
a
dr r−α+d−1 diverges, and the second sum if∫∞

a
dr r−α+d+1 → ∞. The first integral is finite for α − d + 1 > 1 and

diverges for α− d+ 1 ≤ 1. This gives the boundary between the weak and
the strong long-range regime with α = d. The second integral converges
for α − d − 1 > 1 and diverges for α − d − 1 ≤ 1. This indicates that for
α ≤ d+2 the k-dependence of the discrete Fourier transform is dominated by
terms with powers smaller than 2. Note however, that this does not imply that
all algebraically interacting systems with d < α < d+2 are weak long-range.
The point α∗ below which the system behavior is no longer short-range
depends on the model that is studied [27]. An example for a system with
weak long-range interactions is the two-dimensional spin-1/2 XY-ferromagnet
(Jxy < 0 in Eq. (1.2)) with dipolar interactions [3, 23, 29].

To further analyze the behavior of the discrete Fourier transform γk for small
k, we use the Ewald summation and bring γk to the form [111, 112].

γk =
πα/2

Γ(α/2)

(∑
G

Eα/2+1−d/2

( |k+G|2
4π

)
− 2

α

+
∑
R

E1−α/2
(
R2π

)
eiR·k

)
. (1.5)

Here G are the reciprocal lattice vectors and En(z) is the generalized expo-
nential integral function. More details on the derivation of the expression in
Eq. (1.5) are provided in Section 1.A. The main advantage of Eq. (1.5) is that the
slowly converging real space sum in Eq. (1.3) splits into a fast converging sum
in real space and a fast converging sum in k-space. This allows for efficient
numerical computation of γk. Furthermore, we can now read off the small
k-behavior, which is determined by the G = 0-term in the first sum. To do
so, we sue that the generalized exponential integral function is connected
to the incomplete gamma function Γ(s, x) via En(x) = xn−1Γ(1 − n, x)
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[113] and thus Eα/2+1−d/2
(
k2

4π

)
∝ kα−dΓ((d − α)/2, k2). For small x

and n ̸= 1, 2, ..., the incomplete gamma function is asymptotically given by
Γ(1−n, x) ∝ Γ(1−n)−∑∞

l=0(−1)lx1−n+l/(l!(1−n+ l)) [114]. One thus
finds for small k and d < α < d+ 2 [29, 115, 116]

γk ≈ γ0 − c1|k|α−d, (1.6)

where γ0 and c1 are constants ∈ R. For α = d + 2, we have n = 2 and
thus logarithmic corrections occur in the incomplete gamma function and the
discrete Fourier transform γk [114].

1.3. Quantum Phases and Quantum Phase
Transitions

Here, we summarize important concepts from the theory of phase transitions.
The section is mainly based on references [117–119]. First, we give a brief
overview over (quantum) phase transitions and the Landau paradigm of sym-
metry breaking. Then, we consider a quantum field theory and its connection
to a quantum phase transition. Finally, we briefly comment on topological
phases.

1.3.1. Important Concepts

The fact that matter can be classified into different phases is something we
experience every day. For example the properties of water are similar at 20◦C
and 50◦C , but change drastically when cooling below 0◦C . The transition
from one phase to another is called phase transition. Very important for
the description of phase transitions is the Landau paradigm of spontaneous
symmetry breaking [120–122]. In the disordered phase the system possesses
certain symmetries. For example, water in the liquid phase is invariant under
translations and rotations in space. In ice, the molecules align and arrange in
a crystal structure and thus both symmetries are broken spontaneously. Such
a phase is called ordered. The spontaneous symmetry breaking is reflected by
a local order parameter, that is non-zero in the ordered phase and vanishes in
the disordered phase. A phase transition, where the order parameter jumps
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from zero to a finite value is called first-order phase transition. If the change
in the order parameter is continuous the phase transition is called continuous
phase transition.

In the following, we are mainly interested in continuous phase transitions.
Furthermore, we focus on quantum phase transition with temperature T = 0.
Transitions between different phases are driven by changing Hamiltonian pa-
rameters like for example the ratio of our dipolar exchange coupling Jxy
in Eq. (1.2) and the strength of a (staggered) magnetic field with Hδ =
−δ∑i siS

z
i [23, 123]. The resulting Hamiltonian H = HXY + Hδ is in-

variant under rotations of the spins around the z-axis with arbitrary angles.
For simplicity, we consider a two-dimensional system with ferromagnetic
interaction (Jxy < 0). If the magnetic field term dominates, the spins align
along the magnetic field. The ground state thus has the same symmetries as
the Hamiltonian, and we are in the disordered phase. If the interaction term
dominates, the spins align in the x-y-plane and the symmetry is broken. Con-
sequently, the system is in an ordered phase which manifests in non-vanishing
spin-spin correlations ⟨Sxi Sxj +Syi S

y
j ⟩. An important theorem in this context

is the Nambu-Goldstone Theorem, that states that spontaneously breaking a
continuous global symmetry comes together with phase-like massless modes
[124–126].

Continuous phase transitions are characterized by critical exponents, that
describe how physical quantities like the order parameter, an excitation gap or
the characteristic length scale behave close to the transition. For example, in
the disordered phase near the critical point δc the excitation gap ∆ vanishes
with

∆ ∝ |δ − δc|zν . (1.7)

Here, z is the dynamical critical exponent and ν the critical exponent of the
characteristic length scale. The characteristic length

ξ ∝ |δ − δc|−ν (1.8)

determines for example how correlations decay. At the critical point it diverges
and correlations decay algebraically. The exponent of this algebraic decay
depends on the system dimension d, the dynamical critical exponent z and
another critical exponent, the anomalous dimension η. Finally, the order
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Re(ϕ)
Im(ϕ)

S[ϕ, ϕ̄](a) (b)

Re(ϕ)

Im(ϕ)

S[ϕ, ϕ̄]

Figure 1.2.: Illustration of the action S[ϕ, ϕ̄] in Eq. (1.10) as a function of a
constant, complex field ϕ for g > 0 (panel (a)) and g < 0 (panel
(b)).

parameter O in the ordered phase vanishes with

O ∝ |δ − δc|β . (1.9)

In principle, there are more critical exponents. However, ν, z, η and β together
with the system dimension are typically sufficient to determine all other
critical exponents using scaling relations. Different systems that show the
same critical behavior are said to be in the same universality class.

1.3.2. Critical Phenomena and Quantum Field Theory

Continuous phase transitions can be described using (quantum) field theories.
To illustrate this, we consider here a partition function Z =

∫
DϕDϕ̄e−S[ϕ,ϕ̄]

with action

S[ϕ, ϕ̄] =

∫ ∞

0

dτ

∫
ddx

[
|∂τϕ|2 + |∇xϕ|2 + g|ϕ|2 + λ|ϕ|4

]
(1.10)

For d = 2 this field theory describes for example the transition from the
paramagnetic phase to the symmetry broken phase in our example of a two-
dimensional ferromagnetic spin-1/2 XY-model in a staggered magnetic field
with short range interactions (see Section 1.B for more details).

The action is invariant under the transformation ϕ(r) → eiθϕ(r) for any
θ and consequently has a global U(1)-symmetry. In Fig. 1.2 we sketch the
action for g > 0 and g < 0 as a function of a constant field ϕ. For g > 0
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1. Basic Concepts

the action is minimal if ϕ(r) = 0 which corresponds to the disordered phase.
For g < 0 the action takes the form of a ”Mexican hat” with the minimum at
|ϕ0|2 = |g|

2λ , which signals the ordered phase. The order parameter is given
by the average of ⟨ϕ(r)⟩. The phase of the field ϕ is not fixed by the above
condition. Choosing a phase breaks the U(1)-symmetry.

Next, we perform a dimensional analysis. Comparison of |∇xϕ|2 and g|ϕ|2
shows that g has to have the dimension of an inverse squared length. This
motivates the definition ξ = |g|−1/2. Using this length scale we can now
define the following dimensionless quantities

x̂ = x/ξ, τ̂ = τ/ξ,

ϕ̂ = ξ
d+1−2

2 ϕ, λ̂ = ξ3−dλ, (1.11)

such that the action can be written as

S[ϕ̂,
¯̂
ϕ] =

∫ ∞

0

dτ̂

∫
ddx̂

[
|∂̂τ ϕ̂|2 + |∇̂xϕ̂|2 ± |ϕ̂|2 + λ̂|ϕ̂|4

]
. (1.12)

For d > 3, the interaction strength λ̂ goes to zero in the limit of ξ → ∞.
In this case the interactions are irrelevant, and the critical behavior is well
described by mean-field theory. In particular, in our example, we can deduce
from the above analysis ν = 1/2, z = 1, β = 1/2 and η = 0. However, if
d < 3 the interactions matter and the critical behavior cannot be described
within mean-field theory. In this case further information about the critical
behavior can be obtained using renormalization group and numerical methods.
The dimension above which a system starts to behave mean-field like is called
upper critical dimension duc. If d = duc the critical behavior is mean-field like
with logarithmic corrections.

So far we considered a system with short range interactions, indicated by
the term |∇xϕ|2, which in k-space takes the form k2|ϕk|2. In the weak long
range regime this changes to kσ|ϕk|2, which in real space is often written as
|∇σ/2

x ϕ|2. In this case the mean-field critical exponents for our example are
ν = 1/σ, z = σ/2, η = 2−σ. The exponent β = 1/2 stays the same as in the
short-range case. The upper critical dimension is duc = 3

2σ [27, 127, 128].
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1.3.3. Beyond Landau’s Paradigm of Symmetry Breaking

Not all phase transitions can be understood with the concept of symmetry
breaking and local order parameters. In particular, according to the Mermin-
Wagner-Hohenberg theorem long-range order in one- and two-dimensional
systems with short range interactions cannot exist at finite temperature due to
strong fluctuations [129, 130]. A prime example for this is the two-dimensional
short-range XY-model with a finite-temperature phase transition from a dis-
ordered phase to a phase with quasi long-range order. In the disordered phase
correlations decay exponentially, while in the later phase one finds alge-
braically decaying correlations. The transition between these two-phases
is called (Berezinski-)Kosterlitz-Thouless-transition or (B)KT-transition after
John Kosterlitz, David Thouless and Wadim Berezinski [131–133].

A more rigorous definition of quantum phases is the following. We consider
two local gapped Hamiltonians with unique ground states. They are said
to be in the same phase if one Hamiltonian can be deformed into the other
without a gap closing and while keeping it local [134, 135]. In this case we
say the two Hamiltonians are adiabatically connected. By adding additional
symmetry constraints quantum phases can be further divided into symmetry
protected topological phases (and a trivial phase). Two systems are in the
same symmetry protected topological phase, if they can be transformed into
the other without gap closing while respecting the protecting symmetry and
locality. One example for a symmetry protected topological phase is the
Haldane phase, that is discussed in Chapter 4. Since this thesis, apart from the
Haldane phase in Chapter 4, does not consider topological phases, we end the
discussion here. For more details on topological phases I refer for example to
references [134, 135].
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1.A. Ewald Summation

The discrete Fourier transform of algebraic interactions plays an important
role in the analysis of systems with weak long-range interactions. Here,
we provide more details on the derivation of Eq. (1.5) following reference
[111, 112].

For α > 0 we can express 1/Rα as

1

Rα
=

1

Γ(α/2)

∫
dλλα/2−1e−λR

2

. (1.13)

Next, we split the λ-integration in this expression into an integration from 0
to η and η to ∞. In the first integral we then substitute λ with η/λ and in the
second with ηλ and thus obtain

γk =
ηα/2

Γ(α/2)

∑
R ̸=0

(∫ ∞

1

dλλ−α/2−1e−ηR
2/λ +

∫ ∞

1

dλλα/2−1e−ηλR
2

)
.

(1.14)

Using Poisson’s summation formula we can write

∑
R ̸=0

e−ηr
2/λ =

∑
R

e−ηr
2/λ − 1 =

(
πλ

η

) d
2 ∑

G

e−
λ
4η |k+G|2 − 1. (1.15)

This can be used to replace the first real-space sum in Eq. (1.14) by a sum over
the reciprocal lattice. The parameter η controls now the amount of real-space
and k-space summation. For an appropriate choice of η (e.g. η = π) both
sums converge fast. Finally, identifying the generalized exponential integral
function

En(x) =

∫ ∞

1

λ−ne−xλdλ (1.16)

and setting η = π we obtain the expression in Eq. (1.5).
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1.B. Hubbard-Stratonovich Transformation

1.B. Hubbard-Stratonovich Transformation

To illustrate the relation between the quantum field theory introduced in
Eq. (1.10) and the spin-1/2 XY-model in a staggered magnetic field, we sketch
here, how the field theory can be obtained from the Hamiltonian. The follow-
ing discussion is supposed to provide an intuitive understanding and is not
mathematically rigorous. For more details on the derivation of field theories
we refer for example to references [117, 118, 136].

We again consider the Hamiltonian H = Hxy +Hδ , where Hxy and Hδ are
defined in Section 1.1.1. For simplicity, we restrict the following discussion to
ferromagnetic coupling (Jxy < 0). To map the spin-1/2 Hamiltonian to a field
theory, we rewrite the spins as bosons using a linearized Holstein-Primakoff
transformation with quantization axis along the z-direction [4]. In this picture,
the state |↓⟩ then corresponds to an empty lattice site and the state |↑⟩ to
an occupied lattice site with one boson on it. The exchange interactions
map to a hopping term, while the magnetic field plays the role of a chemical
potential. Consequently, the system is then described by a Bose-Hubbard type
Hamiltonian

H = −
∑
i,j

tij
2
(b†i bj + b†jbi)− δ

∑
i

sini + U
∑
i

ni(ni − 1), (1.17)

with the hopping tij > 0. The onsite interactions U ensures that we have
not more than one boson per lattice site. The operators b†i and bi are bosonic
creation and annihilation operators and the number operator is ni = b†i bi.

Using bosonic coherent path integrals1 we can now write down the partition
sum

Z =

∫
Dbi(τ)Db†i (τ)e−

∫ β
0
dτLb , (1.18)

with Lb =
∑
i b

†
i∂τ bi+H(b(τ), b†(τ)) and β = 1/T , where T is the temper-

ature. Next, we use a Hubbard-Stratonovich transformation to rewrite the
hopping term as (see for example [117, 118, 137])

1For more details we refer to reference [118]
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e
∫ β
0
dτ

∑
i,j tij(b

†
i bj+b

†
jbi) ∝

∫
Dϕi(τ)Dϕ†i (τ)e−

∫ β
0
dτ

∑
i,j ϕ

∗
i t

−1
ij ϕj

× e−
∫ β
0
dτ

∑
i ϕib

†
i+ϕ

∗
i bi . (1.19)

Roughly spoken we use here that the Fourier transform of a Gaussian is again
a Gaussian. The field ϕ thus mediates the exchange interactions (respectively
the hopping) between different lattice sites.

Thanks to the Hubbard-Stratonovich transformation the resulting action is
local in bi and b†i and thus the integration over bi and b†i is straight forward
when expanding in powers of ϕ and ϕ∗. The action of the field is then given
by Sψ =

∫ β
0
dτ
∑
i,j ϕ

∗
i t

−1
ij ϕj+

∑
i ln⟨Tτ exp(−

∫ β
0
dτ(ϕib

†
i +ϕ

∗
i bi))⟩. Here,

the expectation value refers to the ground state of the Hamiltonian in Eq. (1.17)
with tij = 0. Expansion in ϕ and small time derivatives then gives

ln⟨Tτe−
∫ β
0
dτ(ϕ(τ)b†(τ)+ϕ(τ)∗b(τ))⟩

≈
∫ β

0

dτK1|∂τϕ(τ)|2 +K2|ϕ(τ)|2 +K3|ϕ(τ)|4 (1.20)

where the coefficients K1, K2 and K3 depend on δ. Furthermore, we dropped
the index i labelling the lattice site. In the following, we exemplarily sketch
the computation of the terms that are quadratic in ϕ.

Before we proceed, we note that due to the staggered magnetic field we have
two sublattices. To account for this we introduce operators a and b, that act
on the two different lattice sites in one unit cell. Furthermore, we note that
the ground state of the Hamiltonian in Eq. (1.17) with tij = 0 is the state
where all lattice sites in one sublattice are empty and all lattice sites in the
other sublattice are occupied with one particle. In the spin language this
corresponds to all spins in the one sublattice pointing down and in the other
sublattice pointing up. Consequently, one finds ⟨b†b⟩ = 0 and ⟨aa†⟩ = 0. The
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1.B. Hubbard-Stratonovich Transformation

quadratic term for one unit cell is then given by∫ β

0

dτ

∫ β

0

dτ ′
[
ϕ∗(τ)ϕ(τ ′)⟨Tτ b(τ)b†(τ ′)⟩+ ϕ(τ)ϕ∗(τ ′)⟨Tτa†(τ)a(τ ′)⟩

]
.

(1.21)

For T = 0 the expectation values are ⟨Tτ b(τ)b†(τ ′)⟩ = ⟨Tτa†(τ)a(τ ′)⟩ =
Θ(τ − τ ′)e−δ(τ−τ

′) and after expressing ψ(τ) with Matsubara frequencies
and performing the τ -integrations Eq. (1.21) reads

∑
ω

|ϕ(ω)|2
(

1

δ + iω
+

1

δ − iω

)
≈
∑
ω

|ϕ(ω)|2 2
δ

(
1− ω2

δ2

)
. (1.22)

In particular ω appears only quadratically and thus also time derivatives in
Eq. (1.20) appear only quadratically.

Finally, expanding the hopping t−1
ij for small k and taking the continuum limit

we end up with a field theory of the form of Eq. (1.10) for nearest neighbor
interactions and a kinetic energy term of the form|∇σ/2

x ϕ|2 for weak long-
range interactions. The coefficients g and λ depend on the hopping J and the
magnetic field strength δ.
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2
Quench Dynamics for
Power-Law Interacting

Spin-1/2 XY-Models

The possibility to measure excitation spectra is essential for a complete exper-
imental characterization of a system. In condensed matter physics spectra are
typically obtained by performing scattering experiments for example with
neutrons, photons or electrons. The scattered particles are detected and the
band structure of the sample can be deduced from its momentum and energy
before and after the scattering process [138]. An alternative approach is the
use of quenches [4, 139–148]. The idea is to prepare a system in a state that is
not an energy eigenstate, such that it evolves with time. The dynamics can
be often understood in terms of quasi particles, that move in the system. The
propagation of the quasi particles is connected to their dispersion relation
and thus the observation of the quasi particle propagation allows extracting
the excitation spectrum [149]. In reference [3] this approach has been used to
experimentally determine the excitation spectrum of the ferromagnetic and
antiferromagnetic XY-model with dipolar interactions encoded in an array of
Rydberg atoms. The quench dynamics of the system was analytically com-
puted in [4] using linear spin-wave theory. However, while linear spin wave
theory provides a good description of the dynamics for systems with weak
long range interactions, it is not self-consistent for short range interactions.
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Here, we extend the analysis of reference [4] to an XY-model with a staggered
magnetic field and furthermore use a low-energy theory to self-consistently
compute the quench dynamics for short range interactions. We first intro-
duce the model, the phase-diagram and the variational mean-field state in
Section 2.1. Using linear spin wave theory we compute the quench dynamics
of the system initially prepared in the mean-field state and extend the results
of [4] to arbitrary magnetic field strength in Section 2.2. Since the linear-spin
wave result for the quench dynamics is not self-consistent for short range
interactions, we introduce a low-energy theory in Section 2.3 and use this to
again compute the quench dynamics. We then compare the results of the two
approaches in Section 2.4 and analyze the quench dynamics for short range
systems in more detail in Section 2.5.

2.1. Setup

Our goal is to derive the dynamics of a spin-1/2 system initially prepared in a
simple product state. In this section, we introduce the model and the initial
state.

2.1.1. Model and Phase Diagram

Inspired by recent experiments [23], we consider a two-dimensional spin-
1/2 XY-model with power-law interactions in a staggered magnetic field as
illustrated in Fig. 2.1. The Hamiltonian of this system is given by

H = −ℏJ
∑
i̸=j

aα

|ri − rj |α
(
Sxi S

x
j + Syi S

y
j

)
− ℏδ

∑
i

siS
z
i , (2.1)

where Sxi , Syi , and Szi are the components of the spin-operator acting on
the i-th spin, J > 0 is the interaction strength, a the lattice constant, δ is
the strength of the staggered magnetic field and si = ±1 accounts for the
staggered nature of the magnetic field. The case with α = 3 corresponds
to dipolar exchange interactions. In the limit α → ∞ one obtains nearest-
neighbor interactions.
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si = +1 si = −1

a

J/2α

Jδ

|↓⟩

|↑⟩

|↑⟩

|↓⟩

y

z

x

Figure 2.1.: We consider spin-1/2 particles on a 2-dimensional square lattice
with lattice constant a, that interact via power-law exchange in-
teraction. The spins are exposed to a staggered magnetic field
with strength δ perpendicular to the lattice. The different colors
label the sign of the magnetic field.

We start with summarizing the zero-temperature ground state phase diagram
[23, 123]. The system exhibits a phase transition from a gapped paramagnetic
phase for large δ/J to a XY-ferromagnetic phase with long-range order and
gapless excitations for δ ≪ J . The long-range order is reflected by non-
vanishing correlations ⟨Sxi Sxj + Syi S

y
j ⟩. The excitation spectrum in the XY-

ferromagnetic phase is strongly affected by the interaction range. For α > 4
one finds a linear dispersion for small k, while for 2 < α < 4 the low-energy
dispersion goes with k(α−2)/2 [29, 115, 116]. For α = 4 the dispersion is
linear with logarithmic corrections [116].

The α-dependence of the Goldstone mode is directly connected to the critical
behavior of the system and furthermore to the system properties at finite-
temperature. For 2 < α < 4, the critical behavior is well described by
mean-field theory, while for α > 4 the critical exponents differ from the
mean-field values [27]. At finite temperature the linear dispersion gives rise
to logarithmic divergencies in the Green’s function and allows for strong
fluctuations that prevent the formation of order [129, 150]. For 2 < α < 4
no divergencies appear and one still can observe XY-ferromagnetic ordering
[23, 150]. Due to such logarithmic divergencies, also the linear spin-wave
description of the quench dynamics is not self-consistent [4], as we discuss
later in more detail. Forα > 4 we are in the short-range regime, for 2 < α < 4
the system is in the weak long-range regime and for α < 2 the interactions
are strong long-range [27, 28, 109, 110], as discussed in Chapter 1.
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z

x

z

χ
x

z

x

Figure 2.2.: Illustration of the mean field state. We consider a simple product
states that minimize the energy expectation value. As variational
parameter we choose the angle χ between the spin-expectation
value ⟨ψ|S |ψ⟩ and the x-axis. The insets show the spin expecta-
tion value of the mean-field state for different δ.

2.1.2. Variational Mean-Field State

For δ = 0 one possible choice for the mean-field ground state is |ψ0⟩ =

|→⟩⊗N , where all spins are aligned along the x-direction [4]. When we
switch on the magnetic field, the spins start to more and more align along the
z-direction. We account for this by rotating the spin-operators around the
y-axis by an angle ±χ, such that the mean-field state for non-zero δ reads
|ψ⟩ =∏j e

iχsjS
y
j |ψ0⟩. The spin expectation value of this state is

⟨ψ|Si |ψ⟩ =
1

2

 cos(χ)
0

± sin(χ)

 (2.2)

To determine the variational parameter χwe minimize the energy expectation
value of the variational mean-field state

⟨ψ|H |ψ⟩ = N

4
ℏ
(
−Jγ0 cos2(χ)− 2δ sin(χ)

)
. (2.3)

Here, γ0 is the zero-mode of the Fourier-transform of the interaction γk =∑
r̸=0(a/|r|)αeik·r, that was derived in Section 1.A. For δ > δc := Jγ0 we

find χ = π/2, which gives the paramagnetic state, where the spins align along
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the staggered magnetic field and for δ < δc we find χ = arcsin(δ/δc). The
spin expectation values of the mean-field ground states |ψ⟩ are illustrated in
Fig. 2.2.

In the following we analyze the quench dynamics for the system initially
prepared in this mean-field state. First, we revisit the linear spin-wave results
from reference [4] and extend them to arbitrary δ. As we will see, the linear
spin wave analysis of the quench dynamics is not self-consistent for short
range interactions [4]. Thus, we additionally introduce a low-energy effective
theory that allows us to also derive analytical expressions for the long time
dynamics for short-range interactions with 4 < α.

2.2. Linear Spin-Wave Theory

In this section, we extend the results of reference [4] to non-zero magnetic
fields δ and show that for short range interactions the derivation of the quench
dynamics is not self-consistent in the ordered phase and close to the phase
transition.

2.2.1. Excitation Spectrum

To derive the excitation spectrum and the quench dynamics, we use the
Holstein-Primakoff transformation and express the spin operators in terms of
bosonic creation and annihilation operators b†i and bi. In the case with δ = 0,
the spin operators read

Sxi,0 =
1

2
− b†i bi,

Syi,0 =
bi − b†i
2i

√
1− b†i bi ≈

bi − b†i
2i

,

Szi,0 = −bi + b†i
2

√
1− b†i bi ≈ −bi + b†i

2
. (2.4)
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For arbitrary δ this generalizes to Si = Ry(±χ)Si,0, where we rotate Si,0 by
the angle χ around the y-axis, such that the mean field state |ψ⟩ contains no
Holstein-Primakoff bosons.

Due to the magnetic field we have to distinguish two sublattices. Therefore,
we introduce two types of Holstein-Primakoff operators. The operators ai
and a†i act on one sublattice, while the operators bi and b†i act on the other
one. In leading order the effective Hamiltonian then takes the form

Heff =
1

2

∑
k

(a†k,b
†
k)

(
M1 M2

M2 M1

)(
ak
bk

)
(2.5)

with a†k = (a†k, a−k) and ak the Fourier transform of ai. The operator b†
k is

defined analogous. The sum over k runs over all k in the first Brillouin zone.
If not state differently, this holds true for all k-summations in this thesis The
matrices M1 and M2 are given by

M1 = γ1,k

(
d g
g d

)
+ c01,

M2 = −γ2,k
(
g d
d g

)
. (2.6)

Here, γ1,k is discrete the Fourier transform of the interactions within one
sublattice and γ2,k = γk − γ1,k the Fourier transform between the two
different sublattices. The variables g, d and c0 are defined as g = J/2 cos2(χ),
d = −J/2(1 + sin2(χ)) and c0 = δ sin(χ) + Jγ0 cos

2(χ). More details on
the derivation of γ1,k and γ2,k are given in Section 2.A.

The Hamiltonian is diagonalized by first rotating into the ak ± bk-plane
and afterward applying the Bogoliubov transformation. Since there are two
lattice sites per unit cell we expect two energy bands. We introduce the quasi
particle operators αk,± and α†

k,±, that create and annihilate excitations in the
two energy bands. The quasi particle operators and the Holstein-Primakoff
operators are connected via

ak =
1√
2

∑
σ=+,−

(
uσ,kασ,k − vσ,kα

†
σ,−k

)
(2.7)
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bk =
1√
2

∑
σ=+,−

σ
(
uσ,kασ,k − vσ,kα

†
σ,−k

)
, (2.8)

where the coefficients uσ,k and vσ,k fulfill the typical relations u2σ,k−v2σ,k = 1,
2uσ,kvσ,k = Bσ,k/ωσ,k and u2σ,k + v2σ,k = Aσ,k/ωσ,k, with A±,k = c0 +
dγ1,k ∓ gγ2,k and B±,k = gγ1,k ∓ dγ2,k

The spectrum is given by ω±,k =
√
A2

±,k −B2
±,k. For δ < δc we find one

gapped energy band and a gapless Goldstone mode with low-energy dispersion
ω+,k = (v|k|)σ/2 with σ = 2 for α > 4 and σ = α − 2 for 2 < α < 4, as
expected. For α = 4 the low-energy dispersion is linear with logarithmic
corrections. For δ > δc the excitations are gapped and degenerate and at
δ = δc both energy bands are gapless.

2.2.2. Quench Dynamics

Here, we derive an analytic expression for the quench dynamics for arbitrary δ.
We are interested in the spin-spin-correlations in the time evolved mean field
state. For the derivation we work in the Heisenberg picture. The quantities
of interest then read Sµµij (t) = ⟨ψ|Sµi (t)Sµj (t) |ψ⟩ with µ ∈ {y,⊥}. Here,
S⊥ = sin(χ)Sx ∓ cos(χ)Sz is the component of the spin operator point-
ing orthogonal to the y-direction and the direction of the mean-field spin
expectation value. For δ = 0 this is simply Sz .

To account for the different sublattices it is useful to introduce the Fourier
transformation within one sublattices as Sµµk,AA(t) = 2

N

∑
i,j∈A e

ik·rijSµµij (t)

and between two sublattices Sµµk,AB(t) = 2
N

∑
i∈A,j∈B e

ik·rijSµµij (t).1 Note
that due to symmetry one finds Sk,AA(t) = Sk,BB(t). This allows us to
define the quantity Sµµ±,k(t) = (Sµµk,AA(t) ± Sµµk,AB(t)). Note that Syy+,k(t)
corresponds then to the definition of the structure factor in reference [4].

1There is no connection between the sublattice labels A and B and the quantities A±,k and
B±,k.
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Inserting the linearized Holstein-Primakoff transformation introduced in
Eq. (2.4) we find

Syy±,k(t) =
1

4

(
1 + 2 ⟨ψ| c†±,k(t)c±,k(t) |ψ⟩

−2Re [⟨ψ| c±,k(t)c±,k(t) |ψ⟩]) ,

S⊥⊥
±,k(t) =

1

4

(
1 + 2 ⟨ψ| c†±,k(t)c±,k(t) |ψ⟩

+2Re [⟨ψ| c±,k(t)c±,k(t) |ψ⟩]) , (2.9)

where we introduced the operators c±,k = (ak ± bk) for the sake of read-
ability. The problem thus reduces to computing the two expectation values
⟨ψ| c†±,k(t)c±,k(t) |ψ⟩ and ⟨ψ| c±,k(t)c±,k(t) |ψ⟩. The time-evolution of the
operators c±,k is derived by expressing them with quasi-particle operators
α±,k using Eq. (2.8). Furthermore, we use that the mean field state does not
contain any Holstein-Primakoff bosons and thus c±,k |ψ⟩ = 0. In analogy to
reference [4] we then find

⟨ψ| c†±,k(t)c±,k(t) |ψ⟩ =
(
B±,k
ω±,k

)2

sin2(ω±,kt)

⟨ψ| c±,k(t)c±,k(t) |ψ⟩ = −A±,kB±,k
ω2
±,k

sin2(ω±,kt)− i
B±,k
ω±,k

sin(2ω±,kt).

(2.10)

Thus, the structure factors computed in linear spin-wave theory take the
form

Syy±,k(t) =
1

4

(
1 + 2

B2
±,k +A±,kB±,k

ω2
±,k

sin2(ω±,kt)

)
,

S⊥⊥
±,k(t) =

1

4

(
1 + 2

B2
±,k −A±,kB±,k

ω2
±,k

sin2(ω±,kt)

)
. (2.11)
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0 1 2

δ/δc

0.0

0.2

0.4

〈b
† ib
i〉

0 1 2

δ/δc

0.0

0.2

0.4

0.6

0.8

〈ψ
(t

)|
b† i
b i
|ψ

(t
)〉
t→
∞

α = 3

α =∞

(a) (b)

Figure 2.3.: Number of Holstein-Primakoff bosons in the ground state and in
the time evolved mean-field state for α = 3 (weak long range
regime) and α = ∞ (short range interactions). The curves are
obtained by numerically integrating the expressions in Eq. (2.12)
and Eq. (2.13).

Experimentally this quantity Sµµij (t) can be measured by first preparing the
system in the mean-field state. Then one waits for a time span t and finally
measures in the basis of Sy or S⊥. The excitation spectrum can then be ob-
tained by fourier transforming the measurement results and fitting a function
of the form of Eq. (2.11). In particular, the energies ω±,k do not only appear in
the frequency of the oscillations, but can also be extracted from the amplitude
[3].

2.2.3. Validity of the Approximations

In the previous derivation we made use of two approximations. First, we
assumed that fluctuations on top of the ground state are small, that is ⟨b†i bi⟩ ≪
1. This allowed us to derive the quadratic form of the Hamiltonian as given
in Eq. (2.5). Second, when deriving the quench dynamics of the spin-spin
correlations, we again linearized the Holstein-Primakoff transformation. This
is only valid if ⟨ψ(t)| b†i bi |ψ(t)⟩ ≪ 1. As pointed out in reference [4] for
δ = 0, the second approximation breaks down for α > 4. In the following,
we analyze this in more detail.
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2. Quench Dynamics for Power-Law Interacting Spin-1/2 XY-Models

Within linear spin-wave theory we obtain

⟨b†i bi⟩ =
1

2NA

∑
k,σ

(
Aσ,k
ωσ,k

− 1

)
(2.12)

and

⟨ψ(t)| b†i bi |ψ(t)⟩ =
1

2NA

∑
k,σ

B2
σ,k

ω2
σ,k

sin2(ωσ,kt). (2.13)

For symmetry reasons the same holds true for the operators ai. When trans-
ferring the sum into a 2D integral, we immediately see that in the second
expression infrared divergencies appear in the short range case withω+,k ∝ k,
while in the first expression the integrand is still finite for k → 0. Furthermore,
also in the gapped phase near the phase transition, the second expression
diverges logarithmically for short-range interactions. The reason is that the
mean-field state |ψ⟩ has admixed some excited states, which gives rise to
strong phase-fluctuations. For short-range interactions these fluctuations are
much stronger than for weak long-range interactions due to the differences
in the low-energy dispersion.

In Fig. 2.3 we show both expectation values exemplarily for α = 3 and α = ∞
in the limit t→ ∞, where sin2(ωσ,kt) is replaced with 1/2. The curves are
obtained using numerical integration. As expected, the fluctuations during
the quench dynamics diverge in the gapless phase and close to the phase
transition. It is important to notice that, since we consider zero temperature,
fluctuations for the Bogoliubov ground state are still small, even in the short
range case. Thus, the derived spectra provide a good qualitative description.
Nevertheless, for short range interactions the fluctuations are stronger, which
agrees well with the fact that for weak long range interactions the system
is expected to behave mean-field like, while for short range interactions the
critical exponents differ from mean-field theory.

In summary, the linear spin-wave analysis of the quench dynamics is not
self-consistent in the case of short range interactions. To deal with this, we
compute the quench dynamics within a low-energy theory, where we express
the spin operators in terms of phase- and density- fluctuations.
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2.3. Low-Energy Effective Theory

Figure 2.4.: Visualization of spin expectation values for the spin coherent
states |ϕi, θi⟩ for δ = 0 (panel (a)) and 0 < δ < δc (panel
(b)). The orange arrow corresponds to the mean-field state
|ψi⟩ = |ϕi = 0, θi = 0⟩. The green and blue arrows illustrate
spin expectation values for ϕ ̸= 0 and θ ̸= 0, respectively. The
cyan arrow labels the direction perpendicular to the mean-field
spin and the y-direction. ϕ describes deflections of the mean-field
spin in the plane perpendicular to this vector.

2.3. Low-Energy Effective Theory

In this section we derive the quench-dynamics within a low-energy effective
theory. We first derive an effective Hamiltonian for phase- and density-
fluctuations. Afterward, we use this Hamiltonian to derive the dynamics of
coarse-grained spin-spin-correlations for low energies.

2.3.1. Effective Hamiltonian

To derive the effective Hamiltonian in terms of phase- and density-fluctuations,
we use coherent spin state path integrals [151]. We start with defining the
coherent spin state for lattice site i as

|θi, ϕi⟩ = e−iϕS
⊥
i e±iθS

y
i |ψi⟩ , (2.14)

where θi ∈ [0, π] and ϕi ∈ [0, 2π]. The state |ψi⟩ is the mean-field spin state
at lattice site i as defined in Section 2.1.2. In Fig. 2.4 we illustrate the spin
expectation value of the spin coherent states for δ = 0 and δ ̸= 0. The form
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2. Quench Dynamics for Power-Law Interacting Spin-1/2 XY-Models

of the spin coherent states is motivated by the following considerations. For
δ = 0 the angles θ and ϕ describe deflections of the mean-field spin in the x-z-
plane and the x-y-plane. Due to the rotational symmetry of the Hamiltonian it
is thus obvious that ϕ gives rise to phase-fluctuations, while θ can be identified
with density fluctuations. To generalize this to arbitrary δ we again rotate
our ansatz by ±χ around the y-axis. In this case θ describes still rotations
of the mean-field spin expectation value around the y-axis, but ϕ describes
now rotations around the axis orthogonal to the y-axis and the mean-field
spin as illustrated in Fig. 2.4. For δ < δc we will see that ϕ gives still rise
to phase-type fluctuations. For δ > δc the angle ϕi describes density-type
fluctuations.

Next, we note that for each lattice site the spin coherent states form an
overcomplete basis set with∫

dΩi
2π

|θi, ϕi⟩ ⟨θi, ϕi| = 1 (2.15)

In combination with trotterization this can be used to bring the partition sum
Z = Tr[exp(−βH)] to the form

Z =
∏
j,τ

∫
dΩj
2π

⟨Ωj(τ)| exp(−∆τH) |Ωj(τ −∆τ)⟩ . (2.16)

where we introduced the short notation |Ωj⟩ = |θj , ϕj⟩. For small time steps
∆τ we can rewrite this as

Z =

∫
dNΩ

(2π)N
e−

∫
dτ

∑
j⟨Ωj(τ)|∂τ |Ωj(τ)⟩+HΩ , (2.17)

Here, HΩ = ⟨Ω|H |Ω⟩ is the expectation value of the original spin Hamilto-
nian with the spin coherent states |Ω⟩ = ∏

i |θi, ϕi⟩. We identify the term
HΩ as the effective Hamiltonian expressed in terms of phase- and density-
fluctuations. The first term in the exponent is the Berry phase and computes
to −i 12 sin(θj)∂τϕj . It motivates the definition δnj := 1

2 sin(θj) and allows
us to identify δnj as the canonical conjugate of ϕj . The phase- and density-
fluctuations thus fulfill the commutation relation [δnj , ϕj′ ] = iδj,j′ .

We expand HΩ for small δni and ϕi. In Section 2.B we analyze the validity of
this expansion and show that resulting theory is self-consistent. Fourier trans-
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2.3. Low-Energy Effective Theory

formation of the expanded Hamiltonian leads to two coupled harmonic oscilla-
tors. Again, they can be decoupled introducing average and relative phase- and
density-operators ϕk,± = 1√

2
(ϕA,k±ϕB,k) and δnk,± = 1√

2
(δnA,k±δnB,k),

where ϕA,k is the Fourier transform of ϕA,i and analoge for ϕB and δn. The
Hamiltonian then splits into two parts H̃ = H̃+ + H̃− with

H̃+ =
1

2

∑
k

U+,kδn
2
k,+ + V+,kϕ

2
k,+,

H̃− =
1

2

∑
k

U−,kδn
2
k,− + V−,kϕ

2
k,−, (2.18)

and

U±,k = 2
(
Jγ0 cos

2(χ) + δ sin(χ)− J sin2(χ)γ∓,k)
)
,

V±,k =
1

2

(
Jγ0 cos

2(χ) + δ sin(χ)− Jγ±,k
)
, (2.19)

where γ±,k = γ1,k ± γ2,k. Note that γ+,k = γk. The final effective Hamilto-
nian is thus given by two harmonic oscillators with masses m±,k = 1/U±,k
and frequencies ω±,k =

√
V±,kU±,k. Consequently, the excitation spectrum

is ω±,k and straightforward calculations show, that this agrees with the result
from the linear spin-wave theory. This is not a surprise, since we - as discussed
before - do not expect the spin-wave description to fail at all, but only when
deriving the quench dynamics. Since we are in the following only interested
in the low-energy dynamics, we neglect the antisymmetric mode and drop
the index + for the symmetric mode.

2.3.2. Coarse Graining

Before we start with computing the quench dynamics, we note that the Hamil-
tonian in Eq. (2.18) as well as the linear spin-wave Hamiltonian in Eq. (2.5)
are a good approximation for low energies and small k but not near the edge
of the Brillouin zone. In particular, near the edges higher order corrections to
the quadratic Hamiltonian become important and lead to decay processes of
one magnon into three magnons [3]. When computing the quench dynamics
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(a) (b)
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Figure 2.5.: Illustration of the coarse-grained lattice (a) and the Brillouin zone
of the coarse-grained lattice (b). Panel (a) shows a bipartite lattice
with 8× 8 spin-1/2 particles that are summarized into a coarse-
grained lattice with 2× 2 lattice sites. The magnetization on the
coarse-grained lattice sites ranges from −N0

2 to N0

2 . Panel (b)
shows the Brillouin zone of the original lattice (blue square) and
the coarse-grained lattice (green square).

within linear spin-wave theory, this was negligible, since we were able to
separately compute the structure factor Sµµk (t) for each individual momentum
k. In the low energy approach this is not the case. Here, we compute the
real-space quantity Sµµij and Fourier transform it to obtain the structure factor
in k-space.

To restrict the computation to small k-values we thus consider a coarse-
grained lattice with N/N0 lattice sites, where N is the number of spins in
the system, as illustrated in Fig. 2.5. The N0 spins on one coarse-grained
lattice site are summarized into one smeared out spin, such that ϕ and δn are
averaged over all spins on that coarse-grained lattice site. We might interpret
this as a measurement device that cannot resolve single lattice sites anymore
and instead measures all N0 spins in the vicinity of the spin we wanted to
measure. Since the lattice constant of the coarse-grained lattice is proportional
to

√
N0a, the side length of the coarse-grained Brillouin zone is roughly given

by 2π/(
√
N0a), which ensures the restriction to small k-values for sufficiently

large N0.

Next, we write down the mean-field state for one coarse-grained lattice site. To
this end we define the states |↑⟩ and |↓⟩ as the eigenstates of the perpendicular
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2.3. Low-Energy Effective Theory

spin-operator S⊥
i acting on individual lattice sites of the original lattice. First,

we notice that the total magnetization S⊥
tot,l of the coarse-grained lattice site

l can take values −N0/2, N0/2 + 1, ..., N0/2. Since we cannot resolve the
spins within one coarse-grained lattice site, all states with n spins pointing
up and N0−n spins pointing down in the mean field state in Section 2.1.2 are
summarized into the state |n⟩. For example the state with n = 2 is defined
as

|n = 2⟩ = 1

N (|↑↑↓↓ ... ↓⟩+ |↑↓↑↓↓ ... ↓⟩+ ...+ |↓↓ ... ↓↑↑⟩) , (2.20)

where 1/N is a normalization. For a coarse-grained lattice site prepared in
the mean field state defined in Section 2.1.2, the probability to find exactly
n spins pointing up and thus to measure a magnetization of m = n−N0/2
is
(
N0

n

)
. Thus, the mean-field state of one coarse-grained lattice site can be

written as

|ψl⟩ =
1

2N0/2

N0/2∑
m=−N0/2

√(
N0

m+N0/2

)
|m⟩l , (2.21)

The full coarse-grained mean-field state is |ψ⟩ =
∏̃
l |ψl⟩, where

∏̃
l is a

product over all coarse-grained lattice sites. For large N0 we can approximate
the binomial with a Gaussian and the coarse-grained mean-field state reads

|ψl⟩ ≈
(

2

πN0

)1/4 ∑
m∈Z

e−
1

N0
m2

|m⟩l . (2.22)

Here, we made use of the exponential suppression of terms with |m| > N0/2
and extended the sum in Eq. (2.21) to m ∈ Z.
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2. Quench Dynamics for Power-Law Interacting Spin-1/2 XY-Models

2.3.3. Quench Dynamics

Again, we are interested in equal time correlations ⟨ψ|Sµi (t)Sµj (t) |ψ⟩ with
µ ∈ {y,⊥}. Using the coherent spin state formalism, we find that the correla-
tions in terms of density- and phase-fluctuations read

Syy(rij , t) ≈
1

4
⟨ψ| sin (ϕi(t)) sin (ϕj(t)) |ψ⟩ ,

S⊥⊥(rij , t) = ⟨ψ| δni(t)δnj(t) |ψ⟩ . (2.23)

The time evolution of the operators ϕi(t) and δni(t) is determined by the
Hamiltonian in Eq. (2.18). Using the standard harmonic oscillator relations
for the time evolution of the position and momentum operator one finds 2

ϕi(t) =
∑̃

l
C(ril, t)ϕl −D(ril, t)δnl,

δni(t) =
∑̃

l
C ′(ril, t)ϕl −D′(ril, t)δnl (2.24)

where
∑̃
l sums over the coarse-grained lattice. The coefficients are

C(r, t) =
N0

N

∑̃
k

eik·r cos(ωkt),

D(r, t) =
N0

N

∑̃
k

eik·r
√
Uk

Vk
sin(ωkt),

C ′(r, t) =
N0

N

∑̃
k

eik·r
√
Vk
Uk

sin(ωkt),

D′(r, t) =
N0

N

∑̃
k

eik·r cos(ωkt), (2.25)

2see for example reference [152]
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2.3. Low-Energy Effective Theory

where
∑̃

k runs over the coarse-grained Brillouin zone and thus contains
N/N0 terms.

The derivation ofSyy(rij , t) thus reduces to computing ⟨ψl| ei(Cϕl−Dδnl) |ψl⟩,
where C and D are placeholders for C(ril, t) ± C(rjl, t) and D(ril, t) ±
D(rjl, t). For large N0 one finds

⟨ψl| ei(Cϕl−Dδnl) |ψl⟩ = e−
1

8N0
(4C2+D2). (2.26)

A rigorous derivation of this equation is given in Section 2.C. Here, we briefly
sketch the main idea. After using the Baker-Campbell-Hausdorff formula we
are left with eiCϕl acting on ⟨ψl| and eiDδnl acting on |ψl⟩. In Eq. (2.22) we
expressed the mean field state |ψl⟩ in eigenstates of δnl, and thus we can
replace δnl in the exponent with its eigenvalues m/N0. Furthermore, eiCϕl

changes the average magnetization on the coarse-grained lattice site by C and
all states |ml⟩ in ⟨ψl| are thus shifted to |ml − C⟩. After taking the continuum
limit we are left with the Fourier integral of a Gaussian function, which gives
again a Gaussian.

The quench dynamics of the correlations is then obtained by taking the
product over the result in Eq. (2.26) over all coarse-grained lattice sites. After
converting the product into a sum in the exponent and inserting the definitions
of C and D we finally find

Syy(r, t) = e−
1
4 gy,1(r,t)

8

(
1− e−

1
2 gy,2(r,t)

)
(2.27)

with

gy,1(r, t) =
1

N

∑̃
k

[
4 +

(
U2
k

ω2
k

− 4

)
sin2(ωkt)

] (
1− eik·r

)
,

gy,2(r, t) =
1

N

∑̃
k

[
4 +

(
U2
k

ω2
k

− 4

)
sin2(ωkt)

]
eik·r, (2.28)

for r ≫ N0a.
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2. Quench Dynamics for Power-Law Interacting Spin-1/2 XY-Models

For the derivation of S⊥⊥ we use a generating functional

S⊥⊥(rij , t) = −1

4

d2

dλ2
⟨ψ|eiλ(δni(t)+δnj(t)) − eiλ(δni(t)−δnj(t)) |ψ⟩ |λ=0,

(2.29)

to bring the expression to a similar form as in Syy . We then continue analo-
gously to the computation of Syy and after performing the derivatives and
setting λ = 0 we find

S⊥⊥(r, t) =
1

4N

∑̃
k

(
1 +

(
4Vk
Uk

− 1

)
sin2(ωkt)

)
eik·r. (2.30)

2.4. Comparison with the Linear Spin-Wave
Result

In this section, we compare the results from the low-energy theory with the
linear spin-wave results.

We start with the perpendicular structure factor. After performing a Fourier
transformation of Eq. (2.30) the perpendicular structure factor within the
low-energy theory reads.

S⊥
q (t) =

1

4

(
1− Vq(Uq − 4Vq)

ω2
q

sin2(ωqt)

)
. (2.31)

Next, we note that Uk = 2(Ak + Bk), Vk = 1/2(Ak − Bk) and thus Uk −
4Vk = 4Bk, where Ak and Bk are variables that we introduced in linear
spin-wave derivation defined in Section 2.2. Inserting this in Eq. (2.31) gives
thus the same expressions as the linear spin-wave theory in Eq. (2.11).

Since the derivation within low-energy theory does not involve any approxi-
mations that break down for short range interactions this implies, that the
linear spin wave theory provides a good description of the quench dynamics
of S⊥⊥ even for short-range interactions. The reason is, that the density type
fluctuations are small for all times, independent of the range of the interac-
tions. This result agrees with DMRG calculations [3, 4] and experimental data
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[3], which showed that the early time dynamics of the structure factor Szzq is
well described by linear spin wave theory even for short-range interactions.

Next, we notice that for small gy,1 and gy,2 the y-correlations in leading order
can be approximated by Syy(r, t) ∝ gy,2(r, t) similar to Eq. (2.30). In this
case the structure factor in y-direction takes the form

Syyq (t) ≈ 1

4

(
1 +

Uq(Uq − 4Vq)

4ω2
q

sin2(ωqt)

)
. (2.32)

This again matches the results from linear spin-wave theory. The assumption
that gy,1(r, t) and gy,2(r, t) are small is valid for the weak long-range regime,
which is also the regime where we expect that the linear spin wave theory
describes the quench dynamics well. However, they are not small in the
short-range regime due to infrared divergencies. In the following we thus
analyze Syy(r, t) for short-range interactions in more detail.

2.5. Phase-Type Correlations for Short-Range
Interactions

Here, we analyze Syy for short-range interactions. To this end we compute
gy,1(r, t) and gy,2(r, t) analytically and numerically and compare the results.
Details on the analytical derivation are given in Section 2.D. Here, we only
sketch the main steps.

To compute gy,1(r, t) and gy,2(r, t) analytically, we first convert the sums in
Eq. (2.28) into an integral. Furthermore, we use that for small k the spectrum
ωk depends only on k = |k| and the coefficient Uk is approximately constant.
For small k the integration is dominated by the term∝ 1/ω2

k and the remaining
terms can thus be neglected. In the case where α > 4 and δ = 0, the resulting
integrals can be approximated analytically [153] and one finds Syy(r, t) = 0
for r > 2vt and for r < 2vt

Syy(r, t) = 1

8(Λr)
βq
4

1−
(

r

2vt+
√
(2vt)2 − r2

) βq
2

 , (2.33)
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Figure 2.6.: Correlations for nearest neighbor interactions at vt1 = 40a and
vt2 = 60a for Λ = 1/a. The dots are numerically calculated
by integrating the exact expressions in Eq. (2.28) respecting the
angular dependence in ωk, the k-dependence of Uk. The blue
straight line corresponds to the analytical result in Eq. (2.33) and
dashed line corresponds to the small r expansion in Eq. (2.34).

where v is the quasi particle velocity, βq =
a2U2

0

4πv2 and the cutoff Λ was intro-
duced to restrict the integration to small k-values. For r ≪ 2vt this can be
approximated by

Syy(r, t) ≈ 1

8

[
(r/a)−βq/4 −

(
ar/(4vt)2

)βq/4
]
. (2.34)

The analytical result illustrates nicely, that correlations in the system cannot
propagate faster than 2v. This can be understood as follows. The correlator
measures the probability to find quasi particles in distance r at time t. Initially
at t = 0 the system is in a purely local product state and quasi particles are
pairwise localized at the lattice sites. Each quasi particle moves now with
velocity v in opposite directions and thus the relative velocity between two
quasi particles is 2v, leading to correlations at maximum distance 2vt [4].
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To compute gy,1(r, t) and gy,2(r, t) numerically, we also convert the sums into
integrals. For simplicity, we replace the Brillouin zone of the coarse-grained
lattice by circle with radius Λ. We then insert the expressions for Uk and Vk
from Eq. (2.19) and integrate the resulting expressions numerically.

In figure 2.6 we compare the analytical and the numerical results. The approx-
imation fits nicely for r << 2vt. Small deviations appear for r ≈ 2vt. This
is due to the fact that in the numerical integration the integral is bounded
by Λ = 1/a, while for the analytical result we consider the limit Λr → ∞.
The physical interpretation is that, since each position in the smeared out
the correlator is averaged over all neighboring positions, the correlations are
smoothened and do not sharply drop to 0 at r = 2vt.

2.6. Conclusion and Outlook

We analyzed the quench dynamics of a product state that evolves under a
ferromagnetic spin-1/2 XY-model with algebraic interactions and a staggered
magnetic field. To this end we used linear spin wave theory and generalize
the results of reference [4] to arbitrary magnetic field strength. To also cover
short-range interactions, we in addition used a low-energy effective theory for
phase- and density-fluctuations. For the phase-type correlations this allowed
us to derive an analytic expression for the quench dynamics in the short range
regime. Furthermore, our results show that the linear spin wave result for
massive correlations is valid even in the short-range regime, where some
approximations of the linear spin wave theory are not self-consistent. This
agrees well with recent experiments [3] and numerical results [3, 4] and
stresses that the good agreement of the experimental and numerical data with
the linear spin wave result is not restricted to early times, but survives even
in the long time limit.
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2.A. Derivation of γ1,k and γ2,k

Here we compute the discrete Fourier transform of the interactions for a
system composed of two sublattices. The idea is to break the computation
down to the already known expression of the Fourier transform of algebraic
interactions that we derived in Section 1.A. We start with computing the
Fourier transform within one sublattice γ1,k and note that the sublattice is
a square lattice with lattice vectors a± = a(1,±1)T . The Fourier transform
thus takes the form

γ1,k =
∑
n1,n2

1

2α
1

(n21 + n22)
α
2
ei[(kx+ky)an1+(kx−ky)an2]. (2.35)

Now we define q± = kx ± ky , such that sum is now identical to the Fourier
transform in Section 1.A. We can thus derive γ1,k using the Fourier transform
with respect to the full lattice γk = γ(kx, ky). The two quantities γ1,k and
γk are connected via

γ1,k =
1

2α
γ(q+, q−) =

1

2α
γ(kx + ky, kx − ky). (2.36)

To compute Fourier transform between different sublattices γ2,k, we make
use of the fact that the sum over the full lattice corresponds to summing over
all vectors that connect two lattice sites within one sublattice combined with
summing over all vectors that connect lattice sites in different sublattices
and thus γk = γ1,k + γ2,k. Since we already computed γk and γ1,k, we can
directly use γ2,k = γk − γ1,k.

2.B. Validity of Approximations in the
Low-Energy Theory

When deriving the effective Hamiltonian for δn and ϕ, we expanded cos(ϕi−
ϕj), cos(ϕi) and cos(2δni) up to quadratic order. The first approximation
relies on the fact that for small k the difference of nearby ϕi is small. To
estimate the validity of the other two approximations, we consider ⟨ϕ2i ⟩ and
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Figure 2.7.: Phase and density fluctuations on top of the ground state for
weak long range interactions with α = 3 and nearest neighbor
interactions (α = ∞) for arbitrary δ.

⟨δn2i ⟩. For a harmonic oscillator one finds

⟨ϕ2i ⟩ =
1

4NA

∑
k,σ

√
Uk,σ

Vk,σ

⟨δn2i ⟩ =
1

4NA

∑
k,σ

√
Vk,σ
Uk,σ

(2.37)

First we notice, that the integrands are both finite and no infrared divergen-
cies appear, even for short range interactions where Vk,+ ∝ k2. We derive
the above expectation values numerically for α = 3 and nearest neighbor
interactions (α = ∞). The result is shown in Fig. 2.7. In the symmetry broken
phase the phase fluctuations are stronger than the density fluctuations and as
expected they are larger for short range interactions. The maximum value
that is reached is ≈ 1.4 for short range interactions and ≈ 1.05 for weak long-
range. In the first case, the relative deviation of the quadratic approximation
from the cos is 20%, while in the second case the deviation is below 10%. This
again reflects the fact, that for short range interactions the mean-field theory
gives a less good description. In the paramagnetic phase the fluctuations in ϕ
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2. Quench Dynamics for Power-Law Interacting Spin-1/2 XY-Models

and θ = 2δn take the same values. This is due to the fact, that in this case, the
mean-field spins point in z-direction and deflections in any direction costs
the same energy.

2.C. Detailed Derivation of the Quench
Dynamics within Low-Energy Theory

In this section we derive Eq. (2.26). First, we use the Baker-Campbell-Hausdorff
formula to separate density and phase fluctuations, such that

⟨ψl| ei(Cϕl−Dδnl) |ψl⟩ = e−iCD/2 ⟨ψl| eiCϕle−iDδnl |ψl⟩ (2.38)

Next, we note that the eigenstates |ml⟩ of δnl as well as the eigenstates |ϕl⟩
of the operator ϕl form a complete basis such that we can write

1 =

∫ π

−π

dϕl
2π

|ϕl⟩ ⟨ϕl| ,

1 =
∑
ml

|ml⟩ ⟨ml| . (2.39)

Furthermore, it holds ⟨ϕl|ml⟩ = exp(−iϕlml). Using this we can write

⟨ψl|eiCϕle−iDδnl |ψl⟩ =

=

√
2

πN0

∫ π

−π

dϕl
2π

∑
ml,m′

l

ei(m
′−m+C)ϕe−i

D
N0
mle−

1
N0
m2

e−
1

N0
m′2

(2.40)

To evaluate the sum overm′
l in Eq. (2.40) we use Poisson’s summation formula,
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2.D. Correlations for Short-Range Interactions

such that ∑
m′∈Z

e−m
′2/N0eim

′ϕ =
√
N0π

∑
G∈Z

e−N0(ϕ+2πG)2/4. (2.41)

For large N0 the sum is dominated by the G = 0 - term, while all the other
terms are exponentially suppressed. We thus drop all terms with G ̸= 0

Inserting the result of the m′-summation into Eq. (2.40) allows us to now
perform the integration over ϕ. Again, since e−N0π

2/4 is small for large N0

we can extend the integration to full space and thus find√
N0π

∫
dϕl
2π

e−i(m−C)ϕe−N0ϕ
2/4 = e−(m−C)2/N0 . (2.42)

The remaining sum over m can be performed analogously to the sum over
m′ and the result for Eq. (2.40) is given by∑

m′∈Z

e−m
′2/N0eim

′ϕ = ei
1

2N0
CDe−

1
2N0

C2

e−
1

8N0
D2

(2.43)

The complex prefactor in the first term cancels with the phase we obtained
when applying the Baker-Campbell-Hausdorff formula and the final result
thus reads

⟨ψl|eiCϕle−iDδnl |ψl⟩ = e−
1

8N0
[4C2+D2]. (2.44)

2.D. Correlations for Short-Range Interactions

Here, we analyze the yy-correlations for α > 4. Thus, we have to compute the
functions gy,1(r, t) and gy,2(r, t), that are defined in Eq. (2.28). We start with
the computation of gy,1(r, t) and afterward continue with gy,2(r, t). To obtain
an analytic expression for gy,1(r, t) we take the continuum limit and replace
the sum over k by an integration. Furthermore, we use the fact that for small
k the Fourier transform of the interaction γk and thus also the spectrum ωk

depend only on the absolute value of k, which allows us to already perform
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2. Quench Dynamics for Power-Law Interacting Spin-1/2 XY-Models

the angular integration such that we are left with

gy,1(r, t) = a2
∫ Λ

0

dk

2π
k(1− J0(kr))

[
4 cos2(ωkt) +

U2
0

ω2
k

sin2(ωkt)

]
,

(2.45)

where the cutoff Λ ensures the restriction to small k. The first term in the
integral ∝ k(1− J0(kr)) cos

2(2ωkt) vanishes for small k and thus we can
neglect it when deriving the quench dynamics for large r and t. For δ < δc, the
spectrum for small k takes the form ωk = vk. Inserting this and furthermore
using sin2(x) = (1− cos(2x))/2 the integral thus reads

gy,1(r, t) = βq

∫ Λ

0

dk
(1− cos(2vkt))

k
(1− J0(kr)), (2.46)

with the dimensionless constant βq =
a2U2

0

4πv2 .

The integrand approaches 0 for k → 0 and behaves like 1/k for k → ∞.
Thus, one finds the asymptotic behavior

gy,1(r, t) ≈ βq ln(Λr). (2.47)

Similarly, the derivation of gy,2(r, t) reduces to solving

gy,2(r, t) = βq

∫ Λr

0

dx
1

x

(
1− cos

(
2vtx

r

))
J0(x), (2.48)

where we substituted x = kr. For Λr → ∞ this integral can be solved exactly
[153] and one finds

gy,2(r, t) ≈ βqarcosh
(
2vt

r

)
Θ

(
2vt

r
− 1

)

= βq log

2vst

r
+

√(
2vt

r

)2

− 1

Θ

(
2vt

r
− 1

)
. (2.49)
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Inserting this into Eq. (2.27) gives

Syy(r, t) = (Λr)−
βq
4

8

1−

2vt

r
+

√(
2vt

r

)2

− 1

− βq
2

 . (2.50)

The correlations thus decay algebraically for r ≪ 2vst with

Syy(r, t) ≈ 1

8

(Λr)−
βq
4 −

(
r

Λ(4vst)2

) βq
4

 (2.51)

For δ = 0 we find U0 = 2Jγ0 and vs = Jγ0
√
1− γk/γ0/k|k=0.
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3
Two-Dimensional

Bose-Hubbard Model and
Spin-1 XY-Model with Dipolar

Hopping

The Bose Hubbard model considers interacting bosons that move on a lattice. It
can serve as a description for cooper pairs tunneling between superconducting
islands, models bosonic atoms in optical lattices and Helium atoms in porous
media or on substrates [15, 118, 154]. The Bose Hubbard model exhibits a phase
transition from a Mott insulating phase, where the bosons are localized on
the lattice sites, to a superfluid phase, where the bosons move freely through
the system [154]. Interestingly, the critical behavior at fixed particle numbers
differs from the case in which the number of particles in the system changes
[118, 155]. The latter is a typical example for a quantum phase transition
that does not map to classical phase transition in one higher dimension. The
former is in the universality class of O(2) quantum rotor models.

The original Bose-Hubbard model restricts the hopping to neighboring lattice
sites [156]. However, the ongoing experimental progress in quantum simu-
lation platforms with long-range interactions [18–22] shifted the attention
to Bose-Hubbard models with algebraic hopping [157–162]. In particular,
near the critical line the Bose-Hubbard model can be mapped to a spin-1
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3. 2D Bose-Hubbard Model and Spin-1 XY-Model with Dipolar Hopping

XY-model [5], which opens the possibility to study such systems with quan-
tum simulation platforms like for example Rydberg atoms or polar molecules.
Furthermore, in a recent experiment the Bose Hubbard model with long-range
hopping has been encoded with semiconductor excitons [163].

In this chapter we discuss the critical behavior of the two-dimensional Bose-
Hubbard model with dipolar hopping. With a power-law decay ∝ 1/r3 and a
two-dimensional system we are in the weak long-range regime, where the
critical behavior differs from the short-range case. We start by introducing
the model and the phase diagram in Section 3.1. Afterward, we review the
spin-wave approach of reference [5] in Section 3.2 and use this in Section 3.3
to compute correlations in the Mott insulating and ordered phase. Finally,
we provide an outlook on possible observations of the critical behavior with
Rydberg atoms in Section 3.4.

3.1. Model and Phase Diagram

Here we introduce the Bose-Hubbard model with long-range hopping and
its phase diagram. Furthermore, we consider the quantum field theory that
describes the critical behavior of the Bose-Hubbard model near the critical
line. Using dimensional analysis we read off the mean-field critical exponents
and upper critical dimension for the Bose-Hubbard model with long-range
hopping.

3.1.1. Bose-Hubbard Model

We consider a Bose-Hubbard model with dipolar hopping on a square lattice.
Using the notation of reference [5] the Hamiltonian reads

HBH = −ℏJ
∑
i̸=j

a3

|rij |3
b†i bj − ℏδµ

∑
i

ni + ℏ
U

2

∑
i

δn2i . (3.1)

Here, the operators bi and b†i are bosonic creation and annihilation operators
for lattice site i and ni = b†i bi is the number operator with eigenstates |ni⟩.
Furthermore, we introduced the operator δni = ni − n0 with n0 ∈ N0. J is
the hopping strength and U the onsite interaction. The chemical potential
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0 1

J/Jc

0

1

2

3

µ
/U

n0 = 1

n0 = 2

n0 = 3

MI

Ordered Phase
δµ

Figure 3.1.: Phase diagram of the Bose-Hubbard model. The Mott insulat-
ing phase is depicted by the gray areas and the ordered phase
corresponds to the white region. The gray, straight lines are the
particle-hole symmetric lines and the dashed lines are an exem-
plary sketch of the lines with constant boson numbers.

δµ describes deviations from µn0
= (n0 − 1

2 )U and is restricted to values
−U/2 ≤ δµ ≤ U/2. Inserting δni = ni − n0 and δµ = µ − µn0

one
obtains the textbook Bose Hubbard Hamiltonian as for example given in
reference [118]. The Bose-Hubbard Hamiltonian is invariant under global
transformations bi → bie

iθ for arbitrary, real-valued θ.

The phase diagram of the Bose-Hubbard model is sketched in Fig. 3.1. For
short range interactions the phase diagram was determined in reference [154].
In reference [158] it was shown that algebraic hopping with α > d affect
the location of the critical line. For small J/U the system is in the Mott
insulating phase with a fixed number of bosons on each lattice site. This
phase is disordered and gapped. For J > U one finds a symmetry broken,
ordered phase with gapless excitations. For short range interactions this phase
is superfluid. In the presence of dipolar interactions current carrying states
might not be stable, like in the spin-1/2 XY-model [164]. The order parameter
is ⟨bi⟩ and the phase can be characterized by non-vanishing correlations ⟨b†i bj⟩
in the limit rij → ∞.

To give more intuition on the phase diagram we follow the analysis of reference
[154]. For J = 0 the different lattice sites are completely decoupled and the
Hamiltonian of one lattice site i is diagonal in the eigenbasis of the number
operator ni. The ground state is the state with n0 bosons at each lattice site.
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3. 2D Bose-Hubbard Model and Spin-1 XY-Model with Dipolar Hopping

Given this state, we define particles and holes. If there are n0 + 1 bosons
on one lattice site, we say there is one particle on this lattice site. Similarly,
if there are n0 − 1 bosons, we call this a hole. Next, we consider non-zero
hopping. The system gains energy from bosons moving. However, a boson
hopping from one lattice site to another one creates a hole at the lattice
site where it starts from and a particle at the final lattice site. Due to the
onsite interaction, adding a particle or a hole to the system costs an energy
amount of U . Thus, for J, δµ ≪ U , the hopping is suppressed, and we are
still in the Mott-insulating phase. If we fix the hopping strength J to be
constant and increase (decrease) the chemical potential δµ at some point
the energy we gain from adding a particle (hole) that moves in the system
overcomes the energy one has to pay due to the onsite interactions. The
particle or hole is then free to move in the system. For larger J and thus
larger kinetic energy of the particles and holes the transition point appears
already at smaller |δµ|. Finally, we fix the number of bosons in the system
to be constant and increase the hopping strength. For sufficiently large J
the kinetic energy of particles and holes is again sufficient to overcome the
costs of onsite interactions. Since particles and holes have different hopping
strengths (due to b† |n0⟩ =

√
n0 + 1 |n0 + 1⟩ and b |n0⟩ =

√
n0 |n0 − 1⟩ )

the particle hole symmetric line does not appear at δµ = 0 and is bent to
negative δµ, as illustrated in Fig. 3.1

3.1.2. Critical Behavior

Using the Hubbard-Stratonovich transformation the Bose Hubbard model can
be mapped to a quantum field theory with action

S[ϕ, ϕ̄] =

∫ ∞

0

dτ

∫
d2x

[
uϕ∗∂τϕ+ v|∂τϕ|2 + |∇s/2ϕ|2 + g|ϕ|2 + λ|ϕ|4

]
,

(3.2)

where s = 2 for nearest neighbor interactions [117, 118]. For dipolar interac-
tions s = 1 and |∇s/2ϕ|2 refers to the Fourier transform of ks|ϕk|2.

The coefficient u in front of the term with the linear time derivative vanishes
at the particle-hole symmetric critical point. The transition, where the number
of bosons in the system is conserved thus differs from the remaining transition.
In the following we call the latter the generic transition [118]. Furthermore,
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3.1. Model and Phase Diagram

the phase transition along the particle hole symmetric line is described by the
same field theory as the spin-1/2 XY-model with staggered magnetic field and
they thus belong to the same universality class [118]. The generic transition is
in a different universality class. For the particle-hole symmetric transition the
critical exponents are consequently again ν = 1, z = 1/2, η = 1, and β = 1/2
and the upper critical dimension is duc = 3/2, as discussed in Section 1.3.2.
For the generic transition, dimensional analysis gives a dynamical critical
exponent of z = 1 and the term ∝ v becomes irrelevant. The upper critical
dimension is duc = 1.

3.1.3. Bose Hubbard Model and Spin-1 XY-Model

Since the onsite interaction is quadratic in the number of particles and holes
on one lattice site, adding more than one particle or hole to a lattice site is
very costly. Thus, within one Mott-lobe and close to the transition line the
Hilbert space of each lattice site can be truncated to three states |n0⟩ and
|n0 ± 1⟩. Consequently, the system can be described by a spin-1 type model
with exchange interactions [5]. The eigenstates |m = ±1⟩ and |m = 0⟩ of
the operator Sz correspond to the states |n0 ± 1⟩ and |n0⟩. To proceed, we
follow reference [5] introduce a vacuum state |vac⟩ and bosonic creation
and annihilation operators t†α and tα with α ∈ {0,±1}, t†α |vac⟩ = |α⟩ and
tα |vac⟩ = 0. To ensure the restriction to the spin-1 subspace the operators
tα have to fulfill

∑
α t

†
αtα = 1.

Using the Hilbert space truncation and the new operators the Hamiltonian of
the system can be written as [5]

Hλ =− ℏJ
∑
i ̸=j

a3

r3ij

(
t†1,it0,it

†
0,jt1,j + λ2t†−1,it0,it

†
0,jt−1,j

+λ[t†1,it0,it
†
−1,jt0,j + h.c.]

)

− ℏδµ
∑
i

(t†1,it1,i − t†−1,it−1,i) + ℏ
U

2

∑
i

(t†1,it1,i − t†−1,it−1,i)
2

(3.3)
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Here, we introduced the parameter λ as the ratio of the coupling between
the state |0⟩ and |+1⟩ and the coupling between the states |0⟩ and |−1⟩. For
the Bose-Hubbard model in Eq. (3.1) we have λ =

√
n0/(n0 + 1) and J has

to be replaced with J(n0 + 1). Quantum simulation experiments in general
might come with λ-values that differ from the Bose-Hubbard λ. Thus, we keep
λ arbitrary in the following discussion. In the Hamiltonian in Eq. (3.3) the
first half of the hopping term describes particles (holes respectively) moving
from lattice site j to lattice site i. The second half describes the creation and
annihilation of particle-hole pairs on lattice sites i and j.

3.2. Linear Spin-Wave Analysis

To further analyze the Bose-Hubbard model with long range hoppings we use
the variational mean field approach of reference [5]. This approach truncates
the Bose-Hubbard model to a spin-1 system and uses linear spin-wave theory
to analyze the system. In this section we review the derivation of reference
[5].

3.2.1. Mean-Field State

We start by introducing variational operators

a†0,i = cos(θ/2)t†0,i + sin(θ/2)
[
cos(χ)t†1,i + sin(χ)t†−1,i

]
,

a†1,i = − sin(θ/2)t†0,i + cos(θ/2)
[
cos(χ)t†1,i + sin(χ)t†−1,i

]
,

a†2,i = − sin(χ)t†1,i + cos(χ)t†−1,i, (3.4)

and define the variational state

|ψ⟩ =
∏
i

a†0,i |vac⟩ . (3.5)

The parameter θ thus determines the number of particles and holes in the
system and the ratio of particles and holes is controlled by the parameter
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Figure 3.2.: Variational parameters θ and σ = π/4− χ for different J/U and
δµ/U . The values for θ and σ are obtained by minimizing the
variational energy in Eq. (3.6). The colors indicate the values for θ
and the lines are lines with constant σ in units of π/4.

χ. For χ = π/4 the number of particles equals the number of holes, which
motivates the definition of the parameter σ = π/4−χ. The parameters θ and
σ are obtained by minimizing the energy expectation value of the variational
state

⟨ψ|Hλ |ψ⟩ = ℏN sin2(θ/2)
[
−Jγ0 cos2(θ/2)[cos(χ) + λ sin(χ)]2

+

(
U

2
− δµ cos(2χ)

)]
, (3.6)

where γ0 is the zero mode of the discrete Fourier transfrom of the dipolar
hopping γk =

∑
R ̸=0(a/|R|)3 exp(ik ·R).

Minimizing the variational energy with respect to χ yields

cot(2χ) =
δµ+ Jγ0 cos

2(θ/2)(1− λ2)/2

λJγ0 cos2(θ/2)
. (3.7)

To find θ we insert the expression in Eq. (3.7) into Eq. (3.6) and minimize the
resulting expression with respect to θ. For different J and δµ the result is
shown in Fig. 3.2.
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To determine the boundary between the region with θ = 0 and the region
with non-zero θ, we expand the variational energy for small sin(θ/2), after
inserting χ = χ(θ) as defined in Eq. (3.7). The resulting expression takes the
form

ϵ0(θ) = ϵ0,a sin
2(θ/2) + ϵ0,b sin

4(θ/2) +O(sin5(θ/2)), (3.8)

with

ϵ0,a =
ℏ
2

(
[U − Jγ0(1 + λ2)]

−
√
4δµ[δµ+ Jγ0(1− λ2)]− [Jγ0(1 + λ2)]2

)
,

ϵ0,b =
ℏ
2

(
Jγ0(1 + λ2) +

2δµJγ0(1− λ2) + [Jγ0(1 + λ2)]2√
4δµ[δµ+ Jγ0(1− λ2)] + [Jγ0(1 + λ2)]2

)
.

(3.9)

The boundary between the two different regions is then given by ϵ0,a = 0
and one finds the typical mean field lobes

δµ(±)
c = −1

2

(
Jγ0(1− λ2)±

√
U2 − 2UJγ0(1 + λ2) + (Jγ0)2(1− λ2)2

)
.

(3.10)

The tip of the lobe is the point where δµ(+)
c = δµ

(−)
c and lies at Jcγ0/U =

(1− λ)2/(1− λ2)2 for λ ̸= 1. For λ = 1 one finds Jcγ0/U = 1/4.

Finally, we compute the particle-hole symmetric line. Setting χ = π/4 in
Eq. (3.6) and minimizing the resulting expression with respect to θ gives
sin2(θ/2) = (Jγ0(1 + λ)2 − U)/(2Jγ0(1 + λ)2) if Jγz(1 + λ)2 > U and
sin2(θ/2) = 0 else. Inserting this together with χ = π/4 in Eq. (3.7) gives
then δµ0 = − 1

4 (1− λ2)γ0(J + Jc).
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3.2.2. Excitations

Next, we derive an effective Hamiltonian in terms of the operators a1 and
a2. First we note that also the operators a0, a1 and a2 are restricted by the
condition

∑
α a

†
αaα = 1. To account for this we replace a0 and a†0 in the

Hamiltonian with (1− a†1a1 − a†2a2)
1/2. Next we assume that the number of

a1- and a2-excitations in the system is small and expand the Hamiltonian to
quadratic order in a1 and a2. The resulting effective Hamiltonian then takes
the form

Heff = ℏ
∑
k


a1,k
a2,k
a†1,−k

a†2,−k


†

h1,k h3,k g1,k g3,k
h3,k h2,k g3,k g2,k
g1,k g3,k h1,k h3,k
g3,k g2,k h3,k h2,k



a1,k
a2,k
a†1,−k

a†2,−k

 . (3.11)

Here, aα,k with α = 1, 2 are the Fourier modes of aα,i. The expres-
sions for hl,k and gl,k are given in Section 3.A. For the following dis-
cussion we introduce the notation H = ℏ

∑
k a

†
kHkak, where ak =

(a1,k, a2,k, a
†
1,−k, a

†
2,−k)

T and Hk is the 4× 4 matrix in Eq. (3.11).

To diagonalize the effective Hamiltonian we introduce Bogoliubov operators
βk with bk =Mβk. As shown in Section 3.B the problem of finding M can
be reduced to finding a 2× 2-matrix x such that

x(h+ g)xT = D

(x−1)T (h− g)x−1 = D, (3.12)

where h and g are the 2× 2-blocks in Hk and D = diag(ω1, ω2). The matrix
M is then given by

M =
1

2

(
1 1
1 −1

)(
x 0
0 (x−1)T

)(
1 1
1 −1

)
. (3.13)

For the symmetry broken phase we derive the matrix x and the dispersion ω1

and ω2 in Section 3.B. In Fig. 3.3 we plot ω1 and ω2 in the symmetry broken
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Figure 3.3.: Excitation spectrum in the ordered phase for J = 1.5Jc and λ = 1
at the particle-hole symmetric line (panel (a)) and for δµ = 0.2U
(panel(b)).

phase. The lower band is gapless and shows the typical
√

|k|-behavior for
small k [29, 162].

In the Mott insulating phase, where θ = 0, we find g3,k = 0, h1,k = h2,k
and g1,k = −g2,k. The effective Hamiltonian thus takes a much simpler form
and the diagonalization can be performed straight forward by first using a
Bogoliubov transformation with β̃α,k = uα,kaα,k−vα,ka†α,−k and afterward
rotating to β̃1,k ± β̃1,k. Note in particular, that u1,k = u2,k := uk and
v1,k = −v2,k := −vk. The coefficients uk and vk fulfill the typical Bogoliubov
relations with u2k−v2k = 1, 2ukvk = g1,k/ωk and u2k+v

2
k = h1,k/ωk, where

we introducedωk =
√
h21,k − g21,k. Since for θ = 0 and σ = 0we furthermore

have a1 = t1 + t−1 and a2 = −t1 + t−1 the quasi particle operators βα and
the operators t1 and t−1 are connected via

βp,k = ukt1,k + vkt
†
−1,−k (3.14)

βh,k = ukt−1,k + vkt
†
1,−k.

The operators β†
p and βp thus create and annihilate particle-type excitations

and the operators β†
h and βh are hole-type quasi particles. The dispersion is

given by ϵp(h)(k) = ±2h3,k + 2
√
h21,k − g21,k. Inserting the expressions for
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h1,k,g1,k and h3,k as defined in Section 3.A with θ = σ = 0 gives

ϵp(h)(k) =∓
(
Jγk
2

(1− λ2) + δµ

)

+
1

2

√
U2 − 2UJγk(1 + λ2) + J2γ2k(1− λ2). (3.15)

Inserting k = 0 clearly shows that the dispersion in the Mott insulating phase
is gapped. Identifying δµ(±)

c as defined in Eq. (3.10) in ϵp(h)(k = 0) allows

us to bring the excitation gap to the form ∆± = ∓(δµ− δµ
(±)
c ). Since the

Mott lobe is the region with δµ(−)
c ≤ δµ ≤ δµ

(+)
c this expression is always

positive. Furthermore, at the tip both gaps close and the first term and the
square root term in Eq. (3.15) vanish separately. The gap thus vanishes with
∆ph =

√
γ0(Jc − J)/2 +O((Jc − J)) when approaching the tip.

3.3. Correlations

In this section, we derive correlations in the ground state using the linear
spin wave ansatz. We start with equal time correlations in the Mott insulating
phase. Afterward, we consider equal time correlations in ordered phase and
finally, we briefly discuss time dependent correlations in the Mott insulating
phase. For simplicity, we assume λ = 1 in the following.

3.3.1. Equal Time Correlations in the Mott Insulating
Phase

We start with equal time correlations in the Mott insulating phase. The
correlations we are interested in are ⟨Sxi Sxj ⟩. In the particle-hole picture this
is related to the probability to find a particle-hole pair in distance rij . Using
our linear spin-wave approach with Sxi ≈ (t†1,i + t−1,i + h.c.)/

√
2 we find

⟨Sxi Sxj ⟩ =
1

N

∑
k

(u2k + v2k − 2vkuk)e
ikrij (3.16)
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Figure 3.4.: Equal time correlations in the Mott insulating phase. Panel (a)
exemplarily shows the correlator C(rij) = ⟨Sxi Sxj ⟩ for J =
0.99375Jc and λ = 1. The blue dots are obtained using numerical
integration and the orange curve is a fit of the form of Eq. (3.17).
The gray curves illustrate the asymptotic behavior ∝ 1/r3/2 for
small r and ∝ 1/r3 for large r. Panel (b) shows the correlation
length r ≪ ξ = (c0/c3)

2/3 that is obtained from fitting Eq. (3.17)
to the numerical data for different J . The orange line is a fit of
the form ξ = ξ0/δ, where δ = |Jc − J |/Jc.

and insertinguk and vk withλ = 1 givesu2k+v
2
k+2vkuk = U/

√
U2 − 4UJγk.

Next, we take the limit N → ∞ and compute the resulting integral numeri-
cally. The result is exemplarily shown for J = 0.99375Jc in Fig. 3.4 (a). We
find that the numerically computed correlations can be fitted with a function
of the form

C(r) =
1

r3/2
1

c0 + c1r1/2 + c2r + c3r3/2
, (3.17)

where the coefficients c1, c2 and c3 vanish when approaching the critical
point. The fit function is inspired by the following considerations. At the tip,
the correlations should decay algebraically with1 r−3/2 and deep in the Mott
insulating phase we expect C(r) ∝ r−3 due to the dipolar hoppings [29].
This allows us to define a characteristic length scale ξ = (c0/c3)

2/3, such
that C(r) ∝ r−3/2 for small r ≪ ξ and C(r) ∝ r−3 for r ≫ ξ. As shown

1On the one hand we expect this due to the dimensional analysis in Section 3.1.2 on the
other hand this can also be seen when analyzing the dimensions of Eq. (3.16)
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in figure Fig. 3.4 (b) the characteristic length scale ξ diverges with a critical
exponent of ν = 1 when approaching the tip.

The equal-time correlations are related to the particle-hole symmetric transi-
tion and do not provide information about the generic transition. In particular,
the correlations in the Mott insulating phase do not depend on δµ and the
characteristic length scale introduced above does not diverge when approach-
ing the critical line anywhere else but the tip. The reason is that the generic
transition is connected to particles/holes that are added to the system, if the
chemical potential is above a critical value. After being added, the particles and
holes condensate directly. Below that critical chemical potential the system is
empty in terms of these condensing particles and holes [117]. As we will see
in the next section, we find a diverging length-scale when approaching the
Mott Lobe in the ordered phase.

3.3.2. Equal Time Correlations in the Ordered Phase

To understand the correlations in the ordered phase analytically, we consider
the system far away from the particle-hole symmetric line. For δµ > 0 and
sufficiently large, we can neglect the |n0 − 1⟩-state and effectively approxi-
mate the system with a spin-1/2 XY-model in a magnetic field h = U

2 −δµ that
points in the z-direction. The spin operators for this reduced model are then
S̃+
i = t†1,it0,i. Using linear spin-wave theory we obtain for the correlations

in the ordered phase

⟨S̃+
i S̃

−
j ⟩+ ⟨S̃−

i S̃
+
j ⟩ =

h2c − h2

2hc

(
1− 2

∫
d2k

(2π)2

[
Ak

ω̃k
− 1

])

+

∫
d2k

(2π)2
Ak

ω̃k
eikrij − h2c − h2

2hc

∫
d2k

(2π)2
Ak −Bk

ω̃k
eikrij .

(3.18)

The exact expressions for Ak, Bk and ω̃k are given in Section 3.C. Approx-
imating the discrete Fourier transformation of the exchange interaction as
γk ≈ γ0 − αks one finds Ak = 1

4 (1 − (h/hc)
2 + J [1 + (h/hc)

2]αks),
ω̃k = J

2hc

√
ks(γ0[h2c − h2]α+ h2α2ks) and Ak −Bk = Jαks/2. The mag-

netic field hc = Jγ0 marks the point where the mean-field spin expectation
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3. 2D Bose-Hubbard Model and Spin-1 XY-Model with Dipolar Hopping

values are not longer perfectly aligned with the magnetic field and start to
rotate into the x-y-plane. The value follows from minimizing the variational
mean-field energy for the effective spin-1/2 model and agrees with a small J
expansion of δµ(+)

c in Eq. (3.10).

The first term Eq. (3.18) is a constant with respect to r and is connected to the
order parameter squared. In particular, this term is proportional to (hc − h),
which fits the expectation that the order parameter vanishes with

√
hc − h

when approaching the critical line. The other two terms decay algebraically
with |r|. Substituting x = kr suggests that the last term decays with r−(2+s/2)

in the limit r → ∞, while the second term in Eq. (3.18) decays with r−3/2.
Thus, we focus now on this integral. The form of the dispersion suggest
the characteristic length scale ξs = h2α2/(γ0α(h

2
c − h2)). If kξ ≪ 1, the

dispersion is dominated by ks/2, while for kξ ≫ 1 one finds a ks-dependence.
In analogy to the analysis of the weakly interacting Bose gas in reference
[165] we substitute y = kξ in Eq. (3.18) and approximate the correlations as

⟨S̃+
i S̃

−
j ⟩+ ⟨S̃+

i S̃
−
j ⟩ = s0 +

1

ξ2

∫
c0 + c1y√
ys(1 + ys)

eiy·rij/ξ

≈
r→∞

s0 +
c2
ξ2

(
ξ

r

) 3
2

, (3.19)

where s0, c1, c2 and c3 are constant with respect to r. The result agrees with
the previous studies on spin-1/2 XY-ferromagnets with dipolar interactions
[29].

In Fig. 3.5, we show C(rij) = ⟨S̃+
i S̃

−
j ⟩+ ⟨S̃−

i S̃
+
j ⟩ including all three levels

of the truncated Bose Hubbard model, in particular also the |n0 − 1⟩-state.
The data are obtained using the results from the diagonalization procedure
presented in Section 3.B and then integrating the resulting expressions nu-
merically. The result agrees well with our expectation. In the limit r → ∞ the
expression decays algebraically with r−3/2 to a constant value s0(J, δµ, U).
The range where this asymptotic behavior is a good description shifts to larger
r when moving closer to the critical line, which indicates the increase in the
characteristic length scale ξ. Furthermore, the strength of the correlations
decreases with the distance to the Mott lobe, which agrees with the expec-
tation C(r) − s0 ∝ ξ−1/2r−3/2. In particular, asymptotic fits of the form
c3r

−3/2 give c3 ≈ 0.0088 for the panel on the left and c3 ≈ 0.0165 for the
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Figure 3.5.: Spatial dependence of the correlations C(rij) = ⟨S̃+
i S̃

−
j ⟩ +

⟨S̃+
i S̃

−
j ⟩ in the ordered phase with λ = 1, where we defined

the spin operator S̃+ = t†1t0 = |n0 + 1⟩ ⟨n0|. The inset shows
the values J and δµ for which the correlations are computed. The
dots are obtained using numerical integration and the gray curves
are asymptotic fits of the form c0/r

3/2 with c0 = 0.0088 (left),
c0 = 0.0165 (middle) and c0 = 0.0254 (right).

panel in the middle and thus a ratio of 2, which fits the fact that the latter is
four times as far from the critical line. The constant s0(J, δµ, U) in leading
order vanishes linearly when approaching the Mott lobe.

3.3.3. Time Dependent Correlations in the Mott
Insulating Phase

The generic transition and the particle-hole symmetric transition differ by
their dynamical critical exponents. For the later we expect z = 1/2 and for
the generic transition z = 1. To see the difference in the dynamical critical
exponents, we consider time-dependent correlations ⟨S+

i (t)S
−
j (0)⟩.

Within the linear spin wave theory we find

⟨S+
i S

−
j ⟩ =

2

N

∑
k

eikrij (u2k + v2k − 2vkuk)e
iϵh(k)t (3.20)

in analogy to the equal time correlations. For λ = 1 the excitation spectrum
is approximately given by ϵh(k) = δµ + 1

2

√
U∆ph + 4UJαks. Here, we
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Figure 3.6.: Spatial dependence of the absolute value of the correlations
C(r, t) = ⟨S+

i S
−
j ⟩ in the Mott insulating phase for different times

andλ = 1. Panel (a) shows the correlations at J = 0.6Jc and panel
(b) shows the correlations at the tip with J = Jc. The dots are ob-
tained using numerical integration. The straight lines are fits of the
form Capprox(r, t) = ci/r

3 for panel (a) and Capprox(r, t) = ci/r
2

for panel (b). The fit parameters for panel (a) are c0 = 1.7t0
for t0 = 50/U , c1 = 1.8t1 for t1 = 100/U and c2 = 1.5t2
for t2 = 150/U . In panel (b) the fit parameters are c0 = 2t0
for t0 = 50/U , c1 = 2.2t1 for t1 = 100/U and c2 = 2.2t2 for
t2 = 150/U .

again approximated γk ≈ γ0 − αks and introduced the particle-hole gap
∆ph = (U − 4γ0J). In the following discussion we take the limit N → ∞
and replace the sum in Eq. (3.20) with an integral.

Far from the tip, where ∆ph is large, the expression in Eq. (3.20) simplifies
to

⟨S+
i S

−
j ⟩ ≈ 4eiδµt

(
U

∆ph

)1/2 ∫
d2k

(2π)2
eik·rijei[(U∆ph)

1/2+c0k
s]t/2, (3.21)

where we defined c0 = 2UJα/
√
U∆ph. Substitution with y = kr then

suggests that the time dependent correlations C(r, t) = ⟨S+
i S

−
j ⟩ far from

the tip and in the Mott insulating phase behave like C(r, t) = r−2f1(t/r) if
s = 1. This agrees with the dynamical critical exponent z = 1. Numerical
integration of Eq. (3.20) for t0 = 50/U , t1 = 100/U and t2 = 150/U shows
that there is a regime in space and time, where the function f1(t/r) is roughly
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given by |f1(t/r)| ∝ t/r, as shown in Fig. 3.6 (a). However, we did not verify,
if this is valid for larger r and t. For t2 = 150/U this simple assumption
of f1(t/r) seems to already break down. Clearly, in the limit t → 0 the
approximation does not hold true, since for the equal time correlations we
know, that correlations decay with 1/r3.

Vice versa, at the tip, where ∆ph → 0 the integral takes the form

⟨S+
i S

−
j ⟩ ≈ eiδµt

∫
d2k

(2π)2
eikrij

U√
c1ks

ei
√
c1kst, (3.22)

with c1 = UJα. In this case substitution with y = kr suggests C(r, t) =

r−
3
2 f2(t/

√
r) for dipolar interactions with s = 1. Again, we compute the

integrals numerically for t0 = 50/U , t1 = 100/U and t2 = 150/U . We
find that in the presented regime we can approximate |f2(t/

√
r)| ∝ t/

√
r

as shown in Fig. 3.6 (b). While a good understanding of the time-dependent
correlations requires a more detailed analysis, our discussion shows that the
time dependent correlations in the Mott insulating phase and close to the tip
differ qualitatively.

3.4. Towards the Experimental Observation of
the Critical Behavior

Finally, we sketch how one might observe the critical behavior of the Bose-
Hubbard model with long-range hoppings using Rydberg atoms2. The three
levels |n0 − 1⟩, |n0⟩ and |n0 + 1⟩ can be encoded into three Rydberg states
at a Förster resonance. In 87Rb suitable candidates are for example the
states |p⟩ = |61P1/2,mJ = 1/2⟩, |d⟩ = |59D3/2,mJ = 3/2⟩ and |f⟩ =
|57F5/2,mJ = 5/2⟩, that have been analyzed experimentally in reference
[166]. The dipolar exchange interaction corresponds to the hopping and the
Förster defect ϵpf − ϵdd plays the role of the onsite interaction U and can be
tuned by applying electric fields.

Next, we consider the ground state preparation. All atoms are initialized
in the |d⟩- or |n0⟩-state, respectively [166]. This corresponds to the Mott

2The section includes ideas from private discussions with Johannes Mögerle, Gabriel Emper-
auger, Cheng Chen, Guillaume Bornet, Thierry Lahaye, and Antoine Browaeys
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insulating state at J = 0 and thus if U is sufficiently large the system is in
the ground state. To prepare any state along the particle-hole symmetric line
one adiabatically ramps down U , similar to the spin-1/2 experiment with the
staggered magnetic field in reference [23]. Here, the preparation of states in
the gapless phase relies on the finite size gap. To prepare states with boson
density different from n0, one stops ramping U such that the system is still
in the Mott insulating phase and then applies a microwave sweep, similar to
reference [24]. The detuning of the microwave plays the role of a chemical
potential and determines the amount of particles and holes in the system.

The critical exponents ν, η and β can be obtained from observing equal time
correlations in the Mott insulating phase and in the ordered phase. Here, a
limiting factor is the finite system size of the experiment. However, state-of-
the-art experiments have already been used to observe power-law correlations
at the critical point in the Ising model and furthermore to extract the scaling
dimension of the order parameter [167]. Furthermore, larger systems sizes
are possible and recently, tweezer arrays with thousands of atoms have been
demonstrated [168].

The dynamical critical exponent of the particle-hole symmetric transition can
be obtained by measuring the vanishing gap in the Mott insulating phase
close to the tip. This can for example be observed using quench spectroscopy.
Similar to the spin-1/2 system discussed in Chapter 2 and references [3, 4], the
idea is to prepare the mean-field Mott insulating state |ψ⟩ = |n0, n0, ..., n0⟩
and measure spin-spin correlations over time. Using linear spin-wave analysis
we find in the Mott insulating phase and for λ = 1

⟨ψ(t)|Sxi Sxj |ψ(t)⟩ =
1

N

∑
k

(
U − 2Jγk

4ωk
+
Jγk
ωk

cos(2ωkt)

)
eik·rij ,

(3.23)

where ωk = (ϵp(k) + ϵh(k))/(2). Thus, measuring spin-spin correlations,
Fourier transforming the resulting the expression and fitting with a function
of the form Sk(t) = c0,k + c1,k cos(2ωkt) allows extracting ωk and thus to
observe the gap closing at the tip.

The vanishing gap of the generic transition is indirectly observed in the
preparation of non particle-hole symmetric states. Measuring the total mag-
netization in z-direction at the end of the microwave sweep for different
detunings shows, that for sufficiently large detunings the total magnetization
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becomes non-zero. This is related to a level crossing of the lowest energy state
with magnetization zero and the lowest energy states with magnetizations
larger or smaller than zero. Furthermore, to see the dynamical critical expo-
nent of the generic transition one might perform quench type experiments,
where a particle or hole is locally added to the system and then the dynamics
of the particle or hole is observed. For a quadratic theory this quantity is
connected to the absolute value of the time dependent correlations discussed
in Section 3.3. In our linear spin-wave analysis, the derivation of the particle
or hole dynamics is not self-consistent, as the corresponding correlators con-
tain 4 operators, whereas the Hamiltonian is derived only to quadratic order.
However, by considering a smeared out hole or particle, such that locally the
number of particles and holes is still small, one might be able to understand the
dynamics of the system analytically within the linear spin-wave approach.

A common approach to observe critical phenomena is the Kibble-Zurek mech-
anism, where the system is non-adiabatically driven into the ordered phase.
This leads to the formation of domains whose size depends on the speed of
the non-adiabatic drive and the critical exponents ν and z. Such experiments
can be used to complement the analysis suggested in this section.
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3.5. Conclusion and Outlook

In this chapter, we considered the two-dimensional Bose-Hubbard model with
dipolar hoppings. We discussed the critical behavior and used a linear spin-
wave approach to compute correlations in the Mott insulating and the ordered
phase. Furthermore, we sketched possibilities to observe the critical behavior
experimentally. We argued that many critical exponents can be observed by
measuring equal time correlations. However, the full characterization of the
phase transitions in the Bose-Hubbard model requires the observation of the
dynamical critical exponent. The gap closing at the particle-hole symmetric
line can be observed using quench spectroscopy methods similar to reference
[3]. To study the generic transition one might use local quenches. The
dynamical properties of long-range systems have been studied for example in
[140, 169] and many of their findings might apply to the Bose-Hubbard model
as well. Another open question to address is the effect of finite system sizes
and decoherence. Recent experiments on Ising models for example showed,
that the coupling to the environment prevents purely algebraic decay at the
critical point and suggest the appearance of a decoherence induced length
scale [167].

70



3.A. Effective Hamiltonian Details

3.A. Effective Hamiltonian Details
Here, we provide the detailed expressions for the different entries in the
Hamiltonian in Eq. (3.11). The entries are [5]

h1,k = −δµ
2

sin(2σ) cos(θ) +
U

4
cos(θ)

+
Jγ0
2

[1− cos2(θ)]

(
λ2 + λ cos(2σ) +

1

2
(1− λ2)[sin(2σ) + 1]

)
− Jγk

4

(
[cos2(θ) + 1]

[
λ2 +

1

2
(1− λ2)[sin(2σ) + 1]

]
− λ[1− cos2(θ)] cos(2σ)

)
, (3.24)

h2,k =
δµ

4
[3− cos(θ)] sin(2σ) +

U

8
[cos(θ) + 1]

+
Jγ0
4

[1− cos2(θ)]

(
λ2 + λ cos(2σ) +

1

2
(1− λ2)[sin(2σ) + 1]

)
− Jγk

4
[cos(θ) + 1]

(
λ2 +

1

2
(1− λ2)[1− sin(2σ)]

)
, (3.25)

h3,k =
δµ

2
cos(θ/2) cos(2σ)

+
Jγ0
8

cos(θ/2)[1− cos(θ)][−(1− λ2) cos(2σ) + 2λ sin(2σ)]

+
Jγk
8

cos(θ/2)
(
[cos(θ) + 1](1− λ2) cos(2σ)

+ 2λ[1− cos(θ)] sin(2σ)

)
, (3.26)

g1,k =
Jγk
4

(
[1− cos2(θ)]

[
λ2 +

1

2
(1− λ2)[sin(2σ) + 1]

]
− λ[cos2(θ) + 1] cos(2σ)

)
, (3.27)

g2,k =
Jγk
4
λ[cos(θ) + 1] cos(2σ), (3.28)

g3,k = −Jγk
8

cos(θ/2)
(
[1− cos(θ)](1− λ2) cos(2σ)
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+ 2λ[cos(θ) + 1] sin(2σ)

)
. (3.29)

3.B. Diagonalization of the Effective
Hamiltonian in the Ordered Phase

In this section, we derive the eigenstates and eigenvalues of the effective
Hamiltonian in Eq. (3.11) for the ordered phase. We start by introducing
Bogoliubov operators βk with bk = Mβk. The matrix M is determined
by the following two conditions. On the one hand it should diagonalize the
Hamiltonian and thus

MHkM
T = 12 ⊗D, (3.30)

with D = diag(ω1, ω2). On the other hand, the Bogoliubov operators βα,k
have to fulfill bosonic commutation relations, which is ensured by

MΣMT = Σ, (3.31)

where Σ = diag(1, 1,−1,−1). Next, we notice that the matrixHk has a block
diagonal form

Hk =

(
h g
g h

)
, (3.32)

with

h =

(
h1 h3
h3 h2

)
,

g =

(
g1 g3
g3 g2

)
. (3.33)

This motivates the ansatz

M =
1

2

(
1 1
1 −1

)(
x 0
0 y

)(
1 1
1 −1

)
, (3.34)
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which decouples the two blocks in the Hamiltonian and reduces Eq. (3.30)
to

x(h+ g)xT = D,

y(h− g)yT = D. (3.35)

Inserting the ansatz for M in Eq. (3.31) leads to the condition xyT = 1, which
implies yT = x−1.

To proceed, we introduce χ = [det(h − g)/det(h + g)]1/8. Furthermore,
we define H+ = χ2(h+ g) and H− = χ−2(h− g) and introduce the matrix
elements for H± as

H+ =

(
α β
β γ

)
,

H− =

(
α′ β′

β′ γ′

)
. (3.36)

Using these definitions, we can now write down the solution of Eq. (3.35) as

x = χ
1√

(α′ω1 − γω2)(ω2
1 − ω2

2)

(
α′ω1 − γω2 β′ω1 + βω2

−(βα′ + β′γ) ω2
1 − ββ′ − γγ′

)
(3.37)

with ω1,2 =
√

(C ±
√
C2 − 4D2)/2, C = αα′ + γγ′ + 2ββ′ and D =

αγ − β2, as in reference [5]. Note that det(x) = χ2.

3.C. Spin-1/2 XY-Model with Magnetic Field

Here, we provide the mean-field analysis for the spin-1/2 XY-model in a
magnetic field h. This model is a good approximation of the Bose-Hubbard
model for δµ/U ≫ 0, where the states |n0 − 1⟩ have a much larger energy
than the states |n0⟩ and |n0 + 1⟩. The Hamiltonian we are interested in
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reads

Hh = −ℏJ
∑
i̸=j

a3

|rij |3
t†1,it0,it

†
0,jt1,j + ℏh

∑
i

t†1,it1,i, (3.38)

where the magnetic field is connected with the chemical potential δµ and the
interaction U via h = U

2 − δµ. Again we introduce variational operators

a†0 = cos(θ/2)t†0 + sin(θ(2))t†1

a†1 = − sin(θ/2)t†0 + cos(θ(2))t†1 (3.39)

and a variational state |ψ⟩ =
∏
i a

†
0,i |vac⟩. The variational parameter θ is

then determined by minimizing the energy expectation value for |ψ⟩, which
takes the form

⟨ψ|Hh |ψ⟩ = (h− Jγ0) sin
2(θ/2) + Jγ0 sin

4(θ/2). (3.40)

Thus, for h > hc = Jγ0 we find sin2(θ/2) = 0 and for h < hc we have
sin2(θ/2) = (hc − h)/(2hc). Note that the critical point hc, where sin(θ/2)
becomes non-zero, fits exactly the expansion of δµ(+) in Eq. (3.10) in small
J/U with λ = 1.

Again, we use the condition a†0,ia0,i + a†1,ia1,i = 1 to drive an effective
Hamiltonian. Replacing a0,i in the Hamiltonian and expanding the resulting
expression to quadratic order in a1,i gives

Hh,eff =
1

2

∑
k

(
a1,k
a†1,−k

)(
Ak Bk

Bk Ak

)(
a1,k
a†1,−k

)
, (3.41)

where

Ak =
[
h(cos2(θ/2)− sin2(θ/2)) + Jγ0 cos

2(θ/2) sin2(θ/2)

−Jγk(cos4(θ/2) + sin4(θ/2))
]
,

Bk = cos2(θ/2) sin2(θ/2)Jγk. (3.42)
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3.C. Spin-1/2 XY-Model with Magnetic Field

To diagonalize the effective Hamiltonian we use a Bogoliubov transformation
with a1,k = ukαk−vkα†

−k, u2k−v2k = 1, u2k+v
2
k = Ak/ωk, 2ukvk = Bk/ωk

and ωk =
√
A2

k −B2
k. Using this we find for the correlations

⟨S̃+
i S̃

−
j ⟩+ ⟨S̃+

i S̃
−
j ⟩ =

h2c − h2

2hc

(
1− 4

1

N

∑
k

v2k

)

+
1

N

∑
k

(u2k + v2k)e
ik·r

− h2c − h2

2hc

1

N

∑
k

(u2k + v2k − 2ukvk)e
ik·r, (3.43)

where we introduced S̃+
i = t†1,it0,i. Replacing 1

N

∑
k with

∫
d2k/(2π)2 and

inserting the expression for uk, vk, Ak and Bk we obtain Eq. (3.18).
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4
Implementation of Spin-1

XXZ-Models with Dysprosium

In recent years, the realization of one dimensional spin-1 systems has attracted
a lot of interest. Theory proposals suggest for example the implementation in
trapped ion systems [170, 171], polar molecules [172] and Rydberg atoms [90].
The ground state phase diagram of the spin-1 XXZ-model includes a variety
of different phases. A special highlight is the Haldane phase [173], a prime
example for a symmetry protected topological phase. It obeys hidden order
that manifests in non-vanishing string-order parameters. A very fascinating
property of the Haldane phase is the fractionalization of the spin-1 edges into
spin-1/2 degrees of freedom. Signatures of this phenomenon have so far only
been observed in nanographene [174]. First quantum simulation experiments
realized the Haldane phase using systems composed of spin-1/2 particles
[24, 175]. Due to their strong, permanent magnetic moment Dysprosium
atoms also offer the possibility to encode the XXZ-Heisenberg model [103, 104].
Highly magnetic atoms, like Dysprosium, are widely employed in quantum
simulation experiments and in recent years allowed for the observation of
many interesting phenomena like for example the formation of quantum
droplets [94, 95] or the appearance of super solidity [64, 65, 79], as discussed
in Chapter 1.

In this chapter, we aim for the implementation of spin-1 Heisenberg models
and the Haldane phase with Dysprosium. The idea is to encode the spin-1
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4. Implementation of Spin-1 XXZ-Models with Dysprosium

degree of freedom into three Zeeman-sublevels in the ground state manifold.
After introducing the general setup in Section 4.1, we review the ground state
phase diagram of the Spin-1 XXZ-chain in Section 4.2. We then summarize
the requirements for isolating a spin-1 subsystem in Section 4.3 and discuss
possibilities for encoding spin-1 with fermionic and bosonic Dysprosium in
Section 4.4 and Section 4.5. Furthermore, we use numerical simulations to
show that spin-1 systems encoded in Dysprosium might enable the observation
of the Haldane phase and the spin-fractionalization at the edges of the chain.
The results presented in this chapter are published in [6].

4.1. Setup

We consider a one dimensional chain of ground state Dysprosium atoms,
which are trapped in a deep optical lattice with lattice constant a and one
atom per lattice site. In particular, we assume the trap depth to be strong
enough such that the atoms are pinned to individual lattice sites and do not
move. In its ground state Dysprosium has total angular momentum of J = 8,
which gives rise to a permanent magnetic moment µ = µBgJJ, with µB the
Bohr magneton, gJ the Lande factor and J the angular momentum operator.
A strong magnetic field B ensures that the total angular momentum along
the direction of the magnetic field is conserved. Without loss of generality we
choose the magnetic field to point into the z-direction. The different states
in the ground state manifold of Dysprosium can then be labelled with the
eigenvalues mJ of the z-component of the angular momentum operator J.

Our goal is the encoding of spin-1 systems. In Section 4.3, Section 4.4 and
Section 4.5 we discuss how to achieve this. However, for the moment, we
simply assume that the states |mJ = 0⟩ and |±1⟩ can be energetically isolated
such that we effectively obtain a system composed by spin-1 particles. Within a
rotating frame the dynamics of the system is then described by the anisotropic
XXZ-Heisenberg Hamiltonian

Heff =
∑
i<j

1

|i− j|3
(
Jxy
2

(S+
i S

−
j + S−

i S
+
j ) + JzS

z
i S

z
j

)
+
∑
i

D(Szi )
2.

(4.1)
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4.2. Phase Diagram and Critical Lines

Here, Si are spin-1 operators and the couplings are Jxy = −µ0d
2/(8πa3)(1−

3 cos2(θ)) and Jz = µ0m
2/(4πa3)(1 − 3 cos2(θ)), where θ is the angle be-

tween the chain and the magnetic field, d =
√
2 ⟨+1|µx |0⟩ is the transition

dipole moment and m = ⟨+1|µz |+1⟩ the permanent magnetic moment.
Note that in particular the permanent magnetic moment of Dysprosium al-
lows us to not only have dipolar exchange interactions (the term ∝ Jxy), but
also static interactions (the term ∝ Jz). Unfortunately, the above definitions
imply that for fixedm and d the ratio Jz/|Jxy| cannot be tuned. In Section 4.5
we discuss possibilities to tune this ratio by admixing states with different
mJ quantum numbers.

The single-site anisotropy D originates from the assumption that the transi-
tions from |0⟩ to |±1⟩ are slightly detuned byD = (ϵ−1+ϵ+1−2ϵ0)/2. Here,
ϵmJ

is the energy of the state |mJ⟩. For bosonic Dysprosium atoms placed in
a magnetic field with strengthB the energies of the magnetic states are simply
ϵmJ

= µBBgJmJ and the (uniaxial single-ion) anisotropy is D = 0.

Before we discuss in Section 4.3, Section 4.4 and Section 4.5 how the states
|0⟩ and |±1⟩ can be isolated, we consider the ground state phase diagram of
the effective Hamiltonian in Eq. (4.1).

4.2. Phase Diagram and Critical Lines

In this section we discuss the phase diagram of the Hamiltonian in Eq. (4.1). We
first show the phase diagram and summarize the different phases. Afterward,
we introduce the Haldane phase in more detail and finally discuss how the
phase boundaries are computed.

4.2.1. Phase Diagram

In Fig. 4.1 we show the phase diagram of the Hamiltonian in Eq. (4.1). The
ground state properties are evaluated with infinite DMRG calculations using
TeNPy [11] and extensions by Johannes Mögerle. To determine the phase
boundaries we furthermore use repeated application of finite DMRG, which
allows us to also compute excitations. A very brief introduction to DMRG and
matrix product states is provided in Section 4.A. The critical lines are derived
using the methods discussed in Section 4.2.3. Furthermore, in Section 4.B we
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Figure 4.1.: Phase diagram of the Hamiltonian in Eq. (4.1) for antiferromag-
netic coupling Jxy > 0 (a) and ferromagnetic coupling Jxy < 0
(b). The color map shows the strength of the string order parame-
ter Sx0,500, that was computed using infinite DMRG calculations
with bond dimension 400. The straight lines represent the phase
boundaries. The phase boundaries have been determined numeri-
cally at the crosses. The dashed line shows the regime that can
be simulated using fermionic Dysprosium or bosonic Dysprosium
with Stark shifts. Raman-type schemes allow tuning Jz and thus
to cover a wider range of the phase diagram.

sketch how the phase diagram can be qualitatively predicted using quantum
field theory [176, 177].

Similar to the phase diagram of the anisotropic spin-1 XXZ-Heisenberg Hamil-
tonian with nearest neighbor interactions [176, 178, 179] our phase diagrams
include the Haldane phase, the large-D phase, the Ising ferromagnetic (FM) and
the Ising anti-ferromagnetic phase (AFM) as well as two (anti-)ferromagnetic
XY-phases with quasi long-range order (XY1 and XY1/2). However, due to the
dipolar interaction range in Eq. (4.1) the phase boundaries change [180]. In
particular, the critical line separating the Haldane- and XY-phase is shifted
to negative Jz for the anti-ferromagnetic model (Jxy > 0) and to positive
Jz for the ferromagnetic model (Jxy < 0). In the following we discuss the
characteristics of the different phases.
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4.2. Phase Diagram and Critical Lines

We start with considering the cases where the Hamiltonian is dominated
by the static interaction Jz . If Jz > 0 is very large, the energy is minimal
if neighboring spins point in opposite directions, and we find an Ising anti-
ferromagnetic phase. Vice versa, if Jz < 0, the states |+1,+1, ...,+1⟩ and
|−1,−1, ...,−1⟩ are the ground states. In particular, these states are always
eigenstates of the Hamiltonian in Eq. (4.1) with energy eigenvalues EFM =∑
i>j Jz/(i− j)3 +ND. For sufficiently large |Jz| and Jz < 0 this energy is

the smallest energy in the system and the system is in the Ising ferromagnetic
phase. Both phases, the Ising anti-ferromagnetic and the Ising ferromagnetic
phase, are gapped and show long range order, that manifests in non-vanishing
correlations ⟨(−1)|i−j|Szi S

z
j ⟩ and ⟨Szi Szj ⟩ respectively

Next, we consider the limits with large |D|, where the term proportional to
S2
z dominates. In the limit D → +∞ the smallest energy state is the one

where all spins are in the state |0⟩. Note that this state corresponds to the
Mott-insulating state in Chapter 3. The corresponding phase is called large
D-phase. It is a trivial, disordered phase with a gapped ground state. For large,
negative D the occupation of the state |0⟩ is energetically costly. The system
thus maps effectively to a spin 1/2-XXZ Heisenberg model with exchange
couplings ∝ J2

xy/D, where the states |±1⟩ correspond to spin up and spin
down [179]. For sufficiently large effective exchange couplings ∝ J2

xy/D, the
ground state is the spin-1/2 XY-(anti)ferromagnet. The ferromagnetic and
the anti-ferromagnetic spin-1/2 XY phase are characterized by quasi long-
range order, that is indicated by power-law correlations ⟨(S+

i )
2(S−

j )
2⟩ and

⟨(−1)|i−j|(S+
i )

2(S−
j )

2⟩, respectively, as quantum fluctuations prevent long-
range order in one dimension. Due to the form of the exchange couplings,
we expect the width of then spin-1/2 XY phase to decrease with 1/|D| [176,
179].

Finally, the competition of D,Jxy and Jz gives rise to 2 more phases. The first
one is the (anti-)ferromagnetic spin-1 XY phase with quasi long-range order,
power-law correlations ⟨S+

i S
−
j ⟩ or ⟨(−1)|i−j|S+

i S
−
j ⟩ and gapless excitations.

The second phase is the Haldane phase.

4.2.2. Haldane Phase and AKLT-State

The Haldane phase is a symmetry protected topological phase with hidden
order. It is characterized by non-vanishing string order parameters Sαij =
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4. Implementation of Spin-1 XXZ-Models with Dysprosium

⟨Sαi
∏
i<k<j(−1)S

α
k Sαj ⟩ [181] with α = x, y, z and the occurrence of spin-

1/2 degrees of freedom at the edges. Local spin-spin correlators like ⟨Szi Szj ⟩,
⟨Sxi Sxj ⟩, and ⟨(S+

i )
2(S−

j )
2⟩ vanish in the Haldane phase. Deep in the Haldane

phase the spin-1/2 edge states give rise to a fourfold degeneracy of the ground
state. Depending on the size of the system, the degeneracy is slightly lifted
due to the non-zero overlap of the edge states.

To provide an intuition for the appearance of string order and spin-1/2 edge
states, we consider the Hamiltonian [182]

Hβ =
∑
⟨ij⟩

SiSj + β(SiSj)
2. (4.2)

For β = 0 this gives the spin-1 Heisenberg-Hamiltonian with Jz = Jxy = 1,
D = 0 and nearest-neighbor interactions. For β = 1/3 we obtain the AKLT-
model. In this case, the system is still in the Haldane phase [183–185] and the
ground state of the Hamiltonian can be found analytically. In particular, for
β = 1/3, the Hamiltonian simply consists of a sum of projectors, that act on
neighboring spins and project on the spin-2 states of these two spins, such that
the states where neighboring spins have a total spin of 0 or 1 are energetically
favorable. The ground state of the Hamiltonian has then energy 0 and can
be constructed in the following way [182]. We initially replace the spin-1 at
each lattice site with two spin-1/2 particles. To ensure that two neighboring
lattice sites have total spin 0 or 1, the two-neighboring spin-1/2s of different
lattice sites have to be in a singlet state. Finally, the state on each lattice site
is projected to the spin-1 subspace, such that we again end up with our spin-1
chain. For open boundaries, there is now one spin-1/2 degree of freedom left
at each end of the chain, that can be chosen freely. The construction of the
AKLT-state is illustrated in Fig. 4.2

The AKLT-state possesses hidden non-local antiferromagnetic order. When
measuring the spins for example in the z-basis, lattice sites with magnetization
+1 and −1 alternate, interrupted by arbitrarily many lattice sites with magne-
tization 0. This can be understood as follows. Let us assume we measure +1
at one lattice site. If we express the spin-1 particle with two spin-1/2 particles
this implies that both collapse into the state |↑↑⟩. Since each spin-1/2 forms
a singlet with the closer spin-1/2 of the next lattice site, this neighboring
spin-1/2 is in the state |↓⟩. Thus, the magnetization on this lattice site can
only be 0 or −1.
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1√
2
(|↑↓⟩ − |↓↑⟩)

projection to spin-1
spin-1/2

Figure 4.2.: Illustration of the construction of the AKLT-state. The white
circles are spin-1/2 degrees of freedom. The orange lines illustrate
the spin-singlet states of two spin-1/2s on neighboring lattice sites.
The blue circles represent the projection of the total spin on one
lattice site to 1.

The hidden order is indicated by non-vanishing string order parameters

Sαij = ⟨Sαi
∏

i<k<j

(−1)S
α
k Sαj ⟩, (4.3)

with α = x, y, z. To illustrate this we consider α = z, ignore the projectors in
the AKLT-state, that project the lattice sites to the spin-1 subspace, and express
the string operator with operators σzi acting on spin-1/2 [186]. Then, the string
operator reads (σzi,a+σ

z
i,b)
∏
i<k<j(−1)σ

z
k,a/2(−1)σ

z
k,b/2(σzi,a+σ

z
i,b), where

a and b label the two different spin-1/2s on one lattice site. The operator
(−1)σ

α
k,b/2(−1)σ

z
k+1,a/2 always acts trivial on the singlet-states, and thus we

are left with (σzi,a+σ
z
i,b)(−1)σ

z
i+1,a/2(−1)σ

z
j−1,b/2(σzj,a+σ

z
j,b). Next we notice

that the singlets are eigenstates of σzi,b(−1)σ
z
i+1,a/2, while the expectation

values of σzi,a and σzj,b vanish. The terms σzi,b(−1)σ
z
i+1,a/2 contribute a finite

value to the string order and we thus obtain non-zero expectation value for the
string order parameter. Note, that this is by no means an exact computation
of the string order parameter for the AKLT-state, as we ignored the projectors
to spin-1. The string order of the AKLT state can be computed rigorously
using matrix-product states [187].

In the limit of large distances, the string order Szij is non-zero in the Ising
ferromagnetic and anti-ferromagnetic phase as well, but vanishes in the XY
phases and the Large-D phase. The string order Sxij is expected to be nonzero
only in the Haldane phase. In figure Fig. 4.1 we show the strength of the
string order Sxij for different values of Jz and D and distance |i− j| = 500.
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Other than expected we also obtain non-zero values in the XY1 phase and
near the phase boundaries of the large-D phase. This is caused by the fact
that the string order decays slowly in this regions, such that even for large
finite distances non-zero values are obtained [188].

There are several symmetries that protect the Haldane phase [189]: time-
reversal symmetry and the dihedral symmetry D2 (rotations by π). The
Hamiltonian in Eq. (4.1) has both symmetries. Note, if only time-reversal
symmetry is present the string order can vanish.

4.2.3. Derivation of the Critical Lines

Here, we discuss how the phase boundaries shown in Fig. 4.1 are derived.
In principle, one could extract all transition lines using the divergence of
the entanglement entropy, which reflects a gap closing. In this case, one
derives the location of the maxima of the entanglement entropy for different
bond dimensions χ and the critical point with χ→ ∞ is then obtained using
extrapolation. However, especially for the transition line between the Haldane
and the XY-phase, this converges slowly and very large bond dimensions are
required to obtain precise results. Thus, we use this approach only for the
boundary between the AFM- and the Haldane-phase. For all other transitions
we follow reference [179], where the critical lines are obtained by extrapolating
over different system sizes N .

The boundary of the ferromagnetic phase is determined from the crossing
of the lowest states with magnetization Sztot = N and Sztot = 0 [179, 180]. In
the ferromagnetic phase the state with magnetization Sztot = N is the ground
state and in the XY-phase the ground state has magnetization Sztot = 0. Thus,
the energies of these states have to cross at the critical point.

To determine the critical line between the Haldane phase and the large-D phase
we use twisted boundary conditions (SxN+1 = −Sx1 , SyN+1 = −Sy1 , SzN+1 =
Sz1 ). In this case, the Haldane state is asymmetric under spatial inversion and
time reversal while the large-D state is symmetric. Thus, when the system
transitions from the large-D to the Haldane phase, the energy of the lowest
asymmetric state becomes smaller than the energy of the lowest symmetric
state [179].

For the boundary between the two different XY-phases we use the crossing
of the two lowest excited states with magnetization Sztot = 1 and Sztot = 2
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Figure 4.3.: System size dependence of the critical value Jz,c at D = −1.2Jxy
for the XY-Haldane transition with Jxy > 0. The orange straight
line indicates the value extrapolated for N → ∞. The dashed line
is a fit of the form c(N) = c∞ + c1N

−2 + c2N
−4.

[179]. As discussed in Section 4.2.1 for large negative D the Hamiltonian
in Eq. (4.1) maps to a spin 1/2-XXZ Heisenberg model with |↑⟩ = |+1⟩ and
|↓⟩ = |−1⟩. Thus, the lowest excitation has magnetization Sztot = ±2, which
corresponds to flipping one atom from |+1⟩ to |−1⟩. However, for smaller
|D| the excitation with Sztot = ±1 has a smaller energy.

The transition between the XY-phase and the Haldane- and large-D-phase is
a BKT-transition. To determine the critical line we use the Level-spectroscopy
method developed in [190–192]. Combining bosonization [136, 176, 193]
and conformal field theory arguments [194] one can show that for periodic
boundary conditions the energies of the lowest excited state with total spin
Sztot = 4 which is symmetric under spatial inversion (Si → SN−i+1) and
translation (Si → Si+1) and the lowest excited state with total spin Sztot = 0
which is symmetric under spatial inversion and translation have to cross at
the BKT-line. More details on the level spectroscopy method are given in
Section 4.C.

For all the transitions that are deduced from level crossings we compute the
required energies using finite DMRG with bond-dimensions 400 for system
sizesN = 8, 10, 12, 14, 16, 18, 20, 24. Since for ferromagnetic coupling Jxy <
0 the finite size critical points of the BKT-transition converge slowly, we use
here system sizes N = 20, 24, 28, 32, 36, 40, 44, 50. The critical point in the
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limit N → ∞ is then obtained via extrapolation with fit functions of the
form c(N) = c∞ + c1N

−1 + c2N
−2 for the critical line between the two

XY-phases and between the XY-phase and the ferromagnetic phase [179]. For
the BKT-transition and the Haldane- to large-D-transition we extrapolate
with c(N) = c∞ + c1N

−2 + c2N
−4 + c3N

−6, where the coefficient c3 is
only required for some parts of the BKT-transition. In reference [179] this
coefficient is not required. The extrapolation is exemplarily illustrated in
Fig. 4.3 Finally, it is important to note that most of the above considerations
use periodic boundary conditions. Since our Hamiltonian includes interactions
between distant spins, that decay with 1/r3, the question arises how to deal
with this. In Section 4.D we discuss this in more detail.

For the transition from the AFM to the Haldane-phase the maximum of the
entanglement entropy is determined for bond dimensions 8, 16, 24, 32, 50, 64
and near the anti-ferromagnet-Haldane-XY tricritical point for bond dimen-
sions 24, 32, 50, 64, 100, 200. The critical values for χ → ∞ are obtained
extrapolating with c(χ) = c∞ + c1χ

−c2 [188].

4.3. Conditions for Isolating a Spin-1 Subsystem

So far we have simply assumed that Dysprosium atoms can mimic spin-1
particles. In the following we discuss how a spin-1 subsystem can be isolated
in the ground state manifold of fermionic and bosonic Dysprosium. Here, we
lay the foundations for this discussion and summarize the conditions that
have to be satisfied to successfully isolate a three-level system.

The exchange term in the dipole-dipole interaction give rise to interaction
processes where the mJ quantum number of one atom is increased by one
while themJ quantum number of another atom is lowered by one (see Fig. 4.4).
For spin-8 particles in a magnetic field all energy levels of the ground state
manifold are equidistant and thus all processes that can occur due to exchange
interactions are resonant. As a consequence, after some time states with
quantum numbers |mJ | ≥ 2 will be occupied - in other words the atoms
obviously do not behave like spin-1 particles. To prevent this the states with
quantum numbers mJ = ±2 have to be detuned such that the transitions to
these states are energetically forbidden.
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Figure 4.4.: Setup for the realization of spin-1 Heisenberg models with Dyspro-
sium. Dysprosium atoms are trapped in an optical lattice within
a magnetic field B. The ground state of Dysprosium consists of
17 magnetic sublevels ranging from mJ = −8 to mJ = 8. Ex-
change interactions allow for processes where the mJ quantum
number of one atom is increased by one while the mJ quantum
number of another atom is lowered by one. In particular, it can
happen that at least one atom is transferred to a state with quan-
tum number mJ ̸= 0,±1. However, if the states with quantum
number mJ = ±2 are detuned, these transitions are energetically
forbidden and the system behaves effectively like a chain of spin-1
particles.

To understand the requirements on the detunings we consider two Dysprosium
atoms both prepared in any of the states |0⟩ and |±1⟩. If both atoms are
prepared in the state |+1⟩ the exchange interactions drive the transition to
the state |+2⟩⊗|0⟩. If the state |+2⟩ is detuned by ∆+, the energy of the final
state differs from the energy of the initial state |+2⟩ also by ∆+. The energy
difference of the states |+2⟩⊗|−1⟩ and |+1⟩⊗|0⟩ is also given by the detuning
∆+. Analogously, transitions from |−1⟩ ⊗ |0⟩ to |−2⟩ ⊗ |+1⟩ have an energy
difference of ∆−, with ∆− the detuning of the state |−2⟩. Furthermore, for
the initial state |+1⟩⊗|−1⟩ the unwanted transition to |+2⟩⊗|−2⟩ is detuned
by ∆+ +∆−. To avoid any transition out of the spin-1 subspace the energy
costs of all the these processes have to be much larger than the strength of the
dipole-dipole interaction. Thus, to isolate a spin-1 subsystem in the ground-
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state manifold of Dysprosium we require the states |±2⟩ to be detuned by
∆±, where the detunings satisfy |∆+|, |∆−|, |∆+ +∆−| ≫ |Jxy|.
In the following chapters we present two possibilities for detuning the states
|±2⟩. First, we show that for fermionic Dysprosium the requested conditions
on the detunings ∆± can be fulfilled due to hyperfine coupling. Afterward,
we investigate the usage of AC-stark shifts and Raman-type schemes to isolate
a three-level system in bosonic Dysprosium atoms.

4.4. Implementation with Fermionic
Dysprosium

In this section, we show that three-level subsystem can be isolated in the
ground state manifold of fermionic dysprosium. Furthermore, we analyze
correction terms that occur in addition to the Hamiltonian in Eq. (4.1) and
how those corrections affect the Haldane phase.

4.4.1. Spin-1 in the Hyperfine Structure

There are two fermionic isotopes of Dysprosium: 161Dy and 163Dy. Both have
a nuclear spin of I = 5/2. The coupling between the nuclear spin and the
total angular momentum of the electrons is described by

HHFS = h

(
A IJ+Q

3(IJ)2 + 3
2IJ− I(I + 1)J(J + 1)

2I(2I − 1)J(2J − 1)

)
, (4.4)

The magnetic dipole-interaction A and the electric quadrupole-interaction Q
have been determined in [195]. The full one-particle Hamiltonian is then given
by HHFS + Bµz , where the magnetic momentum operator is now given by
µ = µB(gJJ+ gII). In Fig. 4.5 we exemplarily show the hyperfine spectrum
of the ground state of 161Dy for different magnetic field strength.

The hyperfine Hamiltonian couples the state |mJ ,mI⟩ to the state |mJ ± 1,mI ∓ 1⟩
and the state |mJ ± 2,mI ∓ 2⟩, but leaves the summJ +mI invariant. Since
we want to implement integer spin, we are interested in the limit of large
magnetic fields where the eigenstates of the full Hamiltonian are approxi-
mately labelled by quantum numbers mJ and mI . Due to the small nuclear
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Figure 4.5.: Hyperfine structure of 161Dy. The crosses indicate the states that
can be used to encode a spin-1 degree of freedom. The insets are
a zoom of the hyperfine structure in this region.

magneton, one can assume that the dipole-dipole-interaction in Eq. (1.1) does
not change mI .

The hyperfine coupling affects not only the states with quantum numbers
mJ = ±2, but also all the other states in the ground state manifold. This
implies a detuning for the states with quantum numbersmJ = ±1. In Eq. (4.1)
we account for this with the D-term. From the phase diagrams in Fig. 4.1 we
know that the realization of the Haldane phase requires the detuning D to
be of the order of Jxy . By default, all detunings are very large in the regime,
where the quantum numbers mJ and mI are suitable to approximately label
the eigenstates of the system. The problem thus shifts from finding a regime
where states with quantum numbersmJ = ±2 are strongly detuned to finding
a regime where the detuning D of the spin-1 levels is not too large.

In summary, we are looking for eigenstates of HHFS + Bµz that have a
large overlap with |mJ = 0,mI⟩ , |mJ = ±1,mI⟩ and |mJ = ±2,mI⟩ for
fixed mI and furthermore, the eigenenergies of these states have to satisfy
|∆+|, |∆−|, |∆+ + ∆−| ≫ D ≈ Jxy . In the following we denote these
eigenstates by |0′⟩, |±1′⟩ and |±2′⟩. Numerically we find four different
parameter sets that have these properties:
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161Dy: mi = −5/2 and B0 = 1687.0 G
mi = +3/2 and B0 = 3557.8 G

163Dy: mi = −5/2 and B0 = 3476.5 G
mi = +1/2 and B0 = 2094.2 G

Varying the magnetic fields around B0 allows us to tune D, as shown in
Fig. 4.6. However, the ratio of Jz/Jxy is constant. For our analysis we assume
a lattice spacing of a = 200 nm and θ = 0. In this case the strength of the
exchange interactions is Jxy/h ≈ 90 Hz.

Due to the admixing of other hyperfine states the states |±1′⟩ couple to
states different from |±2′⟩. However, for all corresponding interactions the
couplings are much smaller than the detunings, such that these transitions
are strongly suppressed.

4.4.2. Subleading Corrections to the Hamiltonian

For the presented parameter sets the system is, in leading order, described by
the spin-1 XXZ-Heisenberg model in Eq. (4.1). However, subleading correc-
tions occur for two reasons. On the one hand, additional terms occur since
other hyperfine states are admixed to the states |0′⟩ and |±1′⟩. On the other
hand, virtual excitations to |±2′⟩ cause van der Waals like corrections. The
resulting corrections are discussed in the following.

We start with the effects of admixing other hyperfine states. In the basis of the
states |0′⟩ and |±′⟩ = |±1′⟩ the effective magnetic moments take the form

µx =
1√
2
(d1 |+′⟩ ⟨0′|+ d2 |0′⟩ ⟨−′|+ h.c.)

µy =
1√
2
(−id1 |+′⟩ ⟨0′|+ id2 |0′⟩ ⟨−′|+ h.c.)

µz = (m+ δz) |+′⟩ ⟨+′| − (m− δz) |−′⟩ ⟨−′|+M1 (4.5)
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Figure 4.6.: DetuningD and coupling Jz (x1) and correction strengths (x2) for
the different parameter sets with B0 = 1687.0 (a), B0 = 3557.8
(b), B0 = 3476.5 (c), and B0 = 2094.0 (d). The lattice constant
is a = 200 nm and the angle between the magnetic field and the
chain is θ = 0. Like the static interaction Jz the corrections are
constant in the range of the magnetic fields considered on the left.
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Inserting this into the dipole-dipole interaction in Eq. (1.1) gives the XXZ-
Heisenberg Hamiltonian in Eq. (4.1) with Jxy = − µ0

8πa3 (d
2
1 + d22)/2(1 −

3 cos2(θ)) and Jz = µ0

4πa3m
2(1 − 3 cos2(θ)) and the additional correction

terms discussed in the following.

First we notice that the transition from |0′⟩ to |+′⟩ and |0′⟩ to |−′⟩ have
different coupling strengths d1 and d2. This implies corrections of the form

Hxy =
∑
i<j

1

|i− j|3
(
δ

2
[Szi S

+
i S

−
j S

z
j − S+

i S
z
i S

z
j S

−
j ]

−δ0
2
[Szi S

+
i S

z
j S

−
j + Szi S

−
i S

z
j S

+
j ] + h.c.

)
, (4.6)

with δ =
d21−d22
d21+d

2
2
Jxy and δ0 = − (d1−d2)2

d21+d
2
2
Jxy . If the difference of the two

couplings ϵ = d1 − d2 is small one finds δ ∝ ϵ and δ0 ∝ ϵ2. Thus, δ0 is
expected to be much smaller than δ.

Next, we account for the fact that the state |0′⟩ has a non-zero magnetic
moment M and furthermore, that the magnetic moments of the states |±′⟩
differ. This leads to corrections of the form

Hz =
∑
i ̸=j

1

|i− j|3
[
B′ Szi +D′ (Szi )

2 + C3 S
z
i (S

z
j )

2 + C4 (S
z
i )

2(Szj )
2
]
,

(4.7)

where B′ = − 4Mm
d21+d

2
2
Jxy , D′ = − 4Mδz

d21+d
2
2
Jxy , C3 = − 4mδz

d21+d
2
2
Jxy and C4 =

− 4δ2z
d21+d

2
2
Jxy . In particular due to the non-zero magnetic moment of the state

|0′⟩ all spins feel a magnetic field B′ caused by the neighboring spins. For a
finite chain with open boundaries this effective magnetic field is not homoge-
nous, since the spins at the edges have fewer neighbors than the spins in the
bulk.

In the previous section we argued that transitions to spin states with quan-
tum numbers different from 0′ and ±1′ are strongly suppressed due to the
large detunings of these states. However, virtual excitations to these states
can, give rise to two- and three-body interactions. As an example we con-
sider three atoms that are initially prepared in the state |+′, 0′,−′⟩. With a
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small probability the system is excited to the state |+2′,−′,−′⟩. Due to the
dipolar-exchange interactions, this state then evolves either back into the
state |+′, 0′,−′⟩ or into the state |+′,−′, 0′⟩. The former thus gives rise to
additional static interactions, while the latter corresponds to exchange-type
interactions that take place if a third atom is in a certain state.

The corrections that account for such processes can be determined using the
Schrieffer-Wolff transformation. In leading order, we find two-body interac-
tions of the form

H2 =
∑
i ̸=j

1

|i− j|6
[
J ′
z S

z
i S

z
j +B′′ Szi +D′′ (Szi )

2

+C ′
3 S

z
i (S

z
j )

2 + C ′
4 (S

z
i )

2(Szj )
2
]
. (4.8)

The leading order three body interactions are given by

H3 =
∑
i ̸=j ̸=k

1

|i− k|3
1

|k − j|3
[(
T1 S

z
k + T2 (S

z
k)

2
)
S+
i S

−
j

+

(
δ′

2
Szk +

δ′′

2
(Szk)

2

)(
Szi S

+
i S

−
j S

z
j − S+

i S
z
i S

z
j S

−
j

)

+

(
δ′0
2
Szk −

δ′′0
2
(Szk)

2

)(
Szi S

+
i S

z
j S

−
j + S+

i S
z
i S

−
j S

z
j

)]
(4.9)

The two-body interactions contain terms similar to the Jz-part in Eq. (4.1)
and the correction Hz in Eq. (4.7). The three-body Hamiltonian gives rise
to exchange interactions that can only take place if a third atom is in the
state |+′⟩ or |−′⟩. As in the subleading correction Hxy in Eq. (4.6), the terms
containing δ′, δ′′, δ′0 and δ′′0 originate from the different couplings d1 and
d2. The couplings J ′

z ,B′′,D′′,C ′
3,C ′

4, T1, T2, δ′, δ′′, δ′0 and δ′′0 are shown in
Fig. 4.6.

In principle virtual processes also allow transitions out of the spin-1 subspace.
However, we find numerically that all the states that couple via second order
processes are out of resonance. Higher order processes have even smaller cou-
plings and should thus not matter on experimentally relevant time scales.
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Most of the corrections introduced above break the symmetries that protect
the Haldane phase. In particular, we find a broken D2 symmetry due to the
terms that are proportional to δ, B′,C3,B′′,C ′

3, T1,δ′′ and δ′0. Furthermore,
the time reversal symmetry is broken by B′,C3,B′′, C ′

3, T1,δ′ and δ′0. From
our results in Fig. 4.6 we know that the dominating symmetry breaking
contributions in Hxy and Hz are B′, B′′ and δ. As shown in the next section,
the fractionalization of the edges can still be observed in the presence of these
perturbations.

4.4.3. Realization of the Haldane Phase

Here, we show that fermionic dysprosium atoms can be used to realize Haldane
states with the characteristic spin-1/2 edge modes. Since the corrections are
the smallest for 161Dy and magnetic field B ≈ 3557.8G we focus on this
parameter regime. As already mentioned, the ratio of Jz/Jxy is fixed and
thus the only parameter that can be tuned arbitrarily is the detuning D. In
Fig. 4.1 we mark the regime that can be probed with fermionic Dysprosium
with the gray dashed line. In the antiferromagnetic case, where Jxy > 0 the
system can be tuned into the Haldane phase. However, we are always close
to the phase transition to the XY1-phase. This gives rise to strong finite size
effects in the spectrum and the edge modes. In particular the edge modes are
exponentially localized at the edges and decay over a characteristic length
scale. Close to the critical line this length scale becomes very large. In finite
size systems this implies that the edge modes overlap and thus the ground
state degeneracy is lifted.

Our goal is to find an optimal value forD, where the spin fractionalization can
be nicely observed, and the characteristic length scale is as small as possible.
To this end, we calculate the spectrum of the lowest energy states for different
magnetic field strength around B ≈ 3557.8 G for a chain with 100 atoms
using repeated finite DMRG runs. (see Fig. 4.7 (a)) In the regime where we
expect the system to be in the Haldane phase we find that the 4 lowest energy
states are the ones with magnetization Sztot = ±1 and Sztot = 0. As expected,
the ground state degeneracy is lifted. For larger system sizes the splitting of
the ground states becomes smaller, as shown in Fig. 4.7 (b). However, since
we are very close to the boundary of the Haldane phase the splitting of the
ground states is still of the order of the excitation gap for system size of 180,
that are much smaller than the characteristic length scale of the system near
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Figure 4.7.: Excitation spectrum in the Haldane phase near the critical line.
Panel (a) shows the energy spectrum of the lowest energy states
in the rotating wave approximation. We consider a chain with
100 161Dy atoms, lattice constant a = 200 nm, θ = 0 and mag-
netic fields 3557.47 < B < 3558.25 (this implies Jxy > 0 and
Jz = −0, 0555Jxy). The straight black lines indicate the phase
boundaries of the Haldane phase, that were determined using
the approach discussed in Section 4.2.3. The gray background
illustrates the regime where the four lowest states have total mag-
netization Sztot = ±1 and Sztot = 0 (×2). The dashed line indicates
the point where the ground state splitting is the smallest. Panel
(b) shows how the splitting of the ground state and the excitation
gap change with system size at the point that is indicated in panel
(a) with the dashed line. The energies are computed using finite
DMRG with bond dimension 100.

criticality. For our example with 100 atoms the smallest splitting of the ground
state energies occurs around D ≈ −1.3, which implies, that the length scale,
that characterizes the decay of edge state, is the smallest around this point.

Before we continue with the discussion of the edge modes, we consider the
effects of the effective magnetic fields B′ and B′′ in Eq. (4.7) and Eq. (4.8)
on the spectrum. Surprisingly, although these effective magnetic fields vary
in space, the main effect of the corrections on the low energy part of the
spectrum corresponds to the splitting a global magnetic field would cause.
The reason is the following. The effective magnetic field is constant in the bulk
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and differs only at the edges, where the spins have fewer neighbors. In the
Haldane phase, the lowest excited states are obtained by exciting one singlet
in the bulk. Thus, the spin expectation values of the lowest excited states
and the spin expectation values of the ground state have a similar pattern.
Furthermore, the edge states have a very long tail that protrudes into the bulk.
This lowers the effect of different magnetic field strengths in the bulk and
at the edges even more. For the low energy states, the effect of the effective
magnetic field is thus similar to the effect that a global magnetic field would
cause. For our analysis of the energy spectrum in Fig. 4.7 we absorb this global
effective field into the external magnetic field B.

In Fig. 4.8 we show the spin expectation value of the four ground states at
D = −1.3. As expected the spin expectation value alternates with the sites
[196]. Interestingly, the negative static interaction Jz leads to an admixture of
an additional ferromagnetic sub-pattern, that decays much slower. This large
decay length is due to the fact that we are close to the edge of the Haldane
phase. Furthermore, due to the effective magnetic field the oscillations of the
edge state with Sztot = −1 are stronger than the oscillations for Sztot = +1. To
understand this, we consider a strongly simplified picture, where a magnetic
field is only applied to the edges of the chain in negative z-direction. The spins
at the edges then tend to align with the magnetic field. For the spin-down
edge mode this implies that the spin expectation value at the edge is increased,
which is compensated by stronger oscillations. Vice versa, for the spin-up
edge mode the spin expectation value at the edge is decreased, and thus the
oscillations are weaker.

Besides the edge modes the Haldane phase is characterized by the appear-
ance of string order. Despite the symmetry breaking perturbations we in
principle observe a non-zero string order in the Haldane phase for system
sizes of 100 atoms. However, since we consider finite sized systems, this does
not necessarily imply that the string order survives the broken protecting
symmetry.

4.5. Implementation with Bosonic Dysprosium

The implementation with fermionic Dysprosium requires large magnetic fields
withB > 1000 G. While magnetic fields of this strength have been realized in
experiments [197, 198], most cold atom platforms do not allow for that large
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Figure 4.8.: Spin expectation values of the four ground states atD = −1.3Jxy
a chain with 100 161Dy atoms, lattice constant a = 200 nm and
θ = 0.

magnetic fields. Furthermore, in the previous discussion we were limited to a
fixed ratio of Jz/Jxy ≈ −0.0555. Here, we discuss a second option to tune
the |±2⟩ states out of resonance and how to add tunability in Jz/Jxy . This
offers the possibility to realize states that are deeply located in the Haldane
phase.

To tune the states |±2⟩ out of resonance, we use stark shifts, as illustrated in
the following. Using a laser each of the states |±2⟩ is coupled to an auxiliary
state with coupling strength Ω. The laser is detuned from the transition to
the auxiliary state by a detuning ∆ (see Fig. 4.9). For large detunings ∆ ≫ Ω,
we can use perturbation theory and approximate the energies of the states
|±2⟩ as ϵ±2 = ±2µBgJB−Ω2/∆. The energy one has to pay for leaving the
Spin-1 subsystem is then ∆± = −Ω2/∆. Large detunings are not necessarily
required. However, if the states couple resonantly, different coupling strengths
Ω± with |Ω+±Ω−| ≫ Vdd are needed to avoid unwanted resonant transitions
due to dipolar exchange interactions. In principle, virtual processes enable
resonant transitions out of the spin-1 subspace with coupling strength of the
order of V 2

dd/∆±. For sufficiently large detunings ∆± these processes are
much slower than the time scales of an experiment and are thus negligible.

To be able to tune the ratio of Jz/Jxy , we admix states with different m-
quantum numbers to the states |±1⟩ via Raman-type coupling. We illustrate
this for admixing the state |+3⟩ to the state |+1⟩. The two ground states with
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Figure 4.9.: Level scheme for detuning the |±2⟩ states (straight lines) and
tuning the ration Jz/Jxy (dashed lines). For the latter, where the
states |±3⟩ are admixed, an additional AC-Stark shift has to be
applied to shift the states |±4⟩ out of resonance. Instead of |±3⟩
one can also use |±2⟩ to tune Jz/Jxy . This has the advantage
that fewer couplings are needed. However, a downside is that to
obtain equally large Jz/Jxy one has to admix more of the state
|±2⟩ such that the interaction strength is stronger decreased.

quantum numbers mJ = +1 and mJ = +3 are coupled to an auxiliary state
|a1⟩ with coupling strength Ω1 and Ω′

1, respectively. The coupling lasers are
detuned by ∆1 and ∆1 − δ1, as illustrated in Fig. 4.9. The system is then
described by a Hamiltonian of the form

H =

 0 0 Ω1

0 δ1 Ω′
1

Ω1 Ω′
1 ∆1

 , (4.10)

where we defined |+1⟩ = (1, 0, 0)T , |+3⟩ = (0, 1, 0)T and |a1⟩ = (0, 0, 1)T .
In the limit where δ1 ≪ ∆1 ≈ Ω1,Ω

′
1 we find a dark state that takes the form

(Ω′
1,−Ω1, 0)

T for δ1 = 0. For 0 < δ ≪ ∆1 ≈ Ω1 the overlap of the dark
state with the excited state is still very small. The energy of the dark state
in second order perturbation theory is given by ϵ ≈ δ1Ω

2
1/(Ω

′2
1 +Ω2

1). The
other two eigenstates are far detuned for ∆1 ≈ Ω1,Ω

′
1.

Analogously, we admix the state |−3⟩ by coupling the ground states with
quantum numbers mJ = −1 and mJ = −3 to an auxiliary state |a2⟩ with
couplings Ω2 and Ω′

2 and detunings ∆2 and ∆2 − δ2. The effective spin-1
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states are then defined as

|+′⟩ = 1√
Ω2

1 +Ω′2
1

(Ω′
1 |+1⟩ − Ω1 |+3⟩) (4.11a)

|−′⟩ = 1√
Ω2

2 +Ω′2
2

(Ω′
2 |−1⟩ − Ω2 |−3⟩) (4.11b)

|0′⟩ = |0⟩ . (4.11c)

To ensure ⟨+′|µ+ |0′⟩ = ⟨0′|µ+ |−′⟩ and ⟨+′|µz |+′⟩ = −⟨−′|µz |−′⟩ we
require Ω1/Ω

′
1 = Ω2/Ω

′
2. The ratio of the couplings α := Ω1/Ω

′
1 allows us

varying

Jz
Jxy

= − 4

72

(1 + 3α2)2

1 + α2
. (4.12)

Finally, the detuning D = (δ1 + δ2)α
2/(1 + α2) can be tuned via δ1 and δ2.

The difference δ1 − δ2 enters as a global correction of the magnetic field.

A suitable candidate for the stark shifts and the Raman scheme is the 684 nm
transition from the state 4f106s2 5I8 to the state 4f95d6s2 5I8 [199]. Due
to their different Lande factors the ground state and the excited state split
differently in a magnetic field [200]. As a consequence the transition frequency
between a ground state and an excited state both with quantum number mJ

is ωmJ
= ω0 +∆egmJ with ∆eg/B = 0.1539 MHz/G. This allows driving

selected transitions between states with certain mJ - quantum numbers. As
auxiliary states one could for example use the excited states with quantum
numbers mJ = ±2. Due to the admixing of the excited state all ground states
obtain a small decay rate Γg ∝ Ω2/∆2

egΓ, here Ω represents the coupling
strength of any of the six couplings introduced before. Furthermore, due to
virtual processes different ground states are coupled with a coupling strength
∝ Ω2/∆eg . The required magnetic fields are in principle significantly smaller
than in the realization with fermionic Dysprosium. However, the stronger the
magnetic field, the better is the suppression of potential, subleading correction
terms.
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4.6. Conclusion and Outlook

In this chapter we discuss the realization of spin-1 XXZ-Heisenberg models
with Dysprosium. To encode the spin-1 degree of freedom we propose to
energetically isolate three Zeeman-sublevels in the ground state manifold of
Dysprosium. We discuss two approaches to realize this isolation. The first
approach is based on hyperfine coupling in fermionic Dysprosium, that causes
strong energy shifts on the Zeeman-sublevels. In the second approach, we
suggest AC-stark shifts applied to bosonic Dysprosium. For the fermionic case,
we derive subleading corrections that occur due to virtual processes and the
admixture of other Zeeman-sublevels. Furthermore, we show that even in the
presence of these corrections the proposed schemes allow for the observation
of the Haldane phase and in particular the fractionalization of the edge modes.
The parameter regime that can be reached with the proposed schemes is close
to the boundary of the Haldane phase. In particular, the fact that one is still
in the Haldane phase with these parameters is due to the dipolar character of
the interaction. Our schemes might thus be used to study the effect of dipolar
interactions on the location of the phase boundary. Furthermore, admixing
other Zeeman-states to three spin-1 sublevels by using AC-stark shits might
allow tuning the system deep into the Haldane phase.
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4.A. Matrix Product States

In this chapter we simulate spin-chains with more than 30 spins. This cannot
be done exactly on classical computer. A very efficient way to tackle such
problems numerically is the Density Matrix Renormalization Group (DMRG),
that makes use of matrix product states. Here, we very briefly sketch the main
concepts of matrix product states. The main goal is to clarify the term ”bond
dimension”, that is frequently used in the main text. A detailed introduction
to the topic is for example given in reference [11].

To efficiently represent states one can use matrix product states, where the
state is written as

|ψ⟩ =
∑
{s}

A
(s1)
1 A

(s2)
2 ...A

(sN )
N |s1s2...sN ⟩ . (4.13)

Here, the sum runs over all possible spin configurations, |si⟩ is the spin
state of lattice site i and A(si)

i are χ × χ-matrices, where χ is called bond
dimension.1 Thus, the state of N spins is described by N χ × χ-matrices
instead of (2s+ 1)N coefficients. In particular, for gapped phases with area-
law entanglement small bond dimensions are sufficient to describe the state
properly. However, for a gapless phase this is not the case. In DMRG, the
matrices A(si)

i in the matrix product states are optimized to minimize energy
expectation values.

4.B. Field Theoretical Description

Here, we present the field theory for the spin-Heisenberg model with single
ion anisotropy. Furthermore, we show that one can predict the full phase
diagram from the field theory. The discussion is based on references [176, 177],
where the interactions are restricted to nearest neighbors. We do not take
into account the dipolar character of the interactions.

1Note that, in principle the matrices A
(si)
i are not necessarily quadratic and can have

different bond dimensions for different lattice sites. In this case one has to ensure that the right
bond dimension of the matrix at lattice site i and the left bond dimension of the matrix at lattice
site i+ 1 are equal.
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For simplicity, we set Jxy = −1. To obtain the field theory for the spin-1
Hamiltonian, one first writes each spin-1 as two spin-1/2. Using bosonization
one then obtains a Hamiltonian of the form H = H+ +H− +H+− with

H+ =

∫
dx
u+
2π

(
K+(∂xθ+)

2 +
1

K+
(∂xϕ+)

2

)
+

g1
(πa)2

cos(2ϕ+)

H− =

∫
dx
u−
2π

(
K−(∂xθ−)

2 +
1

K−
(∂xϕ−)

2

)
+

g2
(πa)2

cos(2ϕ−)

+
g3

(πa)2
cos(2θ−)

H+− =

∫
dx

g4
(πa)2

cos(2ϕ+) cos(2ϕ−). (4.14)

Here, ϕ± and θ± are the symmetric and antisymmetric superposition of the
fields that live on the two spin-1/2 sublattices. For a chain with nearest
neighbor interactions the coefficients are K+ = 2/

√
1 + (2D + 6Jz)/π ∝

(u+)
−1, K− = 2/

√
1− (2D − 2Jz)/π ∝ (u−)−1, g1 = g2 = (D − Jz)a,

g3 = −1 and g4 = Jza. The coupling term H+− is not relevant for the
following discussion.

The Hamiltonian H+ is the Sine-Gordon model and for K+ < Kc = 2 we
thus expect a massive phase, while for K+ > Kc we expect a massless phase,
where the coupling g1 is irrelevant. Next we notice that g1 changes its sign
at Jz = D. This divides the massive phase in two halves and corresponds
to the transition between the Haldane- and the large-D phase. In H−, we
have two interaction terms g2 and g3. Calculating the RG-flow one can show
that one of them is always relevant and that the transition between the two
different regimes happens atK− = 1. The line withK− = 1 thus divides two
massive phases. Finally, we notice that the coefficient of (∂xϕ+)2 becomes
negative if 6Jz + 2D + π < 0. In this regime, some approximations that are
used to derive the field theory are no longer valid. This gives rise to one more
phase transition at u+/K+ = 0. The above considerations allow sketching
the phase diagram as shown in Fig. 4.10.
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Figure 4.10.: Analytically derived phase diagram of the spin-1 Heisenberg
model with nearest neighbor interactions [176].

4.C. Level Spectroscopy

Here, we very briefly sketch the idea behind the level spectroscopy method.
For more details we refer to references [190–192]. We consider an operator
O(r) with correlations ⟨O(r1)O(r2)⟩ = |r1 − r2|−2x, where x is the scaling
dimension of the operator. Now, we consider the complex plain with variables
z1 and z2 and use the conformal mapping ω = L

2π ln(z), that maps the z-plane
to a cylinder. Assuming conformal invariance and the z-transform2 gives

⟨O(ω1, ω̄1)O(ω2, ω̄2)⟩ =
2π

L

∑
m,m̄

fmfm̄e
− 2π

L (x+m+m̄)ue−
2πi
L (m−m̄)v.

(4.15)

Here, L is the perimeter of the cylinder, u = u1 − u2 and v = v1 − v2.
The variables ui and vi are the real and imaginary part of ωi and fm =
Γ(x+m)/(Γ(x)m!).

On the other hand we can compute the correlations using the transfer ma-
trix. The operator is then given by O(u1, v1) = eHu1O(v2)e

−Hu1 , with

2The z-transform allows expressing a function F (z) as F (z) =
∑

n fnz−n. In our case

we have z = e
2π
L

ω
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Hamiltonian H and the correlations take the form

⟨O(u1, v1)O(u2, v2)⟩ =
∑
n

⟨0|O(v1) |n⟩ e−(En−E0)(u1−u2) ⟨n|O(v2) |0⟩ ,

(4.16)

where |n⟩ are the eigenstates of H with eigenenergies En. Comparison of
the two expression thus allows to connect eigenenergies and scaling dimen-
sions and thus to predict where level crossings are expected. One can then
conclude from the appearance of these level crossings, that a critical point
was reached.

Note that the method was developed for systems with short-range interactions.
Here, we apply it to a system with dipolar interactions. We do not rigorously
proof that the above arguments are still valid in this case. However, our
results for the critical lines are in agreement with other studies on power-law
interacting spin chains [180].

4.D. Details on the Derivation of the Critical
Lines

For the computation of most critical lines we use periodic boundary conditions.
Here, we discuss how to treat periodic boundary conditions for a system with
dipolar interactions.

In contrary to the problems considered in [179, 190–192], our Hamiltonian
includes long-range interactions. Thus, the question arises how to deal with
periodic boundary conditions. The easiest is to introduce a cutoff that is
smaller than half of the system size. However, as shown in figure Fig. 4.11
this converges slowly for some transitions. Furthermore, we find that one
obtains the same critical values without taking into account a cutoff. Thus,
we don’t use a cutoff, which allows us to work with smaller system sizes.

In figure Fig. 4.11 we exemplarily compare the boundaries with and without
cutoff for the different transitions. The panels on the left (that is panel (a), (c),
(e) and (g)) correspond to Jxy > 0 and the panels on the right to Jxy < 0. The
BKT-transition is exemplarily shown in panel (a) and (b) atD = 0 with system
sizeN = 50. The XY1-XY1/2 transition is shown for system sizeN = 50 with
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4.D. Details on the Derivation of the Critical Lines

Jz = −0.19 (c) and Jz = −0.1 (d). For the Haldane-large-D transition we
consider system size N = 50 and vary Jz and D between the point [Jz = 1,
D = 0.65] and the point [Jz = 0.7, D = 0.88] (e) and between [Jz = 1.9,
D = 1.3] and [Jz = 1.4, D = 1.8] (f). The FM-XY transition is shown for
system size N = 30 at D = 0 (g) and D = −1.3 (h). To obtain the critical
value in the limit of an infinite cutoff we extrapolate with

f(x) = a[− sgn(Jxy)]
x exp(−x/b) + c. (4.17)
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Figure 4.11.: Deviation of the critical values for different cutoffs from the criti-
cal value without cutoff (zero-line) for different phase transitions
at exemplary points: BKT transition (a) and (b), XY1 to XY1/2

(c) and (d), Haldane to large-D (e) and (f) and FM to XY (g) and
(h). In the left panels ((a), (c), (e) and (f)) we consider Jxy > 0
and in the panels on the right Jxy < 0. The gray lines show an
extrapolation as introduced in Eq. (4.17). The error bars represent
the tolerance up to which we locate the critical values. For all
critical values we used a bond dimension of 800.
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5
Dissipative Cooling of

Many-Body States Realized
with Rydberg Atoms

One important aspect in quantum simulation experiments is the preparation
of many body states and especially the ground state of a certain phase. Many
experiments utilize adiabatic state preparation [23, 26, 66, 201]. Here, the
system parameters are chosen such that the initial state of the system is the
ground state of the initial Hamiltonian. The system parameters are then
slowly varied until the desired phase is reached. If the parameter sweep is
sufficiently slow the system stays in the ground state and in particular at the
end of the parameter sweep, the system is in the ground state of the final
Hamiltonian [202]. The duration of the parameter sweep is determined by
the size of the excitation gap. Thus, when passing a phase transition, where
the gap closes, the adiabatic preparation in principle becomes infinitely slow.
In finite systems, the preparation time scales with the system size due to
finite size gaps. The preparation of symmetry protected topological phases is
an exception, since in this case gap closings can be avoided by breaking the
protecting symmetry during the parameter sweep [24].

An alternative approach is the dissipative preparation of quantum states [67–
69]. Here, the system is coupled to a bath, which induces non-equilibrium
dynamics. The time evolution of the system is then described by a master
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5. Dissipative Cooling of Many-Body States Realized with Rydberg Atoms

equation. For large times, the system reaches a stationary state, which, if
it is pure, is called a dark state. By means of reservoir engineering one can
realize a master equation, which has the desired many-body state as (unique)
dark state [68] such that independent of the initial state the system will end
up in the desired many-body state. The capability of this approach has been
studied theoretically [203–208] as well as experimentally [209–211], indicating
dissipative state preparation as a promising tool.

In this chapter we propose protocols for the dissipative preparation of many
body states in systems of Rydberg atoms. The project was done in collabo-
ration with the group of Antoine Browaeys1. To prepare states in a system
of Rydberg atoms, we couple it to a bath of dissipative Rydberg atoms using
dipolar exchange interactions. By tuning the transition frequency between
system and bath, decay channels to system states with certain energies can
be selected. Our approach is based on a proposal for cooling molecules [204]
and very recently, a proposal for Rydberg platforms that is based on a similar
mechanism has been published in reference [212]. In the following, we first
introduce the setup in reference Section 5.1, followed by a discussion of the
general dissipative preparation mechanism in Section 5.2. Afterward, we
present possible applications of the cooling schemes in Section 5.3 and sketch
how the presented protocols might be realized in experiments in Section 5.4.

5.1. Setup for Dissipative Cooling

Our setup is illustrated in Fig. 5.1. It is based on a cooling scheme for molecules
that was developed in reference [204]. We consider a system of NS Rydberg
atoms with two Rydberg states |S⟩ and |P ⟩. In the following the state |S⟩ is
considered as the absence of a particle, whereas the state |P ⟩ depicts a hardcore
bosonic particle. The atoms interact via dipolar exchange interactions and

1The following people were involved in this project: Gabriel Emperauger, Cheng Chen,
Guillaume Bornet, Thierry Lahaye, and Antoine Browaeys from Paris and from Stuttgart Johannes
Mögerle and Hans Peter Büchler
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Figure 5.1.: Illustration of the setup. A system of two-level Rydberg atoms
(red), that are supposed to encode a many-body Hamiltonian, is
coupled to a bath of Rydberg atoms (blue) via dipolar exchange
interactions (green arrows). The Rydberg atoms in the bath are
subject to decay.

the system Hamiltonian in the rotating wave approximation is given by2

Hsys = −J
∑
i ̸=j

a3

|rij |3
S+
i S

−
j . (5.1)

Here, S+
i = |P ⟩ ⟨S|i and S−

i = |S⟩ ⟨P |i are the spin operators of the system,
rij = ri − rj is the distance between the atom at position ri and the atom at
position rj , J is the interaction strength for two system atoms ins distance
a. Since the number of hardcore bosons in the system is conserved, the
Hamiltonian is block diagonal, and we can write Hsys =

∑
nH

(n)
sys , where

H
(n)
sys acts on the n-particle subspace.

Our goal is to cool the system into a many-body eigenstate. To this end, the
system is coupled to a dissipative bath of auxiliary atoms via dipolar exchange
interactions (see Fig. 5.1). The bath atoms consist of three relevant levels: the
ground state |g⟩, the decaying Rydberg state |e⟩ and an additional Rydberg
state |r⟩. The interaction Hamiltonian, that accounts for the system-bath

2Note, that we deviate here from our previous notation. Hamiltonian parameters like the
interaction strength J are in this chapter defined as energies, as is customary in experimental
publications.

109
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interaction, takes the form

Hint = −J
∑
i,l

a3

|ril|3
[S+
i s

−
l + S−

i s
+
l ], (5.2)

where s−l = |e⟩ ⟨r|l and s+l = |r⟩ ⟨e|l are the spin operators of the bath atoms.
As we will see later, the system states |S⟩ and |P ⟩ and the bath states |r⟩ and
|e⟩ will be encoded in the same Rydberg states. We already account for this
by assuming the same coupling strength J for two system atoms in distance a
and a system atom and a bath atom in the same distance. The ratio of system
interactions and system-bath interactions is tuned via the distance of the
system atoms and the distance between the system and the bath.

The transition frequency of the bath states |r⟩ and |e⟩ is detuned from the
system transition from |S⟩ to |P ⟩ by a detuning δ. Furthermore, the bath
atoms also interact via dipolar exchange interactions and the Hamiltonian of
the bath is thus

Hbath = δ
∑
l

s−l s
+
l − J

∑
l ̸=l′

a3

|rll′ |3
s+l s

−
l′ . (5.3)

In the following, we place the bath atoms far apart, such that interactions
between bath atoms are in principle negligible. Nevertheless, they are included
in our numerical simulations.

The dynamics of the full system is described by a Lindblad master equation

ρ̇ = − i

ℏ
[H, ρ] +

γ

ℏ

(∑
l

LlρL
†
l −

1

2
{L†

lLl, ρ}
)
, (5.4)

with the Lindblad operator Ll = |g⟩ ⟨e|l, the total Hamiltonian Htot = Hsys +
Hbath +Hint and ρ the density matrix of the full setup. The first term in the
Lindblad master equation describes the coherent dynamics and the second
term gives rise to dissipation. Here, the term ∝ {L†

lLl, ρ} is responsible for
the decay and the term LlρL

†
l determines the state into which the system

decays. The coherent dynamics and the term ∝ {L†
lLl, ρ} can be combined

into an effective, non-hermitian Hamiltonian Heff = H − iγ/2
∑
l L

†
lLl. In

the following, we use this non-hermitian Hamiltonian to estimate decay rates
for the interacting system analytically within perturbation theory.
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Figure 5.2.: Illustration of the cooling mechanism. Due to the system-bath
interaction (green arrows) and the decay of the bath state |e⟩ (light
blue) the system effectively decays from the state |S⟩ to the state
|P ⟩. If there are several interacting system atoms, the detuning
δ between the system and the bath can be used to energetically
select the final state.

5.2. Dissipative State Preparation

Here, we discuss how the above setup can be used to prepare selected system
states. Furthermore, we comment on the occurrence of dark states, that
might prevent the preparation of the desired state and how to circumvent the
population of wrong dark states.

5.2.1. Effective Decay Channels

To illustrate the general mechanism behind the dissipative state preparation,
we initially consider one system atom, that is initialized in the state |S⟩ and
one bath atom with detuning δ = 0 initialized in |r⟩, as depicted in Fig. 5.2.
Due to the exchange interaction the full setup then oscillates between the
state |Sr⟩ and the state |Pe⟩. Since the state |e⟩ decays to the ground state,
the final state of the system-bath dynamics is |Pg⟩ and the system effectively
decays from the state |S⟩ to the state |P ⟩. Consequently, one bath atom can
be used to add one particle to the system. Analogously, n bath atoms can be
used to add n particles to a system with NS > n system atoms.

Next, we consider two interacting system atoms, both initialized in |SS⟩ that
are weakly coupled to a bath atom, that is again initialized in |r⟩. Due to
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the exchange interactions, the system has the following eigenstates. In the
zero-particle subspace we simply have the state |SS⟩ with energy ϵ0 = 0 and
similarly in the two-particle subspace the state |PP ⟩ with energy ϵ2 = 0.
In the one-particle subspace we find eigenstates |±⟩ = (|SP ⟩ ± |PS⟩)/

√
2

with energies ϵ± = ∓J . The system bath interaction in general couples the
initial state |SSr⟩ to the states |±e⟩. The detuning of the bath can be used
to energetically select which one-particle eigenstate should be prepared. For
δ = J the transition from |SSr⟩ to |+e⟩ is resonant, while the transition to
the state |−e⟩ is strongly suppressed, if the system bath coupling is much
smaller than the system interaction J . A more detailed analytical analysis of
this minimal example is given in Section 5.A.

In general, given the initial bath state |α⟩, the effective decay rate from an
initial n-particle system-state |a⟩ with energy ϵ(n)a to a n + 1-particle state
|b⟩ with energy ϵ(n+1)

b in perturbation theory takes the form [204]

Γaα→b =
∑
β

| ⟨bβ|Hint |aα⟩ |2

(δ + ϵ
(n+1)
b − ϵ

(n)
a )2 + γ2/4

γ, (5.5)

where the sum runs over all possible final bath state |β⟩. For a single bath
atom initialized in |r⟩ the states |α⟩ and |β⟩ are simply given by the bath states
|r⟩ and |e⟩. However, in general we will have NB bath atoms that are initially
prepared in |r⟩ such that we in total addNB particles to the system. Along the
preparation path, after already adding n excitations to the system, the state
|α⟩ is then some state with n bath atoms in |g⟩ and NB − n bath-atoms in
|r⟩. The above approximation of the effective decay rate is valid if the energy
difference δ + ϵ

(n+1)
b − ϵ

(n)
a is much larger than the system bath coupling

| ⟨bβ|Hint |aα⟩ | or if the decay rate γ is much larger than the system bath
coupling.

To obtain a better understanding of the effective decay rate for resonant
transitions and in the case of system-bath couplings of the order of the decay
rate, we consider the following simplified problem. Two resonant states
are coupled with coupling g and one of the two states decays with a rate
γ. Neglecting the LρL†-term the dynamics of the system is described by a
matrix of the form

Htoymodel =

(
0 g
g −iγ/2

)
. (5.6)
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The eigenstates of this matrix decay with ratesΓ± = (1±
√
1− 16(g/γ)2)γ/2

for g < γ/2 and Γ± = γ/2 for g ≥ γ/2. The maximum effective decay rate
that can be reached is thus γ/2. The reason is that for sufficiently strong
couplings g the decay rate γ is equally distributed to the two eigenstates. In
the following we are interested in time efficient state preparation and thus
large effective decay rates. Accordingly, the system bath coupling has to be of
the order of the bath decay rate γ.

Finally, we comment on the preparation fidelity. Starting in an initial state
|a, α⟩ the probability to end up in the state |b⟩ is pb,aα = Γaα→b/Γaα,tot, with
Γaα,tot =

∑
b Γaα→b the effective decay rate of the state |aα⟩. For sufficiently

large energy gaps |ϵ(n+1)
b − ϵ

(n)
a | ∝ J >> γ, the preparation infidelity scales

with

pwrong ∝
( γ
J

)2
. (5.7)

In summary, fast and high-fidelity state preparation requires g ≈ γ ≪ J ,
where we introduced g as a measure for the system-bath coupling strength.

5.2.2. Dark States

Here, we analyze in which cases the system is trapped in dark states, that
differ from the state we want to prepare and discuss possible solutions. In
the next section, we show an example, where the system is trapped in a dark
state.

A state is a dark state if it is an eigenstate of the Hamiltonian and furthermore
an eigenstate of all Lindblad operators Ll with eigenvalue 0. Obviously, any
state without bath atoms being in the state |e⟩ is an eigenstate of the Lindblad
operators with eigenvalue 0. As we have discussed in the previous section,
our cooling mechanism is based on the system bath interaction that adds a
particle to the system and transfers a bath atom from the state |r⟩ to the state
|e⟩, which then decays. Thus, dark states appear, if a state is not affected by
the system-bath interaction. As we illustrate in the following this in particular
happens, if the initial state lies in a degenerate subspace with dimension d
and is supposed to decay to a subspace with dimension smaller d.

We consider the system being prepared in an energetically degenerate sub-
space Hinitial with dimension di in the n-particle sector and one bath atom
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initialized in |r⟩. The system is supposed to decay into another degenerate
subspace Hfinal with dimension df in the n+1-particle sector. In particular, if
we aim for the preparation of a single state the dimension of the final subspace
is df = 1. The dimension of the initial subspace might in general be larger
than 1, for example, if a few particles have already been added to the system.
We assume that all other transitions are energetically suppressed and thus
negligible. The interaction Hamiltonian can then be written as a matrix of
the form

Hint,red =

(
0 V
V † 0

)
, (5.8)

where V is a di × df matrix. If df < di, the kernel of this matrix is non-zero
and thus there are states in the initial subspace, that do not couple to the final
subspace and are thus dark states. The issue can be resolved by adding more
bath atoms, such that states that are not affected by the interaction with one
bath atom interact via another bath atom.

5.3. Applications

In this section, we discuss possible applications of our setup. We first show,
that the setup can be used to deterministically add particles to the system.
Afterward, we discuss possible cooling schemes and show, that with our setup
a system that is initially in a superposition of several energy eigenstates can
be cooled into one single eigenstate of the system Hamiltonian. Finally, we
consider the injection of individual particles into selected edge states.

5.3.1. Adding Particles Deterministically

Here, we show that our setup can be used to deterministically add parti-
cles to the system and prepare ground states. As an example we consider a
short SSH-chain with 6 atoms. There are 2 atoms per unit cell in a distance
a with coupling strength J and the distance between two unit cells is a′,
such that neighboring atoms that belong to different unit cells interact with
J ′ = Ja3/a′3. Due to the dipolar character of our interaction, we also have
hoppings between lattice sites that are not directly next to each other. In the

114



5.3. Applications

0 1 2 3 4 5 6

number of particles

−3

−2

−1

0

1

2

3

en
er

g
y

[J
]

0 5 10

t [µs]

0.0

0.5

1.0

g
ro

u
n

d
st

at
e

p
op

u
la

ti
on

0 5 10

t [µs]

0.0

0.5

1.0

gr
o
u

n
d

st
a
te

p
o
p

u
la

ti
on

n = 0

n = 1

n = 2

n = 3

0 5 10

t [µs]

0.0

0.5

1.0
gr

o
u

n
d

st
a
te

p
o
p

u
la

ti
on

(a) (b)

(c) (d)

Figure 5.3.: Examples for the deterministic state preparation. Panel (a) shows
the energy spectrum for a chain with 6 atoms with unit cell dis-
tance a′ = 2a and thus J ′ = J/8. Panels (b) to (d) show the
preparation fidelity of the many body ground state (red curve)
and the states that lie on the intended preparation path for dif-
ferent bath configurations. For all three preparation schemes we
choose J/h = 0.77 MHz and γ/h = 0.48 MHz. The insets show
the positions of the bath atoms. The bath atoms that are located
near a unit cell are in a distance of 1.35a from the chain and the
bath atoms that are located between two unit cells (as in panel
(c) and (d)) are in a distance of 1.2a from the chain. The gray
dashed curves sketch the fastest possible decay ∝ exp(− γ

2ℏ t) and
∝ (1 − exp(− γ

2ℏ t)). The prefactor of the latter is given by the
final preparation fidelity of the numerical data. For panel (b) the
preparation fidelity after 10 µs is 0.91 and for panel (d) 0.87.
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following, we focus on J > J ′. The energy spectrum then consists of two
bands with bandwidth of the order of 2J ′. The gap between the two bands is
approximately given by 2(J − J ′). In Fig. 5.3 (a), we show the numerically
calculated eigenenergies of the system for a′ = a/2.

Our goal is to prepare the half-filling ground state starting with an empty
system, where all atoms are in the state |S⟩. To this end, we couple the system
to three bath atoms, that are all detuned by δ = ϵgs/3, such that the total
energy removed from the system matches exactly the energy of the half filling
ground state ϵgs. The interaction with the bath then adds excitations to the
lower band. The interaction strength of the system and the bath is chosen
to be of the order of the bandwidth. As discussed previously, the strength of
the interaction determines the strength of the decay to guarantee sufficiently
fast preparation times. Consequently, the preparation fidelity is limited by
the ratio of the bandwidth and the band gap. The deterministic preparation
approach is thus well suited for filling flat bands with large band gaps.

To obtain a better fidelity one could in principle choose a very small system
bath interaction, such that the states within one band are resolved. However,
as the energy difference between the state within one band decreases when
increasing the system size, this would lead to very slow preparation times.
Alternatively, the fidelity can be further improved using the cooling schemes
discussed in the next section.

In Fig. 5.3 we show the preparation fidelity for the discussed setup for different
bath configurations. The system dynamics is computed numerically using
a Lindblad super operator and the effective operator formalism introduced
in [213]. More details are given in Section 5.B and Section 5.C. The colored
curves show the ground state population for the different particle sectors.
The slowest decay process is from the n = 2-sector to the n = 3-sector. The
reason is that in the first two decay processes form n = 0 to n = 1 and
n = 1 to n = 2 the final states cover a wider or equally wide energy range
as the initial states. In the last step this changes and the fact that the decay
channels to the half-filling ground state are not all perfectly resonant matters.
Nevertheless, the effective decay rate is almost at the largest possible effective
decay rate γ/2, as indicated by the gray dashed curves.

The preparation fidelity is strongly affected by the positions of the bath atoms.
Since the half-filling ground state has a very high overlap with the three unit
cells being in a triplet state, the best bath configuration would be to place
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one bath atom per unit cell, such that distance to both system atoms in the
unit cell is the same. In this case, the singlet state is completely decoupled
from the dynamics. However, since we aim for preparation based on energetic
selection of the final state and not by engineering the exact form of the system
bath interactions, we choose the configuration shown in panel (b) in Fig. 5.3
as an exemplary best case scenario. Starting from this configuration we shift
one bath atom to the middle of two different unit cells as indicated in the
inset in panel (c). In this case the preparation fidelity drops strongly and the
effective decay of the n = 2-sector becomes much slower. The reason is, that
for this configuration, we couple strongly to states that have a large overlap
with the state where we have two particles in the left unit cell and no particle
in the middle one. However, the transition to these states is energetically
strongly suppressed. At the same time, the coupling to the half-filling ground
state is decreased. The combination of this leads to the decrease in the fidelity
and the slow decay. If we place two bath atoms in the middle of two unit
cells, as indicated in panel (d), we obtain again a better preparation fidelity
and a stronger effective decay rate. In particular, with a fidelity of 87% this
configuration is only 4% below the configuration in panel (b).

5.3.2. Cooling

Next, we illustrate the possibility of dissipative cooling. As an example, we
consider an equilateral triangle of system atoms with side length a and a
chain with four system atoms in distance a, a′ and a. As initial state we
choose the state, where one system atom is in the state |P ⟩ and all other
system atoms are in |S⟩. The system is thus in a superposition of all energy
eigenstates with total particle number n = 1. To cool the system into one
single state, in our case the lowest energy state in the n = 2 sector, we add a
bath atom and vary its detuning stepwise, such that first the highest energy
states couple resonantly to the final state and later the lower energy states in
the n = 1-sector. In the case of the chain one bath atom is sufficient. However,
for the triangle the states with energy J are two-fold degenerate for n = 1
and n = 2. Thus, we have to use two bath atoms to avoid the appearance of
dark states in the n = 1 sector.

The eigenenergies of the two systems and the cooling dynamics are shown in
Fig. 5.4. The system dynamics is computed using Lindblad super operators
(see Section 5.B). The cooling efficiency for the chain is around 80%. The main
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Figure 5.4.: Examples for cooling. Panel (a) and (c) show the energy spectra
for 4 system atoms arranged in a line with interatomic distances
a, 1.5a and a (panel (a)) and in a triangle with side length a (panel
(b)). Panels (b) and (d) show probabilities to be in any state with
total particle number n = 1 or in the lowest energy state with
n = 2 for the chain (panel (b)) and the triangle (d). The insets in
panel (b) and (c) show the atomic configurations. The initial state
is the state where the system atom marked with a black circle is
in the state |P ⟩ and all other system atoms are in |S⟩. For the
chain the bath atom is in a distance of 1.2a from the chain, the
coupling is J/h = 2.5 MHz and the decay rate γ/h = 0.4 MHz.
In the case of the triangle the bath atoms are in a distance of 2a
from the closest system atom, the coupling is J/h = 2.2 MHz and
the decay rate is γ/h = 0.35 MHz. The gray dashed lines in panel
(b) and (d) indicate a change in the system-bath detuning. For the
triangle the energies at 1J are 2-fold degenerate and thus two
bath atoms are required to not populate a dark state. The light
curves show the cooling fidelity in the presence of only one bath
atom.118
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limitation is here the very weak coupling of the two states near energy J to
the final state. The weak coupling requires the bath atoms to be close to the
system. Even then, the coupling is so weak, that each of the two states has to
be cooled separately with a perfectly resonant detuning. The two energy levels
around energies −J couple much stronger to the desired state and can thus be
cooled using only one detuning that is chosen such that their average energy
is resonant with the half-filling ground state. Unfortunately the lower lying
states also couple strongly to the n = 2-states with energies around 0 and
thus while cooling the first two levels, these states partly decay into the states
with energies 0 despite the fact that they are far detuned. Furthermore, the
weakly coupling states also couple strongly to other states in the n = 2 sector,
such that even more population gets lost to wrong states during the first two
cooling steps. For the triangle all n = 1-states couple sufficiently strong to
the final state, and we obtain a higher preparation fidelity. As illustrated with
the light lines, one bath atom is not sufficient to cool the system, due to the
degeneracy of the upper two energy levels. During the first cooling step with
detuning δ = 3J , the system gets stuck in a dark state. When ramping the
detuning to δ = 0 this state decays into the subspace spanned by the n = 2
states with energy J . Adding a second bath atom resolves this issue.

So far, we can only cool by adding particles to the system. To generalize the
cooling such that we can cool the system into a certain state independent
of its initial state, we consider a second kind of bath atoms, where instead
of the state |e⟩ the state |r⟩ decays as illustrated in Fig. 5.5 (a). The effective
decay mechanism is then in analogy to the previous analysis, where the bath
is now initialized in |e⟩. Consequently, the second bath removes particles
from the system. Combining the two baths thus allows cooling the system
into a single state even if the initial state is in a superposition with different
particle numbers.

As a minimal example, we consider the cooling of two interacting system
atoms, that are initially in the state (|SS⟩ + |PP ⟩ + |SP ⟩ − |PS⟩)/2. We
consider two cooling protocols. In the first protocol, both bath atoms decay
simultaneously. In the second protocol, the first bath initially decays, while
the decay of the second bath is switched off. In a second step the decay of
bath 1 is switched off and instead the second bath decays. The detunings of
the two baths are set to zero during the time, where the bath does not decay.
In Fig. 5.5 we show the cooling dynamics for the simultaneous cooling in
panel (c) and the stepwise cooling in panel (d). For the simultaneous cooling,
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Figure 5.5.: Examples for cooling the full system. Panel (a) illustrates the
level schemes of the two baths. The first bath is the bath that we
already used previously. In the second bath the state |r⟩ decays
and the state |e⟩ does not. Panel (b) shows the eigenenergies of two
interacting system atoms. Panel (c) and (d) show the cooling of the
system initialized in a superposition of |SS⟩ (orange lines), |PP ⟩
(green) and |−⟩ = (|SP ⟩ − |PS⟩)/

√
2 (red) into the state |+⟩ =

(|SP ⟩ + |PS⟩)/
√
2 (blue). The inset shows the arrangement of

the system and bath atoms. In both cases the system interaction is
J/h = 1.53 MHz. In panel (c) the first bath atom has a decay rate
of γ1/h = 0.32 MHz for the level |e⟩ and the second has a decay
rate of γ1/h = 0.16 MHz for the level |r⟩. The distance between
the bath atoms and the nearest system atom is 2a, where a is the
distance of the system atoms. In panel (d) initially only the first
bath atom decays with a rate of γ1/h = 0.32 MHz. After 3 µs this
decay is switched off as indicated by the dashed vertical line, and
instead we switch on the decay of the second bath as γ2/h = 0.32
MHz. The distance between system and bath is 1.7a.
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Figure 5.6.: Examples for the injection of individual excitations. Panel (a)
shows the energy spectrum for a chain with 6 atoms with unit
cell distance a′ = a/2 and thus J ′ = 8J . Panel (b) shows the
population of the ground state with empty edges (blue line) and
the population of the left and the right edge (straight orange and
dashed orange line). The coupling strength for atoms in distance
a′ is J ′/h = 0.77 MHz and the decay rate of the bath atom is
γ/h = 0.31 MHz. Panel (c) is a zoom into the ground state
energies and panel (d) shows the position of the bath atom relative
to the system. The distance between the closest system atom and
the bath atom is 1.45a′.

we choose a smaller decay rate γ2 for the second bath than the decay γ1 of
the first bath. Thus, the state with zero particles and the highest energy state
decay faster than the two-particle state. If one chooses γ1 = γ2 the zero-
and the two-particle state have the same dynamics and the green and the
orange curve lie on top of each other. For the stepwise cooling, initially the
zero-particle state and the highest energy state decay to the two-particle state
and the lowest energy state. After switching on the decay for the second bath,
the two-particle state decays into the lowest energy state.
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5.3.3. Injection of Individual Excitations

As a third application we consider the preparation of edge modes. As an
example, we consider again the hardcore bosonic SSH-chain. However, we
now assume that the distance between atoms within one unit cell is larger
than the distance between the unit cells. In this case we have again two bands
with bandwidth of the order of J and a band gap of the order of 2(J ′ − J).
In addition, there are energy levels at approximately zero energy, due to
the weakly coupled lattice sites at the edge of the chain. The ground state
of the system is thus 4-fold degenerate, as shown in Fig. 5.6 (a). The four
states correspond to both edges empty, the left edge occupied, the right edge
occupied and both edges being occupied.

We assume that the system is initialized in the ground state with empty edges
and use a single bath atom to add a particle into the left edge mode. The
half-filling ground state manifold is selected by setting the bath detuning
δ = 0. If the bath atom is located near the left edge of the chain, the coupling
to the left edge is much stronger than to the right edge, and we thus add a
particle to the left edge. Due to the finite size of the chains the left and right
edge modes couple, which leads to the small splitting of the two half filling
ground states (see panel (c) in Fig. 5.6). Thus, after injecting the particle it
oscillates between the two edges as shown in Fig. 5.6.

5.4. Implementation

Here we discuss possibilities to engineer the bath decay and detuning. We
will mainly focus on the implementation of bath 1, where the state |e⟩ decays
and later give a short outlook on possible realizations of bath 2.

The lifetime of a Rydberg state can be tuned by coupling the state with a laser
to a low-lying state with a short lifetime [214]. To ensure that the system
atoms are not affected by this coupling, the bath atoms have to be addressed
locally. For example, this can be done following the experiment in reference
[215]. The coupling between the Rydberg state and the short-lived state is
described by the Hamiltonian

HΩ =

(
∆− iΓ2 Ω

Ω 0

)
, (5.9)
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Figure 5.7.: Level scheme for implementing the dissipative cooling proto-
cols in 87Rb. The system (left) is encoded into the Rydberg
states |60S1/2,mJ = 1/2⟩ and |60P1/2,mJ = −1/2⟩. The Ry-
dberg states of the bath are encoded into the same two Rydberg
states and dissipation is added by coupling to the short-lived 6P3/2

state (middle). To admix decay to the 60P1/2 one might use the
same coupling laser as for the first bath, in combination with a
microwave field (right).

where we defined the short-lived state |a⟩ = (1, 0)T and the Rydberg state
|e⟩ = (0, 1)T . The two states are coupled with a coupling strength Ω and laser
detuning ∆ and the short-lived state decays with a rate of Γ. Diagonalization
of the Hamiltonian gives the following relation for the bath detuning and the
decay of the bath atoms

δ =
1

2
Re
(
∆− i

Γ

2
−
√

4Ω2 + (∆− iΓ/2)2
)
,

γ = −Im
(
∆− i

Γ

2
−
√

4Ω2 + (∆− iΓ/2)2
)
. (5.10)

We now exemplarily discuss possible implementations with 87Rb. The states
|S⟩ and |P ⟩ are encoded in the Rydberg states |60S1/2,mJ = 1/2⟩ and
|60P1/2,mJ = −1/2⟩, as illustrated in Fig. 5.7 in the left box. The bath
states |e⟩ and |r⟩ are encoded in the same states. To admix decay to the
state |e⟩ it is coupled to the short-lived 6P3/2-state (middle). The 6P3/2-state
has a decay rate of Γ/h = 1.4 MHz [216]. For an interatomic distance of

123



5. Dissipative Cooling of Many-Body States Realized with Rydberg Atoms

a

a′

2 4 6 8

Ω/h [MHz]

0

10

20

30

∆
/h

[M
H

z]
0.2

0.4

0.6

0.8

in
fi

d
el

it
y

(a) (b)

Figure 5.8.: Experimental parameters for the preparation of the W-state for
three system atoms arranged in triangle. Initially, all system atoms
are in the state |S⟩. Panel (a) shows the arrangement of the system
and bath atoms. The distance between the bath atom and the clos-
est system atom is a′ = 1.6a. In panel (b) we show the infidelity
for the preparation of the W-state for different laser couplings Ω
and detunings ∆.

a = 12.5 µm the dipolar exchange interaction between |60S1/2,mJ = 1/2⟩
and |60P1/2,mJ = −1/2⟩ is J/h = 0.77 MHz (see for example [23]). In
Fig. 5.8 we exemplarily show the preparation infidelity of the W-state
(|PSS⟩ + |SPS⟩ + |SSP ⟩)/

√
3 after 6 µs for different Ω and ∆ and the

system initialized in |SSS⟩. We find range for which the infidelity can be
suppressed below 10%.

Finally, we comment on the implementation of the second bath where the
state |r⟩ = |60P1/2,mJ = −1/2⟩ decays. One option is to use a two-photon
transition with a laser and a microwave as illustrated in the right box in
Fig. 5.7. To not affect the system atoms and the other bath, this requires the
microwave coupling Ω′ to be much smaller than the microwave detuning ∆′.
The effective coupling between the 60P state and the 6P state Ωeff ∝ Ω′Ω/∆
should be of the order of ∆. Admixing decay to both baths at the same time
might be experimentally challenging, Thus, the stepwise cooling protocol,
where the decay is first admixed to one bath and then afterward to the second
bath, might be more realistic.
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5.5. Conclusion and Outlook

In this chapter, we propose protocols for the dissipative state preparation
in Rydberg quantum simulators. The preparation schemes are based on a
dissipative bath with Rydberg atoms that is coupled to the system via dipolar
exchange interactions. Careful tuning of the transition frequency in the bath
allows suppressing decay channels to unwanted states, such that the system
decays into a certain energy eigenstate. We present three possible applications
of the setup: the deterministic preparation of states with a fixed particle
number, the possibility to cool a system that is initially in a superposition of
several energy eigenstates into one selected state and the possibility to inject
individual excitations to the edge of the system. Furthermore, we discuss
possible experimental implementations.

In our analysis, we face two challenges, that limit the fidelity of our protocols.
For the deterministic state preparation we find that the ratio of bandwidth
and band gap provides an upper bound for the successful preparation of the
many-body ground state. Our scheme is thus well suited for filling particles
into flat bands with large excitation gaps, as for example present in fractional
Chern insulators [93]. In particular, we would like to highlight that the
deterministic state preparation requires a finite gap only for the final state
and thus might allow for the fast preparation of large systems. However,
numerical simulations or experiments with system sizes much larger than the
ones considered here, are required to verify this statement. A second challenge
occurs in the cooling protocols. Here, the weak coupling between high energy
states and the ground state limits the cooling efficiency. However, in many
cases the system might not be heated in such a way that all energy eigenstates
are equally occupied. Instead, the probability to find the system in a certain
energy eigenstate might decrease with increasing energy. For example, at the
end of the deterministic state preparation, the probability to find two particles
in the upper band is much smaller than the probability to find one particle
in that band. To further improve the preparation fidelity, one could combine
the deterministic state preparation and the cooling schemes, such that losses
during the deterministic preparation are corrected by a subsequent cooling
step.
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5.A. Analytical Analysis of a Minimal Setup

Here, we analytically derive the dynamics for two system atoms initialized in
|SS⟩ that are coupled to single bath atom initialized in |r⟩. Since the system
is initialized in the state without particles and the system bath interaction
couples the empty state to the two states where there is only one particle in
the system, we can use the effective Hamiltonian

Heff =

 0 g1 g2
g1 δ − iγ/2 −J
g2 −J δ − iγ/2

 (5.11)

to estimate the effective decay rates. Here, the couplings g1 and g2 between
the system atoms 1 and 2 and the bath depend on the location of the bath
atom. Furthermore, we defined |SSr⟩ = (1, 0, 0)T , |PSe⟩ = (0, 1, 0)T and
|SPe⟩ = (0, 0, 1)T . In the eigenbasis of the system with |±⟩ = (|PS⟩ ±
|SP ⟩)/

√
2 this takes the form

H̃eff =

 0 g+ g−
g+ δ − J − iγ/2 0
g− 0 δ + J − iγ/2

 , (5.12)

with g± = (g1 ± g2)/
√
2. We assume g± ≪ γ and use perturbation theory

to compute the correction to the energies and the effective decay rate. Due
to the couplings g± the state |SSr⟩ gets admixed the dissipative states |±, e⟩
and decays to the states |±, g⟩ with decay rates

γ± =
g2±

(δ ∓ J)2 + γ2/4
γ. (5.13)

Using this result, we can write down the equations of motion for the relevant
diagonal entries of the density matrix as

ṗSSr = −γ+ + γ−
ℏ

pSSr

ṗ+,g =
γ+
ℏ
pSSr
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ṗ−,g =
γ−
ℏ
pSSr. (5.14)

The solution of this set of coupled differential equations is

pSSr = e−(γ++γ−)t/ℏ

p+,g =
γ+

γ+ + γ−
(1− e−(γ++γ−)t/ℏ)

p−,g =
γ−

γ+ + γ−
(1− e−(γ++γ−)t/ℏ), (5.15)

where we used the initial condition pSSr(t = 0) = 1 and p±,g(0) = 0. If we
set δ = J and assume J ≪ γ ≪ g, we thus find that for t ≪ ℏ/(γ+ + γ−)
the probability to find the system in the state |+, g⟩ is approximately given
by p+,∞ = 1 − γ−/γ+ = 1 − (4g−γ/(g+J))2. Similarly, δ = J the state
|−⟩ is prepared with high probability and up to corrections of the order of
(γ/J)2.

5.B. Lindblad Super Operators

To numerically compute the time evolution of the dissipative setup, we use
Lindblad super operators. The idea is to vectorize the density matrix ρ, such
that the master equation takes the form

ρ̇vec =
L
ℏ
ρvec. (5.16)

For a Hilbert space with dimension d the Lindblad super operator L is a matrix
of size d2 × d2. To derive L we use the vectorization identity

vec(AρB) = (BT ⊗A)vec(ρ). (5.17)

The different terms in the master equation then take the form

[H, ρ] → (1 ⊗H −HT ⊗ 1)ρvec
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{L†L, ρ} → (1 ⊗ [L†L] + [L†L]T ⊗ 1)ρvec

LρL† → (L∗ ⊗ L)ρvec. (5.18)

For a time independent Lindblad operator the system dynamics is given by
ρvec(t) = exp(Lt/ℏ)ρvec,0 and can be computed numerically using trotteriza-
tion. For the examples, where we change detuning or decay rates during the
evolution, we consider stepwise changes such that the dynamics is also given
by the above expression, but with the initial state being the final state of the
previous time evolution.

5.C. Effective Operator Formalism

The derivation of the time evolution becomes costly for larger systems. Thus,
we follow the effective operator formalism introduced in reference [213].
Using this, we derive an effective master equation for the states that domi-
nate the dynamics while accounting for virtual excitations to states that are
energetically forbidden.

We start with defining projectors Pk = |k⟩ ⟨k| projecting on the states |k⟩
that are relevant for the time evolution. In analogy to reference [213] we
call these states ground states and all other states are called excited states.
The projector on all ground states is then Pg =

∑
k Pk and the projector to

the excited states Pe = 1 − Pg . This allows us to write the Hamiltonian as
H = Hg +He + V+ + V− with Hg = PgHPg , He = PeHPe and coupling
matrices V+ = PeHPg and V− = V †

+.

The time evolution of the ground state subspace can then be approximated by
an effective master equation of the form

ρ̇g = − i

ℏ
[H̃, ρg] +

γ

ℏ

(∑
l

L̃lρgL̃
†
l −

1

2
{L̃†

l L̃l, ρg}
)

− γ

2ℏ
{D, ρg}, (5.19)

where ρg = PgρPg is the density matrix of the ground state manifold. The
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effective Hamiltonian is given by

H̃ = −1

2

[
V−
∑
k

(HNH,k)
−1V+,k + h.c.

]
+Hg, (5.20)

and the Lindblad operators of the ground state manifold are L̃l = PgLlPg . In
addition, there is an effective dissipator

D =
∑
k,k′,l

V−,k′((HNH,k′)
−1)†L†

lLl(HNH,k)
−1V+,k, (5.21)

that accounts for virtual excitations that decay and thus get lost from the
system. In the above expressions we introduced V+,k = V+Pk , V−,k = PkV−
and the non-hermitian Hamiltonian

HNH,k = He − i
γ

2

∑
l

PeL
†
lLlPe − Ek, (5.22)

where, Ek is the energy of the Hamiltonian eigenstate |k⟩. Note that we had
to slightly modify the formalism of reference [213] as in our case also ”ground
states” can decay. Thus, we obtain the dissipator D, that is not part of the
formalism in [213]. Furthermore, since ”excited states” do not decay into
”ground states”, we do not need the additional Lindblad operators of reference
[213].

Using this approach allows us to numerically compute the time evolution for
the states that interact resonantly with the bath. In the example of determin-
istic state preparation these are the states with all particles in the lowest band,
that are marked with colors in Fig. 5.3. The approach is valid if the coupling
between the ground states and the excited states is sufficiently smaller than
the energy gap between the two subspaces.
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Part II.

Quantum Error Correction
for Rydberg Atoms
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6
Basic Concepts

In this part of the thesis, we design protocols for quantum error correction on
neutral atom platforms. This requires knowledge of the properties of neutral
atom platforms and a basic understanding of quantum error correction. In
the following we give a brief introduction to quantum computing, neutral
atom platforms and the theory of quantum error correction. We only cover
the concepts that are relevant for understanding the next chapter. A detailed
introduction to quantum computing and quantum error correction is given in
reference [34] and a review on quantum computing with Rydberg atoms can
be found in reference [217, 218]. The following chapter is mainly based on
these three references.

6.1. Requirements for Quantum Computing

The smallest computational unit of a quantum computer are quantum bits
(qubits), which are defined by two orthogonal states |0⟩ and |1⟩. To perform a
quantum algorithm one applies unitary operations (gates) to the qubits and
at the end of the computation the final result is obtained by measuring the
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(a) (b) (c) (d) (e) (f)

Figure 6.1.: Example of a quantum circuit with three qubits. The horizontal
lines represent the qubits. The qubits are initialized in |0⟩ (a), then
a H-gate (b) is applied to the first qubit, followed by a T-gate (c).
Afterward, a CX-gate (d) is applied to the first two qubits, where
the first qubit is the control qubit and the second qubit is the
target. This is followed by a CCX-gate (e) on all three qubits and
a measurement (f) of the first qubit.

qubits1. To write down a quantum algorithm one uses quantum circuits, that
state which gates are applied when to which qubit. An exemplary quantum
circuit is shown in Fig. 6.1.

We distinguish between gates that act on a single qubit (single-qubit gates),
gates that act on two qubits (two-qubit gates) and gates that act on more
than two qubits (multi-qubit gates). Important single-qubit gates are the
Hadamard-gate (H-gate) that transforms the states |0⟩ and |1⟩ into the states
|±⟩ = (|0⟩ ± |1⟩)/

√
2 and the T-gate, that applies a phase of π/4 to the qubit

state |1⟩. Common examples for two-qubit gates are controlled-unitary gates
(CU-gate), where the unitary operation U is applied to the target qubit if
and only if the control qubit is in the state |1⟩. A very prominent CU-gate is
the CX-gate, where the target is flipped, if the control qubit is in |1⟩.2 The
concept of controlled-gates can be extended to multi-qubit gates. For example,
a controlled-controlled-X gate (CCX-gate) flips the target if and only if both
control qubits are in |1⟩.
Usually, the gates that are available on a quantum computing platform are

1We focus here on gate-based quantum computing. An alternative is measurement-based
quantum computing, where initially a highly entangled state is prepared. To manipulate the state
local measurements are performed.

2The notation X refers to the Pauli-x matrix σx, but in quantum computing we use the
simplified notation X and similar we use Y and Z for σy and σz .
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limited. For example, one might not be able to apply multi-qubit gates with
arbitrarily many qubits participating in the gate and also operations on two
qubits might be limited to a few available operations. However, a set of
arbitrary single-qubit gates together with one entangling gate allows im-
plementing any arbitrary operation [219]. Furthermore, the Solovay-Kitaev
theorem states that even a finite set of gates can be sufficient to approximate
any arbitrary operation with a certain tolerance [220]. A gate set that allows
to approximate any possible operation arbitrarily well is called universal gate
set. It is not obvious if a set of gates is universal. Examples for finite, universal
gate sets are {H,T,CX} and {H,CCX} [34, 221, 222].

To approximate a specific unitary operation, one applies a sequence of basis
gates. A suitable sequence can for example be found using the Solovay-Kitaev
algorithm [223]. The accuracy of the approximation scales exponentially with
the length of the sequence. Here, the intuition is that given a universal gate
set with n basis gates, there are nm different sequences with length m, and
we can thus implement nm different operations. Consequently, we discretize
the space of unitary operations into nm pieces, where the size of the pieces
and thus the accuracy of the approximation scales with 1/nm.

We conclude the section, with a short summary of the requirements on the
quantum hardware [224]. The implementation of a quantum computer re-
quires

1. qubits, that are well characterized and scalable,

2. the ability to initialize a well-defined qubit state (e.g. |0⟩),

3. the ability to perform some unitary operations that form a universal
gate set,

4. the ability to measure the qubits, and

5. qubit coherence times, that are much larger than the gate operation
time.

In the next section, we discuss how these requirements can be implemented
with neutral atom platforms.
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6.2. Quantum Computing with Rydberg Atoms

Neutral atoms are among the most promising platforms for quantum com-
puting and tremendous experimental progress has been made in recent years
[57, 168, 218, 225–232]. In this section, we summarize how qubits are encoded
with neutral atoms including a discussion of initialization, measurements and
the implementation of gates. Afterward, we sketch the most common sources
of noise and introduce noise models that are typically used to account for
noise on a circuit level.

6.2.1. Qubits with Rydberg Atoms

The Rydberg platforms consist of neutral atoms, that are trapped in optical
tweezers. The tweezer positions can be varied over time, and thus the atoms
can be moved in space, which implies high connectivity [70]. Furthermore,
scaling the number of trapped atoms is straightforward and recently arrays
with thousands of atoms have been demonstrated [168]. The qubits are en-
coded in two long-lived atomic states. Most experiments use alkaline or
earth-alkaline atoms. In alkaline atoms the qubit states are typically encoded
in the ground state manifold [70, 225]. For earth alkaline atoms, there are
mainly three different qubit encodings that are explored in recent experi-
ments: the nuclear qubit, the optical qubit and the fine-structure qubit. The
nuclear qubit is encoded into two different hyperfine states such that the two
qubit states correspond to two different spin states of the nucleus [232–235].
The optical qubit employs the ground state and a metastable excited state
[236, 237] and the fine structure qubit is encoded into two different spin states
of a valence electron [226, 227]. The exact realization of initialization, mea-
surements and gates depends on the qubit encoding. In the following, we will
not go into the details and only sketch the main concepts.

The initialization of specific atomic states can be done using optical pumping
or by driving transitions coherently. Readout is performed using fluorescence
imaging, making use of the fact that photons are only scattered by the atom if
it is in a certain state. Since the photons can be scattered into any direction and
detectors usually cover only a small fraction of the room, readout is currently
rather slow. Recent experiments report measurement times on the order of
ms [57]. As we will see in Section 6.2.2 this is especially problematic in the
context of mid-circuit measurements and feed-forward operations, where
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Figure 6.2.: Implementation of a CZ-gate using the Rydberg blockade mecha-
nism. Panel (a) illustrates the blockade mechanism. If two atoms
are closer than the blockade radius RB , they cannot simultane-
ously be excited to the Rydberg state |r⟩ due to strong van der
Waals interactions. Panel (b) and (c) illustrate the implementation
of a controlled-phase gate from reference [247]. Panel (b) shows
the scenario where the control qubit is initially in the state |1⟩
and panel (c) shows the case where the initial state of the control
qubit is |0⟩. The target qubit is in both cases in |0⟩. The figure is
inspired by [22, 218]

only a few qubits are measured, and the further computation depends on the
measurement outcome. There are several approaches to make measurements
faster, such as enhancing the photon signal using optical cavities [238–240] or
auxiliary qubits [241]. Other options are the use of dual species architectures
[242, 243] and shelving techniques, where the information of the qubits, that
are not measured, is transferred into protected dark states [244, 245].

Single qubit gates are implemented using laser- or microwave pulses. If direct
coupling of |0⟩ and |1⟩ is not possible, Raman-type schemes are utilized.
Tuning the pulse duration, the laser intensity, the detuning and the phase
of the pulse allows implementing arbitrary rotations of the qubit and thus
arbitrary single qubit gates. Typical durations of single qubit gates are on the
order of µs [226, 227, 232, 246].

The implementation of two-qubit gates makes use of the blockade mechanism,
shown in Fig. 6.2 (a). To illustrate the main idea we consider the following
pulse scheme that was suggested more than 25 years ago in reference [247].
The protocol implements a CZ-gate using a sequence with three laser pulses.

137



6. Basic Concepts

First, we apply a π-pulse to the control qubit, that couples the |0⟩-state to a
Rydberg state. If the control qubit is in the |1⟩-state nothing happens, since
this state is not coupled, and if it is in |0⟩ it ends up in the Rydberg state due
to the π-pulse. In the next step we apply a 2π-pulse to the target qubit, that
again couples the |0⟩-state to a Rydberg state. The 2π-pulse ensures, that
the qubit is back in the qubit subspace after performing the pulse, but allows
writing a phase to the state |0⟩. This phase depends on the detuning and
the phase of the coupling laser. We choose the phase to be π. However, the
phase is only written to the target qubit if the control qubit is in the state
|1⟩. If the control qubit was initially in the state |0⟩ the first pulse excited
it to the Rydberg state, which prevents the target qubit to be excited to the
Rydberg state due to van der Waals interactions. Consequently, the target
qubit can only pick up a phase if the control qubit is in |1⟩. A final π-pulse,
that de-excites the control qubit, completes the sequence. The two π-pulses in
step 1 and step 3 are chosen in such a way, that the control qubit also picks up
a phase of π if it was initially in the state |0⟩. In summary, after the presented
pulse sequence adds a minus to the states |00⟩, |01⟩ and |10⟩, while the state
|11⟩ is not affected. The resulting gate is, up to a global phase, a CZ-gate.

More recent protocols employ global laser pulses and aim for minimizing the
time spent in the Rydberg state [72, 248, 249]. Here, for both qubits the |1⟩
- state is coupled to a Rydberg state |r⟩. Due to the blockade the |11⟩-state
couples to a superposition of |1r⟩ and |r1⟩ with a collective enhanced coupling
strength, that differs from the coupling strength between the states |01⟩ and
|0r⟩ and |10⟩ and |1r⟩, respectively. The resulting phase ϕ11 on the |11⟩-state
thus differs from the phase ϕ10 that the states |10⟩ and |01⟩ pick up. The state
|00⟩ is not affected by the laser pulses and thus does not pick up any phase.
The resulting gate is - up to single qubit rotations - again a controlled phase
gate with phase ϕc = ϕ11 − 2ϕ10.

In analogy to the two-qubit gates the blockade-mechanism also natively
supports the implementation of multi-qubit gates and in particular multi-
control gates. Protocols for multi-qubit gates are investigated in several
theoretical proposals [72, 73, 250] and furthermore multi-qubit gates have
also been demonstrated experimentally [74].
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6.2.2. Experimental Imperfections and Noise

Experimental imperfections like laser noise or photon recoil lead to errors
on the qubits. Here, we summarize the physical noise sources and discuss
effective models to account for the noise on a circuit level. These noise
models allow us to simulate noisy circuits, without taking into account the
full microscopic description of the qubits and gates.

Typical sources of errors are phase fluctuations or amplitude drifts in the
lasers that drive the gates. Furthermore, photon recoil leads to the excitation
of vibrational modes of the trap. This implies entanglement between the
qubit states and the motional degree of freedom and thus decoherence. Two-
qubit gates are in addition affected by the decay of the Rydberg state. Recent
experiments reach initialization fidelities around 99.7− 99.8% and readout
fidelities around 99.8% [70]. Furthermore, single qubit gates with fidelities
above 99.9% and two-qubit gates with fidelities around 99.5% have been
demonstrated [74, 251]. In addition, even a three-qubit gate with a fidelity of
97.8% has been implemented [74].

Another important point are idling errors. The qubit coherence time is finite
and the execution of gates and measurements takes time such that qubits
that are not involved in gates or measurements are also prone to errors. In
current experiments qubit coherence is mainly limited by dephasing time.
Typical time scales for dephasing are of the order of T ∗

2 ≈ 4ms [70, 227]
and can be increased to T2 = 1s using spin-Echo techniques [70]. Single
qubit gates can be performed within in 1µs [226, 227, 232, 246] and multi-
qubit gates are even faster [74, 248], such that especially for the long T2-
coherence times idling errors during gates are negligible. However, the current
timescale for measurements is on the order of tmeas ≈ 1ms. Thus, even for the
long T2-time idling errors during measurements appear with a probability of
pidle ≈ tmeas/T2 ≈ 0.001, which is comparable with current gate infidelities
[57].

Next, we consider, how such experimental imperfections can affect the qubits.
Essentially, there are three different options. On the one hand population
from the state |0⟩ might be transferred to the state |1⟩ and vice versa. Such
errors are called bit-flip errors. On the other hand, a qubit can pick up a wrong
phase, which results in a phase error. A third scenario are leakage and erasure
errors, where a state outside the qubit subspace is occupied, or the atom got
lost from the trap.
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To illustrate the connection between microscopic imperfections and the errors
on the qubits, we exemplarily consider the effects of Rydberg decay in more
detail. During the two-qubit gates the Rydberg state is occasionally occupied,
such that the decay of the Rydberg state implies the decay of the qubit. If only
the qubit state |1⟩ is coupled to the Rydberg state, this state decays effectively,
while the state |0⟩ does not decay. In principle, we can distinguish three
different decay channels. The first option is that the qubit decays back to the
state |1⟩. The population of the qubit states |0⟩ and |1⟩ is thus unchanged and
the decay results only in phase errors. In the second case the qubit decays into
the state |0⟩, such that population is transferred from |1⟩ to |0⟩. In addition
to phase errors this decay channel thus gives also rise to bit-flip errors. The
third option is decay outside the qubit subspace. A more detailed discussion
of possible decay processes during two-qubit gates is for example given in
[252].

Leakage errors can be converted into phase and bit-flip errors by reinitializing
the qubit in qubit subspace. One possibility is to detect the leakage and replace
the atom with a fresh qubit [252]. Other conversion schemes make use of
optical pumping [63] or SWAP-type gate operations [253, 254]. The state
in which the qubit is reinitialized strongly affects the final effective noise
of this decay channel. For example, if the qubit is reinitialized in the state
|1⟩, one ends up again with an effective decay from |1⟩ to |1⟩ and thus phase
errors only. Careful gate design can thus allow for two-qubit gate noise that
is strongly biased to phase errors [63, 71]. For example in the case of 171Yb it
is expected that up to 98% of the errors can be converted into phase errors
[71].

To model the noise in circuit simulations we use quantum channels. For the
analysis in the next chapters we assume simple Pauli noise of the form

En(ρ) = (1− ptot)ρ+
∑

E∈{I,X,Y,Z}⊗n I⊗n
pE EρE, (6.1)

which states that with a probability of 1−ptot = 1−∑E pE no error happens
and with a probability pE the error E is applied to the qubit. The errors are
given by Pauli strings, where X , Y and Z are the Pauli matrices and thus
cover bit-flip errors as well as phase-errors. The above model in particular
also accounts for faulty two- multi-qubit gates that involve n qubits and might
thus lead to errors on up to n qubits. The error probabilities pE can be chosen
to account for gate-specific noise processes. For example, to approximate
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a two-qubit gate that is strongly biased to phase errors, one might assume
the probabilities pIZ , pZI and pZZ to be much larger than the other error
probabilities.

The channel in Eq. (6.1) is not expected to exactly mimic the gate errors and in
particular neglects leakage errors and qubit loss. However, this model can be
a good approximation of the errors that might appear during the computation,
and it is sufficient to get an estimate of the performance of a quantum circuit
in the presence of noise – especially, if one assumes that leakage errors can
be converted into Pauli noise, as discussed in the previous paragraph.

6.3. Quantum Error Correction

In this section we introduce relevant concepts from quantum error correction
using the example of the Steane code. After a short motivation why quantum
error correction is needed for large scale quantum computing, we introduce
the Steane code and show, how logical information is encoded. We then
discuss, how one can use this framework to correct errors and how one can
perform logical operations. Afterward, we introduce the concept of fault-
tolerance and finally give an impression of ”the big picture”, where we discuss
how to arbitrarily suppress errors.

6.3.1. Why Quantum Error Correction?

As we have seen in the previous section, quantum hardware is not perfect and
gates can fail with a small, but finite probability. In the past years tremendous
progress has been made in improving gates and nowadays gate fidelities of the
order of 99.5% can be reached on neutral atom platforms. However, useful
applications are expected to consist of more than one million gates implying
the need of extremely high gate fidelities. Furthermore, we can not simply
expect experiments to become and better and better and just wait for gate
fidelities that are high enough. The reason is, that there are fundamental
physical limitations on how good quantum hardware can be. Roughly spoken,
many quantum algorithms make use of interference. However, decoherence
destroys interference. On the one hand, we thus want the qubits to be isolated
from their environment, to avoid decoherence. On the other hand, we have to
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operate on the qubits, which implies that they cannot be perfectly isolated,
from their environment. The two qubit gates, that make use of the blockade
mechanism are a prime example of this dilemma. The Rydberg state decays,
and we thus want to spend as little time as possible in the Rydberg state.
However, we have to spend some time to see an effect of the interactions
and thus there is a fundamental limit for the gate fidelity [255, 256]. As a
consequence we have to come up with a way to deal with the errors that
appear during the computation. This field of research is called quantum error
correction.

The main idea is rather simple. Instead of storing information in one physical
qubit we use several physical qubits to encode information. This new qubit is
then called a logical qubit. For example, we could use three physical qubits and
define the logical states |0L⟩ := |000⟩ and |1L⟩ := |111⟩. Let us now assume
that a bit flip happened and we measure the state |100⟩. If the probability to
flip a qubit is sufficiently small, it is much more likely that one qubit has been
flipped than that two qubits have been flipped, and we can thus assume that
the original state was |0L⟩ = |000⟩.

Such protocols are used in classical computing. However, for quantum com-
puting the protection against noise is not that simple for the following reasons.
First, there is the no-cloning theorem, that states that we cannot copy an
unknown quantum state. Second, when measuring qubits, the wavefunction
collapses and we loose information. And third, while classical bits have dis-
crete errors (flip from 0 to 1 and vice versa) qubits can be arbitrarily rotated
on the Bloch sphere and consequently have continuous errors. In quantum
error correction (QEC) we thus use entangled states to store information and
errors are detected by measuring so-called stabilizers. In the following, we
use the Steane Code to explain this in detail.

Before this, however, we shortly comment on the errors that we have to deal
with. As mentioned, qubits can have continuous errors. However, since we
can express any 2× 2 matrix M with Pauli matrices and identities as M =∑
i ciPi with Pi ∈ {1, X, Y, Z} and complex coefficients ci and furthermore

Y ∝ XZ , we can assume that, as soon as we can correctX- and Z-errors and
combinations of those, we can correct almost any error. Note that this does
not hold for qubit loss and erasure errors. In principle there are techniques
to correct such types of errors and furthermore when detecting losses this
additional information can be used to improve the error correction protocols
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[252]. However, in the following, we assume that all erasure errors and qubit
losses are converted into Pauli errors. (see Section 6.2.2 for more details)

6.3.2. Logical Qubits

As discussed before, the goal is to encode information into several physical
qubits, that form a logical qubit. The qubits that form a logical qubit are also
called data qubits. In the Steane code [257] we use 7 physical qubits, which
implies a Hilbert space of dimension 27. To encode one logical qubit, we have
to restrict ourselves to a logical subspace HL of dimension 2. For this purpose
we introduce 6 operators, that act on the plaquettes enclosed by 4 physical
qubits as illustrated in Fig. 6.3 (a). The operators are

XR = X0X1X2X3, ZR = Z0Z1Z2Z3,

XG = X0X3X4X5, ZG = Z0Z3Z4Z5,

XB = X0X1X5X6 ZB = Z0Z1Z5Z6, (6.2)

where Xi is a Pauli-X matrix acting on the i-th qubit. These operators are
called stabilizers and ”stabilize” the logical states. The 6 stabilizers are chosen
such that they commute. Thus, they have a shared eigenbasis. We use this to
define the logical subspace as the space that is spanned by the eigenstates of
the stabilizers that have eigenvalue +1.

There are two linear independent states, that fulfill these requirements. They
can for example be constructed as

|0L⟩ :=
1√
8

∑
g∈G

g |0000000⟩ ,

|1L⟩ :=
1√
8

∑
g∈G

g |1111111⟩ , (6.3)

with G = {1, XR, XB , XG, XRXG, XRXB , XGXB , XRXGXB}. Inserting
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Figure 6.3.: Encoding of logical information in the Steane code. Panel (a)
illustrates the Steane code. 7 physical qubits form one logical
qubit, that is defined by the stabilizers in Eq. (6.2). The stabilizers
act on the qubits that enclose the colored plaquettes. Panel (b)
shows a quantum circuit to encode logical information in the
Steane code. The information that is stored in qubit 4 is encoded
in the logical subspace by applying entangling gates. The logical
subspace is spanned by the states |0L⟩ and |1L⟩ in Eq. (6.3).

this, the two logical states are given by

|0L⟩ =
1√
8
(|0000000⟩+ |1111000⟩+ |1001110⟩+ |1100011⟩

+ |0110110⟩+ |0011011⟩+ |0101101⟩+ |1010101⟩) ,

|1L⟩ =
1√
8
(|1111111⟩+ |0000111⟩+ |0110001⟩+ |0011100⟩

+ |1001001⟩+ |1100100⟩+ |1010010⟩+ |0101010⟩) , (6.4)

where the qubit order is |q0, q1, ..., q6⟩. A circuit for encoding a state in the
logical subspace is given in Fig. 6.3 (b).

To see that there are exactly two linear independent states, or in other words
that the logical subspace is indeed two-dimensional, we write down the
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(a) (b)

ZG = +1

ZB = +1 ZR = −1
X

−1−1

+1

X

−1−1

−1

X

Figure 6.4.: Illustration of the error detection. Panel (a) shows some example
errors and the corresponding stabilizer eigenvalues. Panel (b)
shows the circuit for extracting the Z-stabilizer information of
one plaquette (e.g. the red one) into an auxiliary syndrome qubit.

projector on the logical subspace

PL =
∏

s∈{R,B,G}

1

2
(1 +XS)

1

2
(1 + ZS), (6.5)

where 1/2(1+XS) is the projector onto all eigenstates ofXS with eigenvalue
+1. Now we use the fact that the dimension of a subspace is given by the trace
of the projector that projects on this subspace and thus

dimHL =

= tr

 1

26

1 +XR + ZR + ...+XRZR + ...+XRXBXGZRZBZG︸ ︷︷ ︸
→0

 .
(6.6)

Using the fact that the trace of a Pauli-string vanishes and tr(1) = 27 for
7 qubits we are left with dimHL = 27/26 = 2. This argumentation can be
generalized and one finds that n physical qubits withm stabilizers can encode
n−m logical qubits.
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XR XG XB Error
+1 +1 +1 no Z
−1 +1 +1 Z2

+1 −1 +1 Z4

+1 +1 −1 Z6

−1 −1 +1 Z3

−1 +1 −1 Z1

+1 −1 −1 Z5

−1 −1 −1 Z0

ZR ZG ZB Error
+1 +1 +1 no X
−1 +1 +1 X2

+1 −1 +1 X4

+1 +1 −1 X6

−1 −1 +1 X3

−1 +1 −1 X1

+1 −1 −1 X5

−1 −1 −1 X0

Table 6.1.: Lookup table with the eigenvalues of the stabilizers and the corre-
sponding single-qubit errors.

6.3.3. How to Correct Errors

Next, we discuss how to correct errors using the Steane Code. As an example,
we consider an X-error on qubit 2. The faulty state than reads |ψ′⟩ = X2 |ψ⟩,
where |ψ⟩ = α |0L⟩+ β |1L⟩ is an arbitrary state in the logical subspace. If
we apply the Z-stabilizer of the red plaquette to the faulty state we find

ZR |ψ′⟩ = ZRX2 |ψ⟩ = −X2ZR |ψ⟩ = −X2 |ψ⟩ = − |ψ′⟩ . (6.7)

Thus, the faulty state is also an eigenstate of the stabilizer ZR but with
eigenvalue −1. In addition, since all the other stabilizers commute with X2

the faulty state is still an eigenstate of these stabilizers with eigenvalues
+1. We can perform these considerations for all possible single-qubit errors.
In Fig. 6.4 (a) we illustrate a few examples. The result is summarized in
Table 6.1 As one can see, each single qubit error can be assigned to one
specific combination of stabilizer eigenvalues. Thus measuring the stabilizers
allows us to detect and correct errors.

As mentioned before, these measurements have to be performed non-
destructive, such that the logical information is not affected by the mea-
surements. This is possible, since the logical state is an eigenstate of the
stabilizers. To read out the stabilizers we encode the stabilizer information
into an auxiliary qubit, the syndrome qubit. In Fig. 6.4 (b) we exemplarily
show the readout of the stabilizer ZR. Each CX-gates flips the syndrome
qubit if the control qubit is in the state |1⟩. If we are in the logical subspace,
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the number of qubits in one plaquette that are in |1⟩ is always even (see
Eq. (6.4)). Thus, if there is no error on the qubits of a certain plaquette, the
corresponding syndrome is not flipped. However, if there is an X-error on
this plaquette, the number of |1⟩’s in this plaquette is odd and the syndrome
is flipped. Thus, a syndrome measurement of 0 corresponds to no error and a
+1-eigenvalue of the stabilizer, while a measurement outcome of 1 reflects
an error and corresponds to measuring a −1-eigenvalue for the stabilizer.
Analogously, when extracting X-stabilizers we want the syndrome qubit to
be flipped if the data qubit is in |−⟩, such that the final syndrome output is
1 if the number of data qubits in one plaquette, that are in the state |−⟩, is
odd. To extract X-stabilizers we thus first apply a H-gate to all data qubits on
the corresponding plaquette such that |+⟩ → |0⟩ and |−⟩ → |1⟩. Then, we
apply the circuit for extracting Z-stabilizers and afterward another round of
H-gates on all data qubits to switch back to the initial basis.

Finally, we discuss what happens if there are errors on two qubits (we call
this a weight-2 error). Since there are 23 = 8 different measurement outcomes
for the 3 Z-stabilizers and 7 + 1 = 8 possibilities to place one or no error on
7 qubits, it is clear that we will not be able to correct 2 errors, as there is no
more information left that we could use. To see what happens if there are two
errors, we consider an error on the qubits 1 and 2. In this case, we are again
in a +1 eigenstate of the stabilizer ZR, since we have two anticommuting
Pauli operators. Thus, the only stabilizer with eigenvalue −1 is ZB . Using
the lookup-table in Table 6.1 we identify this as a single error on the qubit 6
and thus apply a wrong correction to this qubit. The result of this is a logical
error. If we assume a single qubit to fail with the physical error rate pph the
probability to have two errors scales with p2ph and thus the logical qubits fail
with a logical error rate pL, that scales as pL ∝ p2ph.

6.3.4. Logical Gates

Now that we are able to correct single errors, the next question that arises is,
how to perform operations on logical qubits. These operations we call logical
gates. A simple example is the logical X-gate

XL = X0X1X2X3︸ ︷︷ ︸
XR

X4X5X6 = X4X5X6. (6.8)
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Obviously, applying this gate to the state |0L⟩ in Eq. (6.4) gives us the state
|1L⟩ and vice versa. The reduction to X4X5X6 is possible as we are per
definition in an eigenstate of XR and for similar reasons we can also write
XL=̂X1X2X6=̂X2X3X4. The logical X-operator thus lives on any side of
the triangle depicted in figure Fig. 6.3. Analogously we find

ZL = Z4Z5Z6. (6.9)

Both gates, XL and ZL share the feature that they are obtained by applying
physical gates qubitwise. Logical gates that can be implemented in this way
are called transversal. Further examples for transversal gates on the Steane
code are the logical Hadamard-gate

HL =

6∏
i=0

Hi (6.10)

the logical S-gate

SL =

6∏
i=0

S†
i (6.11)

and the logical CX-gate

CXL(c, t) =

6∏
i=0

CX(ci, ti). (6.12)

Note, that the logical S-gate is obtained by applying S† on a physical level.

The only gate that is missing for universality is thus the T-gate. However, the
T-gate cannot be implemented in transversally. The fact that we can make
this statement without even trying to find a way to implement the T-gate
transversally is due to the Eastin-Knill theorem, which states that no QEC
code can implement a universal gate set transversally [42]. The intuition
behind this is the following [258]. If we were able to implement a universal
gate set transversally, this would imply, that we could implement an arbitrary
infinitesimal rotation transversally, for example exp(iZLϵ). However, writing
such a rotation as a product of single qubit rotations and then expanding them
in ϵ gives terms ∝ ϵiZi. But those are the errors we aim to correct. Thus, we
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obviously leave the logical subspace when applying such an operator. Possible
transversal gates thus have to have finite angles ϵ, such that terms ∝ sin(ϵi)Zi
cancel out via destructive interference. The set of transversal gates depends
on the code.

We are left with the problem, that we do not yet have a logical gate set
on the error corrected logical qubits. Luckily, there are several approaches,
to implement universal gate sets on quantum error correcting codes. Two
promising examples for implementing a logical T-gate on the Steane code are
magic state injection [43, 44] and code switching [45, 46].

Figure 6.5.: Quantum circuit for the implementation of the T-gate with magic
state injection.

The quantum circuit for the implementation of a T-gate with magic state
injection is shown in Fig. 6.5. The idea is to prepare an auxiliary logical qubit
in a so-called magic state |ML⟩ = (|0L⟩ + exp(iπ/4) |1L⟩)/

√
2, with the

desired phase imprinted. This state is then entangled with the logical qubit
on which we want to perform a T-gate via a CX-gate. One can easily check
that the resulting state is then (TL |ψL⟩ |aux = 0⟩+ T †

L |ψL⟩ |aux = 1⟩)/
√
2.

Thus, in a final step one has to measure the auxiliary qubit. If the measurement
outcome is 0, a logical T-gate was applied and no further action is needed. If
the measurement outcome is 1, a logical T †-gate was applied, and we have to
correct for this by additionally operating with a logical S = T 2-gate on the
logical qubit. Since the CX-gate and the S-gate are both transversal for the
Steane code, this approach is very suitable for implementing a logical T-gate
on the Steane code. To encode the magic state one in principle just measures
an auxiliary qubit in the corresponding basis and discards the qubit if the
wrong state is measured.

Code switching makes use of the fact that different codes have different
transversal gates. For example, the tetrahedral code in Fig. 6.6 has a transversal
CX-gate and a transversal T-gate, but no transversal H-gate. To implement
a logical T-gate on the Steane code one can thus switch to the tetrahedral
code, then apply the T-gate and afterward one switches back to the Steane
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code. Here, the switching makes use of the fact that the Steane code and the
tetrahedral code are both subsystem codes of the same gauge group. For more
details see for example reference [259]. Most important for us is that they
share several stabilizers.

The tetrahedral code consists of 15 physical qubits. The codespace is defined
by 4 weight-8 X- and Z-stabilizers (X̃R, X̃B , X̃G, X̃Y , Z̃R, Z̃B , Z̃G and Z̃Y )
that act on the cells and additional 6 weight-4 Z-stabilizers (ZRB , ZRG, ZRY ,
ZBG, ZBY and ZGY ) that act on the faces within the tetrahedron. To switch
from the Steane code to the tetrahedral code one prepares 8 fresh qubits
in an eigenstate of two weight-4 X-stabilizer on opposite faces and weight
4-Z-stabilizers on the three faces on one boundary.3 Then, the yellow cell
together with a Steane code is automatically in a +1-eigenstate of the weight-8
X-stabilizers on the 4 cells and of all Z-stabilizers except the three between the
blue, red, and green cells.4 Thus, we are left with measuring these stabilizers
and applying an appropriate Pauli string in case of measuring a stabilizer
eigenvalue of −1. Note, that these fixes of the stabilizer eigenvalues are not
corrections and should leave the logical information invariant. The Pauli
strings to apply are thus the X-stabilizers of the Steane code. To switch from
the color code to the Steane code, one has to measure the X-stabilizers of
the Steane code and if a −1-eigenvalue is measured a combination of the
Z-stabilizers ZRB , ZRG and ZBG is applied. Note that, this can be further
reduced to only applying weight-2 Pauli strings since the 8-qubits of the
yellow cell are anyway neglected once we are back in the Steane code. For
example, if the syndrome measurement of the Steane code X-stabilizers gives
XR = −1, XB = 1 and XG = 1, we apply ZBG to fix the eigenvalue of
XR.

6.3.5. Fault Tolerance

So far we ignored the fact that the physical gates we use for the stabilizer
extraction, the encoding of a logical state or the implementation of logical
gates are faulty. Depending on which gate fails this can cause serious problems.
For example, if an error occurs on the syndrome qubit in the middle of the

3The Z-stabilizers on all other faces are then fixed to +1 too.
4If the system is in a +1 eigenstate of X-stabilizer on the face between the green and the

yellow cell and also in a +1 eigenstate of the green face on the boundary, then it is automatically
in a +1 eigenstate of the X-stabilizer on the green cell and similarly for the blue and red cells.
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CX

T

H

CX

T

H

Figure 6.6.: Implementation of a logical universal gate set based on Code
switching. To apply a T-gate to a logical qubit encoded in the
Steane code (left), on switches to the tetrahedral code (right), that
has a transversal T-gate, but no transversal H-gate. To apply a
H-gate, one switches back to the Steane code. The colored faces in
the gray tetrahedra (middle) illustrate which stabilizers have to be
measured when switching from the Steane code to the tetrahedral
code and vice versa.

stabilizer readout (a so-called hook error), as illustrated in Fig. 6.7, this can
lead to a non-correctable weight-2 error and thus to a logical error. The
logical error rate would then scale linearly with the physical error rate and
the quantum error correction would be useless. When designing circuits for
syndrome readout or the implementation of non-transversal gates we thus
have to design them in such a way that they tolerate single gates to fail.5

Transversal gates are always fault-tolerant as a single fault can never end up
on several physical qubits within one code block if the gates are applied qubit
wise. There are many tools to achieve fault tolerance gadgets that are not
transversal like for example the use of flags [260, 261]. In the following, we
summarize the requirements we have on the logical building blocks to enable
fault-tolerant quantum computing.

The logical building blocks we introduced so far are the encoding of a logical
state (e.g. |0L⟩), the stabilizer extraction and logical gates. The extraction of all
stabilizers together with the feedback applied after measuring the syndrome
qubits we summarize into one quantum error correction cycle (QEC cycle). The
QEC cycle has to fulfill two requirements. If there is an incoming single qubit
error it should be corrected by the QEC unit. If there is no incoming error,

5Note that we formulate this here only for the Steane code. In general, a code that allows for
correcting more than one error of course has to tolerate more failing physical gates.
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Figure 6.7.: Illustration of a hook error.

but a gate fails within the QEC cycle, the outgoing error should be at most
weight-1. This error is then corrected in the next round of QEC. For the logical
gates, an incoming weight-1 error should remain weight-1 when passing the
logical gate and again if there is no incoming error and a single gate fails the
outgoing error should be at most weight-1. The latter applies similarly for
the logical encoding. For completeness if there are no incoming errors and
no gates fail there should of course be no error at all on the data qubits. Note
that for two-qubit gates, the above requirements apply per logical qubit. That
is, we allow for weight one error on each code block after the gate, as they
are independently corrected.

Given these requirements, to run a quantum algorithm we encode the logical
qubits and then apply logical gates to them occasionally interrupted by QEC
cycles to prevent the accumulation of errors with weights larger than 1. In
the next section we discuss, how this can be generalized to correct more than
one error and how to reach arbitrarily low logical error rates.

6.3.6. Big Picture and Threshold Theorem

The concepts we introduced so far are sufficient for understanding the fol-
lowing chapters. Nevertheless, I would like to complete the introduction
to quantum error correction with a brief discussion of quantum computing
with arbitrarily low error rates. That is how to suppress the logical error rate
further or in other words how to correct more than one error. In principle,
there are two options. Either one directly goes for a code that can correct
more errors or one concatenates codes that can only correct one error. We
start with the latter and afterward give an example for the former.
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d = 3
d = 5

(a) (b)

Figure 6.8.: Codes for correcting more than one error. In panel (a) a code that
can correct up to three errors is built via concatenation. In panel
(b) a distance 5 color code is shown, that allows to correct 3 errors.
The distance 3 Steane code, which was considered so far, is the
smallest instance of the color code, as depicted by the dashed line.

The idea of concatenation is to take for example the Steane code, where
seven physical qubits from a logical qubit. But now, we replace all physical
qubits with a Steane code built from physical qubits as illustrated in Fig. 6.8
(a).6 Thus, our level-2 Steane code consists now of 49 physical qubits. A
logical error on the level-2 Steane code occurs, if two level-1 Steane codes fail.
One level-1 Steane code fails with a probability of p(1)L ∝ p2ph and thus the

probability to have a logical error is p(2)l ∝ (p
(1)
L )2 ∝ p4ph. Doing this further,

we find that on the l-th level of concatenation the logical error rate scales
with p(l)L ∝ (p

(l−1)
L )2 ∝ p2

l

ph.

This allows us to understand another very important theorem, the threshold
theorem. It states that a quantum algorithm can be performed with arbitrary
suppression of errors, if the physical error rate is below a certain threshold pth
[47–50]. The intuition for the appearance of a threshold is the following. So far
we only made a statement about the scaling of the logical error rate. However,
many qubits come along with many possibilities to place errors. For example
in the Steane code there are

(
7
2

)
= 21 possibilities to place two errors on the

7 data qubits. Furthermore, for the QEC cycle as well as the non-transversal
gates there are several gates applied per qubit, which increases the number
of possible wight-2 errors even more. Thus, in general the logical error rate

6Similarly, we replace all physical gates that appear in the circuits discussed before by logical
gates.
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of the l-th concatenation level might be given by p(l)L = M(p
(l−1)
L )2, with

M > 1. To profit from using quantum error correction and concatenation,
we require p(l)L < (p

(l−1)
L ). Thus, one finds p(l−1)

L < 1/M and in particular
pph < 1/M . In general, the threshold depends on many different parameters
like for example the code that is used, the noise model or the decoder.

The concatenation of codes is not the common way to increase the number
of correctable errors. Typically, this can be achieved by adding a few more
qubits and stabilizers. The Steane code is the smallest instance of the color
code [262]. To correct one more error the triangle is increased as illustrated
in Fig. 6.8 (b). Depending on the stabilizers one can also encode more than
one error. In general a quantum error correcting code is thus described by
three parameters [[n, k, d]]. Here, n is the number of physical qubits, k is the
number of encoded logical qubits and d is the code distance.

The code distance is defined by the weight of the smallest Pauli operator
that one has to apply to change the logical information without being able to
detect this. The Steane code with its weight-3 logical operators is a distance 3
code. In the example of the color code the distance corresponds to the number
of qubits along one side of the triangle. The number of correctable errors is
connected to the code distance d via

# correctable errors =
d− 1

2
. (6.13)
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7
Measurement-Free Quantum

Error Correction Optimized for
Biased Noise

Typically, quantum error correction protocols require mid-circuit measure-
ments and feed-forward operations. However, on many platforms, measure-
ments are currently much slower than gate operations. This can induce high
error rates on idling qubits. In addition to efforts in making measurements
faster, there is thus also an increased interest in measurement-free QEC [48, 75–
77, 263–266]. Such protocols apply feedback using quantum gates controlled
by the auxiliary qubits, that one would have measured in a measurement-
based scheme with feed-forward feedback. To remove entropy from the
system, the auxiliary qubits are reset after applying the gate-based feedback.
In references [7, 10], fault-tolerant circuits for correcting errors without mid-
circuit measurements have been proposed. Furthermore, measurement-free,
fault-tolerant and scalable universal logical gate sets have been developed in
references [267, 268]. While measurement-free QEC does not require mid-
circuit measurements, it comes with the cost of additional quantum gates
in the feedback and thus higher gate fidelities are required to be below the
threshold. To reduce the requirements and optimize the threshold, it can be
beneficial to design hardware specific QEC protocols that make for example
use of a noise bias [61–63].

155



7. Measurement-Free Quantum Error Correction Optimized for Biased Noise

Inspired by Rydberg quantum processors, we construct here reduced QEC
circuits and a universal logical gate set for a measurement-free setup, where
Z-errors on two- and multi-qubit gates dominate the noise model. The idea is,
to have a layer of measurement-free logical qubits encoded in a low distance
code, that are optimized for biased noise and thus have a reduced overhead in
qubits and gates. The hope is then that due to the reduced requirements, the
logical error rate of these qubits lies below the threshold of scalable and fully
fault-tolerant quantum error correcting codes. In particular, for the higher
level quantum error correction, one might be able to use measurements even if
they are slow. The results of this work were originally published in reference
[8].

We start in section Section 7.1 with presenting the circuits for encoding, QEC
and the logical T-gate. In section Section 7.2 we analyze the logical errors
of these circuits for a perfect noise bias and in Section 7.3 we extend the
analysis to imperfections in the noise bias. Finally, in Section 7.4 we sketch
possible implementations of the QEC protocol and the encoding on a Rydberg
quantum processor.

7.1. Logical Qubits with Biased Noise

Our goal is to provide logical qubits with reduced error rates that can be used
as building blocks for higher-level error-correction protocols or to directly
perform quantum algorithms. This requires the ability to encode information
into the logical subspace, protocols for correcting errors, and a universal
logical gate set. While all these building blocks are usually implemented
with mid-circuit measurements, we aim for measurement-free protocols. In
this section we present measurement-free circuits for encoding |0L⟩ in the
Steane code, error correction and the T-gate and in particular show that the
requirements for the error correction cycle and the implementation of the
T-gate can be reduced for the biased noise model. Before that, we define the
biased noise model for which we optimize the circuits and the QEC code
which we will use to encode the logical information.
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Figure 7.1.: Illustration of the logical noise model (panel (a)) and the Steane
code (panel (b)). We assume a platform that natively supports
arbitrary single qubit rotations (X-, H- and T-gate) and in addition
a CZ-, CCZ- CCCZ- and CP-gate. The biased noise model is dom-
inated by Z-errors after two- and multi-qubit gates. The logical
qubits are encoded in the Steane code. The stabilizers of the Steane
code (XR,ZR,XG,ZG,XB and ZB) are X- and Z-strings that act
on the qubits that enclose one plaquette.

7.1.1. Setup and Biased Noise Model

In the previous chapter we introduced the gates that are typically available
on a Rydberg quantum processors and argued that the noise on such devices
might be strongly biased. Inspired by this, we assume that the quantum
computing platform natively supports arbitrary single-qubit rotations, multi-
controlled Z-gates (CZ, CCZ, and CCCZ) and a controlled-phase gate (CP).
Furthermore, we consider a strongly simplified noise model where the only
errors that occur are Z-type errors on two- and multi-qubit gates (see Fig. 7.1
(a)). We allow that only one of the qubits involved in the gate can have an
error and also take into account that several qubits up to every qubit that was
involved in the gate can have a Z-error if the gate fails. Such a noise model is
described by the noise channel

El(ρ) = (1− p)ρ+
p

2l − 1

∑
P∈{I,Z}⊗l\I⊗l

PρP, (7.1)

where l is the number of qubits involved in the gate and p the error rate.

The biased noise model suggests that it is sufficient to use a QEC-code for
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correcting Z-errors only. However, with the above gate set Z-errors can be
converted into X-errors that are then not correctable anymore. For example,
a CX-gate with the assumed gate set would be compiled into two H-gates
and a CZ-gate. If the CZ-gate fails and a Z-error occurs, the H-gate rotates
the Z-error into an X-error. Thus, we consider the 7-qubit Steane code that
can correct X-errors as well. The benefit of the biased noise model enters in
form of reduced requirements for fault-tolerant error correction cycles and
the logical T-gate.

Since the Steane code was already introduced in the previous chapter (see
Section 6.3.2), we repeat here only the most important details. The Steane
code encodes 1 logical qubit into 7 physical qubits and allows correcting
up to 1 error. The stabilizers of the Steane code are weight-4 Pauli X- and
Z-strings as illustrated in figure Fig. 7.1 (b). A nice feature of the Steane
code is the fact that many logical gates, like the H-, S- and CZ-gate, can be
implemented transversally. Thus, for universality the only gate that is missing
is the T-gate.

7.1.2. Encoding

To encode the state |0L⟩ in a measurement-free fashion we use the encoding
circuit developed in reference [7]. The circuit is shown in Fig. 7.2. Originally,
this encoding protocol was designed to be fault-tolerant under depolarizing
noise. In principle one might thus try to simplify it further for the biased
noise model. However, we did not see any possibility to shorten it and thus
keep this version.

The fault-tolerant encoding of |0L⟩ is achieved in the following way. Initially,
the logical zero state is encoded non-fault-tolerantly. Since Z-errors do not
affect the state |0L⟩ we only have to care about X-errors that might be present
on the data qubits at the end of the non-fault tolerant encoding. In addition,
the non-fault-tolerant encoding circuit is designed such, that only weight-1 or
weight-2 X-errors can occur. Furthermore, all possible weight-2 errors consist
of one error on qubit 1,3 or 5 and one error on the other 4 qubits.

Weight-1 errors are correctable and thus do not matter. Weight-2 errors can
in general not be corrected on the Steane code. However, since our goal is
the encoding of a specific state, namely |0L⟩, we can correct the weight-2
errors that might have occurred during the non-fault-tolerant encoding. The
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Figure 7.2.: Encoding of |0L⟩ in the Steane code. Panel (a) illustrates the Steane
code and the operators that are extracted during the fault-tolerant
encoding. Panel (b) shows the quantum circuit to encode |0L⟩ fault
tolerantly in the Steane code compiled to the assumed basis gate
set. First the state is encoded non-fault tolerantly (yellow box),
then the logical operator ZL = Z1Z3Z5 is extracted into a flag
(red box), followed by the extraction of the stabilizer X0X2X4X6

(orange box). Finally, feedback is applied and the data qubit 0 is
flipped if both, the flag and the syndrome, are raised (green box).
The figure is inspired by reference [7].

idea is, that we in addition to stabilizer information also extract the logical
informationZL. Thus, to detect potential weight-2 errors, the operatorZL and
the stabilizer Z0Z2Z4Z6 are subsequently mapped out into auxiliary qubits.
If there is a weight-2 error, both the flag with the logical information and the
syndrome will be raised. The weight-2 error is then converted into a weight-1
error by flipping the qubit 0. This can be implemented in a measurement-free
fashion using a CCZ-gate and H-gates. The remaining weight-1 error is then
corrected later, when the first QEC cycle is applied.

7.1.3. Error-Correction Cycle

Next we tailor the protocol for quantum error correction to the biased noise
model defined in Eq. (7.1). The resulting circuit is shown in Fig. 7.3. Essentially,
the QEC-circuit includes two different operations: the syndrome extraction
(orange boxes in Fig. 7.3) and the coherent feedback (green boxes), that encodes
the lookup table in Table 6.1. Since in the Steane code X- and Z-errors are
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corrected independently, a full QEC cycle includes two rounds of stabilizer
extraction with subsequent feedback.

First, we extract the Z-stabilizers to detect X-errors and apply a coherent
feedback operation to correct them. The feedback consists of multi-controlled
Z-gates. For example, the first gate in the feedback Eq. (7.1) applies a Z-gate
to data qubit 0 if all syndrome qubits are in the state |1⟩, which corresponds
to all stabilizers being −1. Similarly, the second gate in the feedback applies a
Z-gate if the syndrome is in the state |101⟩.

To correct Z-errors we extract X-stabilizers and the feedback in principle
consists of multi-controlled X-gates. However, to compile this to our basis
gate set, we use again the circuit for correcting X-errors and surround it
with logical H-gates. The first H-gate transforms Z-errors into X-errors, that
are then corrected using syndrome readout and coherent feedback as before.
Afterward, the second H-gate maps the state back to the initial logical state.

However, in the second half of the protocol, an overcomplete set of stabilizers
has to be extracted to ensure that a single error on the syndrome qubits
cannot lead to wrong feedback (gray box in Fig. 7.3). The modified feedback
is designed in such a way that corrections to data qubits are only applied if
two syndrome qubits are flipped. This prevents that a faulty error correction
cycle introduces combinations of X- and Z-errors. In the first half of the error
correction protocol such errors can appear if a CZ-gate fails on both qubits
during the stabilizer extraction. Such a fault leads immediately to a Z-error
on one data qubit and in addition to an X-error after the feedback (propagated
by the gate marked in red in panel (b) in Fig. 7.3). In the second half of the
protocol the Z-error is corrected, such that the remaining error is a weight-1
X-error.

In general, the Steane code allows one to correct X- and Z-errors independently.
Combinations of X- and Z-errors are thus in the first place correctable, and
we make use of this when allowing for combinations of X- and Z-errors in
the first half of the protocol. However, a logical S- or T-gate transforms such
an error combination into a different weight-2 error that is not correctable.
Therefore, we have to extract the overcomplete set of stabilizers in the second
half of the QEC cycle before performing a logical phase-gate. This implies
that the circuit can be shortened further by removing the additional stabilizer
extraction if no S- or T-gate follows before the next round of error correction.
In this shortened circuit, the feedback for correcting Z-errors is similar to the
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feedback for correcting X-errors. In the following, we refer to the shortened
circuit as reduced error correction cycle.

Typically, when considering more general noise models like the depolarizing
noise model, error correction protocols come along with more overhead to
ensure fault-tolerance. Here, we give a brief overview why our error correction
protocol is sufficient to tolerate faults that are allowed for the biased noise:
One typical kind of error preventing fault-tolerance are hook errors, where
one syndrome qubit is flipped during the syndrome extraction and the error
then spreads to several data qubits via the remaining entangling gates in the
syndrome extraction (see Fig. 6.7). However, since the biased noise model
gives only rise to Z-errors after two-qubit gates, syndrome qubits cannot be
flipped during the stabilizer readout and thus hook errors cannot occur. For
the same reason, failures during the feedback on the syndrome qubits do not
have any effect, since Z-type errors commute with CCCZ-gates. Another
typical error-type are errors during the syndrome extraction on data qubits
that lead to erroneous corrections. If for example an X-error happens on
data qubit 0 during the extraction of the first Z-stabilizer, it triggers the
remaining stabilizers, while the first stabilizer is not affected. This implies
that an erroneous correction is applied to data qubit 5 and thus leads to the
non-correctable weight-2 error X0X5. However, for the biased noise model
the only errors that can happen during the extraction of the stabilizers are
Z-errors, which do not trigger Z-stabilizers, such that no erroneous feedback
is applied.

7.1.4. T-Gate Based on Magic State Injection

One way to implement a logical T-gate on the Steane code is magic state
injection. Here, the idea is to prepare a logical auxiliary qubit in the magic
state

|ML⟩ = (|0L⟩+ exp(iπ/4) |1L⟩)/
√
2. (7.2)

The fault-tolerant preparation of the magic state typically includes measure-
ments to verify that the correct state was prepared. The desired π/4-phase,
that is imprinted on the magic state, is then injected onto the logical qubit by
entangling it with the magic state and after measuring the auxiliary logical
qubit applying a logical S-gate depending on the outcome. This approach is
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Figure 7.4.: Circuit for the implementation of a logical T-gate with magic state
injection. Panel (a) shows the circuit for magic state injection. In
panel (b) we illustrate the logical encoding of the magic state and
panel (c) shows the schematic circuit for implementing a logical
CS-gate with subsequent reset on the control. The detailed circuits
for the encoding of the magic state and the logical CS-gate with
subsequent reset are shown in Section 7.D.

163



7. Measurement-Free Quantum Error Correction Optimized for Biased Noise

especially suitable for the Steane code with the transversal S-gate. In princi-
ple, the measurement with subsequent S-gate could be simply replaced by a
logical CS-gate [76]. However, the logical CS-gate is not transversal. Luckily,
since the magic state is thrown away after the injection, we can relax the
requirements on the measurement-free CS-gate. In the following we present
protocols for the measurement-free encoding of the magic state and the im-
plementation of a measurement-free CS-gate with subsequent reset. The
schematic circuit for the magic state preparation and the logical CS-gate with
subsequent reset on the control qubit is shown in Fig. 7.4, the detailed circuits
are shown in Section 7.D.

To fault-tolerantly encode the magic state, we initially encode it non-fault-
tolerantly (red box in Fig. 7.4 (b)). With the biased noise model there are three
types of errors with weight ≥ 2 that can occur: Combinations of weight-1 X-
and Z-errors, the logical Z-error Z0Z1Z4 and a combination of a weight-1
X-error and a logical Z-error. To detect logical Z-errors we introduce a verifi-
cation step (yellow box). If instead of the state |ML⟩ the state ZL |ML⟩ was
prepared, the verification-flag is raised. Since the verification step transforms
pairs of weight-1 X- and Z-errors into non-correctable errors, we extract all
three Z-stabilizer before applying the verification step (orange box). This
allows us to detect weight-1 X-errors. In a measurement-based scheme one
would now measure the syndromes and the verification-flag, and then prepare
a new magic state if the verification flag was raised or an X-error was detected.
To make this measurement-free, we always encode a second magic state, anal-
ogously to the first non-fault-tolerant magic state preparation. Furthermore,
we encode the information if any X-error occurred into a flag (syndrome-flag).
Finally, we collect the information of the syndrome-flag and the verification-
flag into one new flag that is used to control a logical SWAP-gate on the two
magic states. If the syndrome extraction or the verification unit detects an
error, the two magic states are swapped and the second magic state, that
is now encoded into the first code block, is used for the T-gate. The logi-
cal SWAP-gate with single-qubit control can be implemented with logical
CCZ- and H-gates. To reduce the number of required qubits, we first encode
the syndrome- and verification-flags and prepare the final control-flag and
afterward encode the second magic state as illustrated in Fig. 7.4.

To perform the CS-gate with subsequent reset, we encode the logical Z-
operator ZL = Z4Z5Z6 of the logical magic state qubit into auxiliary qubits
(pink boxes in Fig. 7.4 (e)). These auxiliary qubits are then used to control phys-
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ical CS-gates [76]. Every CS-gate is controlled by a freshly encoded auxiliary
qubit, to avoid the spreading of potential errors to several data qubits and thus
ensure fault-tolerance. In addition, we have to account for potential X-errors
on the qubits 4, 5 and 6. To this end, we perform two rounds of Z-stabilizer
measurements (orange boxes) before extracting the logical Z-operator. If an
X-error on the qubit 4, 5 or 6 is detected, the information on the auxiliary
qubit is flipped. In Fig. 7.4 this is included in the encoding of ZL (pink box).
Resetting one of the auxiliary qubits collapses the magic state into the state
|0L⟩ or |1L⟩. However, since the magic state injection anyway requires only
a classical control, this does not affect the successful implementation of the
T-gate.

7.1.5. T-Gate Based on Code Switching

The second option we consider for implementing a logical T-gate is code
switching. Protocols for measurement-free code switching, that are fault-
tolerant under depolarizing noise, have been developed in reference [267].
Friederike Butt optimized these circuits for the biased noise model with small
contributions from my side. The code switching protocols for biased noise are
shown in Fig. 7.5. To implement a logical T-gate on the Steane code we switch
to the tetrahedral code, that has a transversal logical T-gate (see Section 6.3.4
for more details). We then apply the logical T-gate and afterward switch back
to the Steane code.

To switch from the Steane code to the tetrahedral code, we first prepare 8
fresh qubits, that are supposed to extend the Steane triangle to a tetrahedron.
Then, we extract the 3 Z-stabilizers on the faces connecting the triangle and
the bulk. To achieve fault-tolerance, we have to repeat this 4 times. Finally,
we apply measurement-free feedback, that encodes the switching operations
as introduced in Section 6.3.4. Note, that each feedback string involves four
data qubits. To avoid errors of weight two or higher, we control each single-
qubit operation within one feedback string with a different syndrome qubit.
Thus, each stabilizer has to be extracted four times. The steps discussed so
far can again introduce combinations of single X- and Z-errors, that are not
correctable after applying the logical T-gate. Thus, before applying the logical
T-gate, we correct X-errors using the overcomplete stabilizer extraction and
the corresponding feedback, as introduced in the second half of the QEC
circuit.
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Figure 7.5.: Circuits for the implementation of a logical T-gate with code
switching. The circuits are based on reference [267] and were
adapted to the biased noise model by Friederike Butt. Panel (a)
shows the schematic circuit for implementing a T-gate with code
switching, panel (b) shows the circuit for switching from the
Steane code to the tetrahedral code and panel (c) shows the circuit
for switching back.
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To switch back to the Steane code, we extract the X-stabilizers on the triangle.
In addition, to achieve fault-tolerance we extract Pauli-X strings one the
opposite faces and furthermore the weight-8 X stabilizer of the bulk. Note that
in Fig. 7.5 the bulk-stabilizer is obtained by extracting again only a weight-4
X-string and combining this with the result of the opposite face. To detect
potential errors we now compare the results we obtained for opposite faces
(check agreement in figure Fig. 7.5). If the two opposite faces have different
eigenvalues a flag is raised, that states that there is an error either in the bulk
or on the Steane triangle. Together with the stabilizer information of the bulk
we can now deduce where the error is and in case it is on the Steane code
flip the corresponding syndrome qubit, such that no wrong code switching
feedback is applied (correct syndrome in figure Fig. 7.5). The first half of the
back switching is completed by feedback that encodes the first part of the
feedback strings as introduced in Section 6.3.4. The syndrome extraction, the
agreement-check, and the syndrome correction are repeated to encode the
syndrome qubits based on which the second half of the feedback is applied.

7.2. Logical Noise Model and Circuit
Performance

Here, we analyze how the circuits presented in Section 7.1 perform under the
biased noise model in Eq. (7.1). We first compare the logical error rates of the
T-gate implemented with magic state injection and code switching. Afterward,
we discuss the logical noise model of the encoding, the QEC cycle and the
universal logical gate set. Furthermore, we compare the performance our
measurement-free circuits with measurement-based schemes in the presence
of idling noise.

7.2.1. Comparison of Magic State Injection and Code
Switching

To compare the performance of the logical T-gate based on magic state injec-
tion and code switching, we simulate the faulty circuits applied to a perfectly
encoded |+L⟩-state using Monte-Carlo sampling (see also Section 7.A). For
our comparison this input state is sufficient, since, the magic state injection

167



7. Measurement-Free Quantum Error Correction Optimized for Biased Noise

10−4 10−3

physical error rate p

10−5

10−4

10−3

10−2

10−1

lo
gi

ca
l

er
ro

r
ra

te

magic state injection

code switching

Figure 7.6.: Comparison of magic state injection and code switching. The dots
show the numerical results for the logical error rate of a logical
T-gate implemented with the circuits introduced in Section 7.1.4
and Section 7.1.5. The straight lines are a polynomial fits, and the
dashed line is the physical error rate. As input state we use |+L⟩.
For the code switching the encoding of the bulk was assumed to
be ideal.

gives only rise to logical Z-errors, as shown in the next section. The logical
error rate is then deduced by comparing the final state of the faulty simulation
with the result of an ideal simulation. The result is shown in Fig. 7.6.

We find that the T-gate based on reduced code switching has a substantially
lower break-even point than the T-gate based on our scheme for magic state
injection. In the following, we thus focus on the implementation with magic
state injection. Nevertheless, the reduced code switching can outperform the
magic state injection if the operation that should be applied is transversal
on the tetrahedral code and requires many T-gates when compiling it to a
basis gate set with H-, T- and CZ-gate. For example, the logical CCX-gate is
transversal on the tetrahedral code and thus requires only one round of code
switching on every involved logical qubit, but at least four T-gates and thus
four rounds of magic state injection with the given gate set.
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7.2.2. Logical Noise Model of the Bare Gadgets

As discussed before, our goal is to provide logical qubits that can serve as
data qubits for quantum error correcting codes with larger code distance. To
characterize these logical qubits, we analyze here the effective noise of the
logical building blocks (gadgets). To numerically determine the logical noise
model of a gadget, we randomly place errors in the gadget using Monte-Carlo
sampling (see Section 7.A). We then perform the faulty gadget on a test state
and compare the final state with the state one obtains after performing the
ideal gadget. For a well-chosen test states this allows us to directly deduce the
Kraus operators. In general, one has to perform quantum process tomography
and apply the faulty gadgets to different input states to find the Kraus operators
of a quantum channel. However, since we only place Pauli errors, the possible
final errors in the considered circuits are X-,Y-,Z- and S-type errors. Choosing
the state (|0L⟩+ eiπ/8 |1L⟩)/

√
2 as test state for single qubit gadgets and the

state (|0L0L⟩+ eiπ/8 |1L0L⟩+ eiπ/8 |0L1L⟩− eiπ/4 |1L1L⟩)/2 for two-qubit
gadgets allows us to clearly distinguish the possible errors. The logical error
rates for the QEC cycle, the CZ-gate, the encoding of |0L⟩ and the T-gate are
shown in dark colors in Fig. 7.7. In the following, we analyze the logical noise
model of these gadgets in more detail and supplement our numerical analysis
with analytical arguments.

The error correction cycle gives rise to logical X-, Y- and Z-errors. The biased
noise model together with the assumed basis gate set imply the following
possible errors. In the first half of the error correction cycle (the correction
of X-errors) the extraction of the Z-stabilizers can lead to Z-errors while the
feedback can result in X-errors. Conversely, in the second half (the correction
of Z-errors) the stabilizer extraction gives rise to X-errors and the feedback
can lead to Z-errors. Since we extract one more X-stabilizer than Z-stabilizers,
the probability for X-errors during syndrome extraction is higher than the
probability for Z-errors. Furthermore, if an overcomplete set of stabilizers is
used for the feedback an error on a syndrome cannot lead to wrong corrections
on data qubits. Thus, compared with X-errors the probability to have Z-errors
is even more suppressed. Logical Y-errors can only appear, if there are at
least two X-errors and two Z-errors on the data qubits. In leading order
(p2) this is only the case if one CZ-gate fails during the extraction of the
Z-stabilizers on both involved qubits and one CZ-gate during the extraction
of the X-stabilizers also on both involved qubits. Thus, the probability to
have a Y-error is much smaller than the probabilities for X- and Y-errors. As
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discussed before, overcomplete stabilizer extraction is not always required.
For the reduced error correction cycle (not shown), where only 6 stabilizers
are mapped out, the probabilities to have a logical X-error is reduced with
respect to the overcomplete error correction cycle, while the probability to
have a Z-error is increased. A more detailed, quantitative analysis of the
logical noise model is given in Section 7.B.

For the encoding of the logical state |0L⟩ the only errors that have a non-trivial
effect are X-errors. Since the only physical errors that can occur are Z-errors
on CZ- and CCZ-gates, the encoding circuit allows only for X-errors on the
qubits 0,1,3, and 5, where a H-gate is performed after a CZ- or CCZ-gate. An
X-error on data qubit 3 always implies an X-error on data qubit 0, which is
then corrected by the feedback. However, if in addition an error happend on
the flag qubit or the syndrome qubit, such that they are flipped, this correction
is not applied, and we end up with a logical X-error. Data qubit 3 participates
in two CZ-gates that are surrounded by H-gates and can thus give rise to
X-errors. The probability that an error occurs on a specific qubit during a
CZ-gate is given by the probability to have an error only on this qubit plus
the probability to have an error on both qubits. For our noise model this is 2

3p
and the probability to have an X-error on data qubit 3 is thus 4

3p. Similarly,
the probability that the flag or the syndrome qubit are flipped is 14

3 p and
the total probability for a logical X-error due to an X-error on data qubit 3
and a flipped syndrome or flag qubit is 6.2p2. Furthermore, a logical X-error
occurs if data qubit 1 and 5 were flipped or if one of the two was flipped and
in addition an X-error occurred on data qubit 0 during the feedback. This is
either the case if the CCZ-gate fails on data qubit 0 or if the syndrome qubit
was flipped, which, in combination with the verification flag that is raised
due to an error on 1 or 5, leads to a wrong correction on data qubit 0. The
total probability for a logical X-error due to flips of data qubits 0,1 and 5 is
approximately 10.4p2 and the total probability to have a logical X-error in
the encoding is thus approximately pX,Enc ≈ 16.6p2. This agrees well with
our numerical findings, as shown in Fig. 7.7.

Since physical CZ gates can only have Z-errors, the bare logical CZ-gate also
only gives rise to Z-errors. A logical error on only one logical qubit happens
if two gates fail either on the same code block or one gate fails on one code
block and one gate on both blocks. For the first szenario, there are

(
7
2

)
= 21

possibilities that 2 out of 7 gates fail and the probability that a CZ-gate fails
only on exactly one specific qubit is p/3. For the second scenario there are
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Figure 7.7.: Characterization of logical noise model for the error correction
cycle, encoding of the state |0L⟩, a logical CZ-gate and a logical
T-gate. Here and in the following, the dashed line represents the
physical error rate p, to indicate the break-even point. For the
encoding and the logical gates the dark lines refer to the bare gate
and the light lines show the extended logical error rates as defined
in the main text. The points show the numerically simulated data
and lines are the analytical estimates for the logical error rates
(see main text and Section 7.B). The bare logical CZ- and T-gate
can only give rise to Z-errors. For the logical CZ-gate and the
T-gate surrounded by QEC one also finds X- and Y-type errors. X-
and Y-type errors for the extended CZ- and T-gate and the noise
model for extended H- and S-gate are shown in Fig. 7.8.
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Figure 7.8.: Characterization of logical noise model for the logical CZ-gate, the
logical T-gate, the logical H-gate and the logical S-gate surrounded
by QEC. The points show the numerically simulated data and lines
are the analytical estimates for the extended logical error rates.
For the CZ- and T-gate Z-type errors are shown in Fig. 7.7 together
with the error rates of the bare gates.
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|ψL⟩ QEC G1 QEC G2 QEC

Ex-Rec 1 Ex-Rec 2

Figure 7.9.: Illustration of extended rectangles. Two logical gates G1 and G2
are applied to the logical qubit interrupted by QEC cycles. A gate
framed with QEC cycles is summarized into an extended rectangle.

7 possibilities to place a ZZ-error on the 7 gates and then 6 possibilities
remain to place a ZI-error, such that we in total end up with 7 × 6 = 42
possibilities. The total probability for a logical ZI-error or IZ-error is thus
pZI,CZ = 63

9 p
2 = 7p2. Logical Z-errors on both logical qubits are strongly

suppressed, since they can only occur if two physical CZ-gates fail on both
involved qubits. Again, there are 21 possibilities that 2 out of 7 gates fail and
the probability to have ZZ-error on one CZ-gate is p/3. The probability for a
logical ZZ-error is thus pZZ,CZ = 7

3p
2.

The logical T-gate also only introduces Z-errors. The reason is the following.
The physical CZ- and CS-gates anyway only give rise to Z-errors on the data
qubits of the logical qubit. On the magic state X-errors can appear as well as
on the auxiliary qubits during the logical CS-gate. However, the latter lead to
wrongly applied S-gates on the logical qubit and thus again to Z-type errors,
while the former lead with equal probabilities to logical SL or S†

L which is
equivalent to a noise channel with Kraus operators IL and ZL. Again, we
derive the noise model of the logical T-gate in more detail Section 7.B.

7.2.3. Logical Noise Model of Extended Rectangles

So far, we considered bare logical gates. However, the resulting noise model
is not sufficient to estimate the probability of some quantum algorithm to
fail on a logical level. The reason is that the correctable weight-1 errors are
not accounted for in our logical noise model. If several gates are performed
successively, the weight-1 errors accumulate and can lead to a logical error.
To prevent the accumulation of errors one has to run error correction cycles
between the gates. In the flowing we use the concept of extended rectangle
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[269, 270], to provide an upper bound for the error rates in the logical noise
model.

An extended rectangle is a logical gate framed by error correction cycles
(see also Fig. 7.9). When deriving the logical noise model for such an object
this automatically includes logical errors stemming from the accumulation of
weight-1 errors that occurred in different gadgets. In particular, the leading
contribution (∝ p2) in the logical noise model consists of weigh-2 errors in the
two error correction cycles and the bare logical gate. Furthermore, it includes
the case where one weight-1 error occurred in one of the two error correction
cycles and one in the bare logical gate and the case where each error correction
cycle has one weight-1 error. In a logical circuit, the error correction cycle
that follows a gate is at the same time the error correction cycle that precedes
the next gate. This motivates the definition of the extended logical error rate
as the error rate of the extended rectangle after subtracting the logical error
rate of one error correction cycle. In leading order, the extended logical error
rate can be written as pex = pQEC + pG + pQEC,G + pG,QEC, where pQEC is
the bare error rate of the error correction cycle, pG the error rate of the bare
logical gate and pQEC,G and pG,QEC are the probabilities for weight-2 errors to
accumulate between the error correction cycles and the logical gate.

The extended logical noise model allows us predicting the logical error rate
of a logical circuit where extended rectangles are arranged to overlap. To
illustrate this, we consider two logical gates that are applied one after another.
The logical error rate of the full object is 3pQEC+pG1+pG2+pQEC,G1+pG1,QEC+
pQEC,G2 + pG2,QEC, which corresponds to pex1 + pex2 + pQEC. When running a
quantum algorithm, one might not perform a QEC cycle after every logical
gate. Thus, the extended logical noise model provides an upper bound for the
performance of logical gates and the effective noise per gate lies between the
error rates of the bare gates and the extended rectangles.

In Fig. 7.7 and Fig. 7.8 we show the extended logical noise model of the
encoding1 of the state |0L⟩ and the logical H-, S-, T- and CZ-gate. The logical
errors that are also present for the bare gadgets are depicted in Fig. 7.7 in
light colors. Logical errors that occur only for the extended rectangles are
shown in Fig. 7.8. In particular note that due to our biased noise model, where
single-qubit gates are assumed to be perfect, the bare transversal single-qubit
gates like the H- and S-gate also have an error rate of 0. By default, we use the

1Note that the extended rectangle for the encoding consists of the bare encoding followed
by an error correction cycle.
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reduced error correction cycle to frame the bare gates. However, for the logical
T- and S-gate the preceding cycle uses an overcomplete set of stabilizers to
ensure fault-tolerance. As expected, the extended logical error rates are higher.
In particular, we notice, that also the probability to have a Z-error on both
logical qubits after a CZ-gate is increased. This is because such errors can
also appear if both preceding error correction cycles have an X-Z-error, or
one of the preceding error correction cycles has an X-Z-error and in addition
one physical CZ-gate fails.

To estimate the extended logical error rates analytically, we assume that the
probability to have a weight-1 error in a bare gate is approximately given by
the square root of the probability for weight-2 errors. The idea behind this is
that the number of possibilities to place 2 errors in a circuit is roughly given
by the number of possibilities to place 1 error multiplied with itself. Using the
analytical results for the bare gates from Section 7.B and Section 7.2.2 allows
us then to straight forwardly compute the extended logical error rates. For
example, the extended probability to have a logical ZZ-error on the CZ-gate
is calculated as

pZZ,extCZ = (
√
pY,rQEC +

√
pZZ,CZ)

2 ≈ 26.8, (7.3)

where pZZ,CZ is the probability for a logical Z-error on a bare CZ-gate and
pY,rQEC is the probability to have a Y-error in the qec cycle. As shown in
Fig. 7.7 and Fig. 7.8 this analytical approximation fits the numerical data
surprisingly well in many cases. A more detailed analysis of the logical noise
models is given in Section 7.B.

7.2.4. Comparison with Measurement-Based Schemes

To compare the performance of our measurement-free schemes with a mea-
surement based approach, we extend the noise model in Eq. (7.1) by idling
noise and measurement errors. By default, we assume that measurements are
performed in the Z-basis and measurements in a different basis are obtained
by applying a rotation gate before the measurement is performed. If the
measurement has an error we measure 0 instead of 1 and vice versa. This can
be modelled by placing bit flips X in front of the measurement. We assume
measurement errors to occur with a probability pmeas = 0.4p [57].
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Figure 7.10.: The green region shows the parameter regime where the logical
error rates of the measurement-free protocols are lower than
the error rates of the measurement-based schemes. In the red
region the measurement-based protocols perform better than the
measurement-free version. The logical error rates are obtained
by simulating faulty gadgets on input states |0L⟩ and |+L⟩ and
adding the results of these simulations.

In recent experiments on the Rydberg platform, the dominating errors during
idling are Z-errors [70]. Since typical durations of gates are several orders of
magnitude smaller than the qubit coherence times, idling errors during gates
can be neglected [72, 74, 248, 249]. Thus, we model the idling errors during
measurements with

Eidle,meas(ρ) = (1− pI)ρ+ pIZρZ. (7.4)

This channel is applied to all qubits in the circuit, that are not measured.

To enable a fair comparison, we need a measurement-based QEC cycle and T-
gate, that are optimized for the biased noise. For the measurement-based QEC
cycle, we take the measurement-free version shown in Fig. 7.3 and replace
the two gate-based feedbacks with measurements and feed-forward feedback.
Similarly, for the measurement-based magic state preparation we first non-
fault tolerantly encode the magic state. This is then followed by the extraction
of Z-stabilizers and the encoding of a verification flag. Finally, all syndrome
qubits and the verification-flag are measured and if necessary a second magic
state is prepared non-fault-tolerantly. The injection is done in the usual way,
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where the magic qubit is measured after entangling it with the logical qubit
and depending on the result a logical S-gate is applied to the logical qubit (see
also Fig. 6.5).

In Fig. 7.10 we compare the logical error rates of measurement-based and
measurement-free schemes for different error rates. For the QEC cycle the
measurement-free protocol and the measurement-based protocol have similar
logical error rates if pI ≈ 0.3p and for the T-gate this is the case if pI ≈ 1.2p.
If pI is larger than these values one profits from using measurement-free
protocols and if pI is smaller, measurement-based schemes are more beneficial.
In particular, there is a regime that suggest a hybrid solution, where the
measurement-free QEC cycle might be combined with the measurement-
based T-gate. Note that the results in Fig. 7.10 do not distinguish if the logical
error rates are below or above the physical error rates.

7.3. Imperfect Noise Bias

So far we considered a simplified noise model, where the only errors that
can occur are Z-errors on two- and multi-qubit gates. Even if the noise on
a quantum computing platform is strongly biased, there are typically errors
that are not covered by this rudimentary noise model. In this section we
discuss how failures on single-qubit gates and X- and Y-errors on two- and
multi-qubit gates affect the performance of our circuits.

7.3.1. Faulty Single Qubit Gates

In addition to the noise model defined in Eq. (7.1), we assume a depolarizing
noise model for the single-qubit gates (H , X , T and T †) with noise channel

E1(ρ) = (1− p1)ρ+ p1/3
∑

P∈{X,Y,Z}
PρP. (7.5)

Furthermore, we allow for failures during the qubit initialization. If the
initialization fails a qubit is prepared in the state |1⟩ instead of the state |0⟩.
This is described by the noise channel

EI(ρ) = (1− p1)ρ+ p1XρX. (7.6)
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Figure 7.11.: Effects of single-qubit gate errors on the break-even point. Panel
(a) exemplarily shows the logical error rate of the QEC circuit
for α = p1/p = 0.0 and α = 0.6. The dots are the numerical
data, the straight lines are polynomial fits and the vertical lines
illustrate the break-even points. The numerical data are obtained
by summing over the results for input states |0L⟩ and |+L⟩. In
panel (b) we show the break-even point for the QEC circuit and
the T-gate based on magic state injection. The straight lines are
fits of the form of Eq. (7.7)
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7.3. Imperfect Noise Bias

First, we stress that all circuits presented in the previous chapter are still fault-
tolerant under these conditions due to the following reasons. Typically, fault
tolerance is endangered by two- and multi-qubit gates failing simultaneously
on data qubits and syndrome qubits and hook errors during syndrome extrac-
tion and magic state verification. While simultaneous errors on two qubits
can obviously not be induced by faulty single-qubit gates, hook errors might
in principle occur. However, the syndrome extraction consists of one H-gate
followed by 4 CZ-gates. Thus, if the H-gate or the syndrome initialization fails,
the effect on the data qubits is a stabilizer. Furthermore, any single-qubit error
during the magic state verification may result in a logical error on the first
magic state. However, in this case the flag is also raised, and the faulty state
is thus always swapped with the second magic state, such that the scheme
is still fault-tolerant. We also verify the fault-tolerance under the extended
noise model numerically by simulating all possible error patterns.

The fact that single qubit operations can also fail lowers the logical error
rates and thus the break-even point. To quantify this, we simulate the logical
error rates for fixed α = p1/p and different p for initial states |0L⟩ and
|+L⟩ 2. In panel (a) in Fig. 7.11 we exemplarily show the results of the QEC
circuit for α = 0.0 and α = 0.6. We fit the sum of the error rates of the
input states |0L⟩ and |+L⟩ with a function of the form ap2 + bp3 and use
the fit parameters to evaluate the break-even point. At the break-even point
the logical error rate equals the physical error rate p and thus pc = (−a +√
a2 + 4b)/(2b). The resulting break-even points pc are shown in panel (b) in

Fig. 7.11. The dependency on α = p1/p can be estimated in the following way.
The probability to have two errors in the circuit is given by c11p21 + c12p1p+
c22p

2, where c11 is the number of possibilities that two single-qubit gates fail,
c12 the number of pairs of errors on a single and one two-qubit gate and c22
the number of errors on two two-qubit gates. The break-even point is then
approximately given by

pc =
(
c11α

2 + c12α+ c22
)−1

. (7.7)

In Fig. 7.11 we fit a function of this form to the numerical data.

2For a gadget with X-, Y-, and Z-errors, the total probability for the gadget to fail is given by
the sum of the error rates of X-, Y-, and Z-errors. X-errors are detected with the input state |0L⟩
and Z-errors with |+L⟩. However, Y-errors are accounted with both input states, such that the
final result gives again an upper bound for the logical error rates.

179



7. Measurement-Free Quantum Error Correction Optimized for Biased Noise

10−4 10−3 10−2

physical error rate p

10−5

10−4

10−3

10−2

lo
gi

ca
l

er
ro

r
ra

te
QEC

ε=0.0

ε=0.01

ε=0.05

ε=0.1

10−4 10−3 10−2

physical error rate p

TL

Figure 7.12.: Logical error rates for the imperfectly biased noise model as
defined in Eq. (7.8) for the error correction cycle and the T-gate.
The shown error rates are obtained by summing over the error
rates of input states |0L⟩ and |+L⟩. The lines correspond to the
analytical estimates for the logical error rates (see Section 7.C
for the linear order and Section 7.B for the quadratic).

7.3.2. Bit-Flips on Multi-Qubit Gates

Here, we consider the scenario where a small fraction of the errors on multi-
qubit gates are bit-flip errors. In this case, the presented QEC circuit and
the T-gate are no longer fault-tolerant. However, if the probabilities for X-
and Y-errors errors are significantly smaller than for Z-errors, our circuits
can still suppress the logical error rate. To analyze this quantitatively, we
consider a noise model, where two- and multi-qubit gates are followed by a
noise channel of the form

Ẽl(ρ) = (1− p)ρ+
p(1− ϵ)

2l − 1

∑
P∈MZ

PρP +
pϵ

2l(2l − 1)

∑
P∈Mϵ

PρP. (7.8)

Here, l is the number of qubits involved in the gate and ϵ is the proportion of
non-Z-type errors and the error are drawn from MZ = {I, Z}⊗l\I⊗l and
Mϵ = {I,X, Y, Z}⊗l\{I, Z}⊗l. In the limit of ϵ = 0 this gives again the
perfectly Z-biased noise model.

The logical error rates with imperfect noise bias for the QEC cycle and the
T-gate are shown in Fig. 7.12 for different ϵ. One clearly sees that for small
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p the logical error rates are now dominated by a term that is linear in the
physical error rate p and which corresponds to the fact that the circuits do
not tolerate bit-flip errors on multi-qubit gates. However, if ϵ is sufficiently
small the logical error rates can still be lower than the physical error rate. In
Section 7.C, we count the number of errors that destroy fault-tolerance and
estimate the critical values for ϵ, above which no break-even point exists. We
find that the analytically found critical value is around ϵc = 0.098 for the
QEC cycle and ϵc = 0.086 for the T-gate, which fits the numerical results.

Interestingly, the logical noise of the T-gate for non-zero ϵ is still dominated
by Z-errors. The reason is that Steane code corrects all types of Pauli errors
and thus single X- or Y- errors that appear directly on the data qubits, for
example after the CZ-gate, do not lead to logical X- or Y-errors. To be more
precise, the physical X-errors that destroy the fault tolerance of the logical
T-gate can only lead to logical Z-errors. Single bit flips during the magic state
preparation might cause a bit-flip on the magic qubit. However, this can only
lead to logical Z-errors on the logical qubit when applying the injection circuit.
Similarly, bit-flips during the logical CS-gate with subsequent reset can only
trigger wrongly applied S-operations on the logical qubit and thus again only
lead to Z-errors.

7.4. Implementation

In this section we exemplarily illustrate efficient implementations of the
reduced error correction cycle and the encoding of |0L⟩ on a neutral atom
platform. So far, we assumed all-to-all connectivity. In principle, this is a
valid assumption for neutral atom platforms due to the shuttling operations.
However, tweezer movements are slow compared with average gate times
and by carefully arranging the qubits in space many shuttling operations
can be avoided. A second assumption we used in the previous analysis, is
the availability of multi-qubit gates like the CCCZ-gate. In principle such
gates can be implemented on neutral atom platforms due to the blockade
mechanism [9, 72–74]. However, so far high-fidelity multi-qubit gates, that
involve more than 3 qubits, have not been realized in experiment. In this
section, we present possible implementations for the encoding of the state |0L⟩
and the reduced QEC cycle, on a two-dimensional lattice with next-nearest
neighbor interactions. The implementation protocols are designed in such a
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Figure 7.13.: Implementation of the reduced error correction cycle (a) and the
encoding of |0L⟩ (b) on a neutral atom platform with next-nearest
neighbor connectivity. Straight lines and arrows represent two-
qubit gates (CX), and dashed arrows represent three qubit gates
(CCX). Two parallel arrows indicate that after encoding the in-
formation into stabilizer or flag qubits the entangling gate is
applied again to disentangle the auxiliary qubit. For the error
correction cycle this is not shown for step 2 and 3, to keep the
figure clear. However, steps 2 and 3 are always reverted. Step
1 in the QEC-cycle (orange arrows) illustrates the extraction of
one stabilizer and step 2 to 4 illustrate the feedback on one data
qubit. For the encoding, we divided the full implementation into
three parts to keep the figure cleart. The three parts correspond
to non-fault-tolerant encoding (left), flag extraction (middle) and
stabilizer extraction with feedback (right). In panel (c) we com-
pare the logical error rates of the error correction cycle and the
encoding for all-to-all connectivity (light color) and next-nearest
neighbor connectivity (dark color). The dashed curve shows the
logical error rate for pCCZ = 4.2p.
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way, that at most one shuttling operation is required, and no gates are needed
that involve not more than 3 qubits. The spatial arrangement of the atoms
is shown in Fig. 7.13. The qubits are placed such that most stabilizers can be
mapped out without any additional operation. Thus, we first discuss how
quantum error correction can be performed in this geometry and afterward,
consider the implementation of the encoding circuit in Fig. 7.2.

In this configuration, X-errors are corrected in the following way. First all three
Z-stabilizers are mapped out into the syndrome qubits (step 1 in Fig. 7.13 (a)).
While the red and the blue stabilizer can be mapped out without any additional
operation, the extraction of the green stabilizer requires an intermediate
auxiliary qubit, to perform operations between distant qubits. In particular,
potential errors on the data qubit in the bottom right corner of the green
stabilizer are copied to the purple auxiliary qubit via a CX-gate 3. Then, the
error-information is transferred to the syndrome qubit via another CX-gate.
And finally, another CX-gateis used to disentangle the auxiliary qubit and the
data qubit in the bottom right corner. For the feedback on one data qubit, the
syndrome qubit next to the data qubit has to be swapped with an auxiliary
qubit (step 2). Then, the syndrome information of the two distant syndrome
qubits is encoded into the auxiliary qubit with a next-nearest neighbor CCX-
gate (step 3). Subsequently, a CCX-gate between the auxiliary qubit, the closer
syndrome qubit and the data qubit is applied to perform the correction (step
4). Afterward, step 3 and 2 are reverted. This is repeated for the feedback
on all remaining data qubits. Here, each feed-back requires a new (or reset)
auxiliary qubit to ensure fault tolerance. The feedback on the data qubit in
the middle does not require the SWAP-step (step 2), here the information
of the syndrome qubits of the green and red stabilizer can be encoded into
the purple auxiliary qubit. For the next round of error correction one either
resets all auxiliary qubits (including the syndromes) or one provides fresh
qubits via shuttling. Thus, a full error correction cycle requires at most
one shuttling operation, if resets are not available. The implementation of
error correction with overcomplete stabilizer extraction might require more
shuttling operations.

For the encoding we first encode the state |0L⟩ non-fault-tolerantly by entan-
gling data qubits (yellow arrows in Fig. 7.13 (b)). Here, operations between

3For simplicity, we use CX- and CCX-gates to describe the implementation of the circuits.
However, for the numerical simulation all CX- and CCX-gates are again compiled into H-, CZ-,
and CCZ-gates.
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distant qubits are again performed using intermediate auxiliary qubits. In a
second step, ZL is mapped to the red flag qubit (red arrows). Afterward, the
stabilizer X0X2X4X6 is mapped out to the orange syndrome qubit (orange
arrows), where we again make use of auxiliary qubits to transfer the error
information of more distant qubits to the syndrome. Finally, the feedback
operation, that is controlled by the flag and the syndrome qubit, is applied to
the data qubit in the middle of the Steane triangle using a CCX-gate (green
arrows). For clarity, the implementation of the encoding in Fig. 7.13 (b) is
divided into three parts.

In Fig. 7.13 (c) we compare the logical error rates for the presented imple-
mentations (dark color) with the error rates one obtains assuming all-to-all
connectivity and high-fidelity 4-qubit gates (light color). For the QEC cycle,
we in addition show the logical error rates for three-qubit gate infidelities of
pCCZ = 4.2p [74], where p is the two-qubit gate infidelity. Since we have only
one three-qubit gate in the encoding, we obtain similar logical error rates for
pCCZ = 4.2p and pCCZ = p, and the curve with pCCZ = 4.2p is thus not shown.
As expected, when restricting the connectivity to next-nearest neighbors, the
logical error rates are higher than for the case where we assume all-to-all
connectivity. This is due to the additional gates that are required to transfer
information between distant qubits. However, the break-even points are still
in an experimentally realistic regime, and even with the less good CCZ-gates
with error rates pCCZ = 4.2p we obtain a break-even point of pc ≈ 10−3.

7.5. Conclusion and Outlook

In this chapter we develop a measurement-free quantum error correction
protocol and a measurement-free universal gate set for quantum computing
platforms that are strongly biased to phase errors. Our protocols are designed
to tolerate Z-errors after two- and multi-qubit gates. Compared with fault-
tolerant, measurement-free proposals that assume a depolarizing noise model
[7, 10, 267, 268], or circuits have a reduced gate- and qubit overhead and
thus an improved break-even point. We derive a logical noise model for all
logical building blocks and furthermore study the effect of imperfections in
the noise bias. We find that our schemes tolerate X-, Y-, and Z-errors on single
qubit gates. Furthermore, even if up to 10% of the errors on two- and multi-
qubit gates are bit-flip errors our schemes can be used to suppress the logical

184



7.5. Conclusion and Outlook

error rate. Finally, we sketch possible implementations of the QEC cycle
and the encoding of the state |0L⟩ on a platform with next-nearest neighbor
connectivity, where shuttling operations are only required to provide fresh
auxiliary atoms. The proposed implementations require gates that involve at
most 3 qubits. The break even point for the next-nearest neighbor QEC cycle
lies at a physical error rate of the order of pc = 10−3 even if 3 qubit gates
are 4 times worse than 2-qubit gates and is thus in a regime that might be
reachable with state-of-the art experiments. If shuttling operations are used
and higher 3-qubit gate fidelities are assumed the break-even point improves
further.

The protocols presented in this chapter can be used to correct up to one phys-
ical X- or Z-error, such that the logical error rate is quadratically suppressed.
Fault-tolerant quantum computing requires a stronger suppression of errors
and thus, QEC codes with larger distances. The idea is that our hardware
specific protocols might be used in a first QEC step to suppress the logical
error rate of our logical qubits below the threshold of a fully-fault tolerant
and scalable QEC code. Our logical qubits could then serve as building blocks
for encoding logical information in such a more general QEC code. Here,
also hybrid solutions are possible, where the first layer of quantum error
correction is performed in a measurement-free fashion, while all higher layers
use measurements and feed-forward feedback. In conclusion, logical qubits
encoded in the Steane code together with our platform-specific protocols
might be a good starting point for the implementation of arbitrary scalable
and universal error-correcting codes.
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7.A. Numerical Simulation Methods

For the biased noise model we verify fault-tolerance of all circuits by simulat-
ing all possible faulty circuits, where one gate fails. To determine the logical
noise model and the logical error rates (Fig. 7.7 and Fig. 7.13), we then simulate
104 circuits with minimum 2 and maximum 5 randomly placed faults.

For the imperfect noise biased (Fig. 7.12) single faults can already cause logical
errors. Thus, we simulate 106 circuits with minimum 1 randomly placed
fault.

All simulations, except the simulations of the code switching protocol, are
performed using exact state vector simulations in Qiskit [271]. The code
switching protocol was simulated with a state vector simulator that is opti-
mized for GPUs and was provided by Sebastian Weber.

7.B. Analytic Derivation of the Logical Noise
Model

In addition to the numerical simulations we estimate the logical noise model
analytically. We start with the QEC cycle and the bare logical T-gate based
on magic state injection. Analytical arguments for the logical noise model of
the logical CZ-gate and the encoding of the logical state |0L⟩ were already
discussed in the main text. We end this section with the analytical analysis of
the extended rectangles.

7.B.1. Error Correction Cycle

For the quantum error correction we distinguish the reduced error correction
cycle, where no overcomplete set of stabilizers is extracted and the (full) error
correction cycle, that prevents combinations of single X- and Z- errors.

Reduced error correction cycle - Initially, we calculate the error-rates on the
physical data qubits based on the number of faulty-gates they are involved in.
Since the different data qubits are involved in varying numbers of stabilizers,
we have to distinguish the qubits at the corners of the Steane triangle (c), the
qubits at the sides (s) and the qubit in the middle (m). In a second step, we
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count the number of possibilities to place two of those single-qubit errors and
estimate the logical error rates. We consider the biased noise-model defined
in Eq. (7.1). Thus, there are technically only Z-errors, however, since the
correction of Z-errors is done by framing the circuit for correcting X-errors
with H-gates, Z-errors can be transformed into X-errors. Furthermore, note
that a CZ-gate gives rise to errors ZI , IZ and ZZ , each with an error rate
p/3. The probability to have an error on one specific qubit after such a gate
is thus 2/3p. Similarly, the probability for an error on a specific qubit after a
CCCZ-gate is 8/15p.

During the simplified error correction cycle, a single X- or Z-error on the data
qubits happens if a CZ-gate during the syndrome extraction fails on a data
qubit or if the feedback gate fails. Failures during the first round of stabilizer
extraction and the second feedback result in Z-errors, while faults during the
second stabilizer extraction and the first feedback give rise to X-errors. The
probability for errors during the extraction of X- or Z-stabilizers is 2/3p for
the qubits in the corner, 2×2/3p for the sides and 3×2/3p for the qubit in the
middle. The probability for errors during the feedback is 8/15 for all qubits.
In addition, an error on the qubits in the corner happens if a syndrome qubit
is flipped during the stabilizer extraction (4× 2/3). Thus, the total probability
to have a single X-error is pc = 58/15p for the corner, ps = 28/15p for the
sides and pm = 38/15p for the center. There are 3 possibilities to place two
errors on corners or sides, 3 to place one error on a corner and one on a side
and 3 each to place one error in the middle and one on a side or a corner. In
leading order one obtains then a probability of pX,rQEC0 = 142.5p2 to have
a logical X-error.

The probability to have a logical Z-error is smaller, since Z-errors that happen
during the correction of X-errors might be corrected in the second half of the
error correction cycle. Thus, we have to subtract all combinations of Z-errors
that originate from the first round of stabilizer extraction and Z-errors that
appeared during the second feedback. We thus obtain pZ,rQEC0 = 120.1p2.

However, some of the discussed error combinations give rise to simultaneous
X- and Z-errors and thus lead to logical Y-errors. Thus, we estimate in a
last step the probability for logical Y-errors, and subtract the result from the
previously derived error rates for X- and Z-errors. Logical Y-errors can only
happen if there are at least two X- and two Z-errors on the data qubits. This is
only the case if one CZ-gate fails on both qubits during the extraction of the
Z-stabilizers and one during the extraction of the X-stabilizers. The probability
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for one CZ-gate to fail on both qubits is p/3. There are 12 CZ-gates during
the extraction of the Z-stabilizers and thus 12 possibilities for a single fail, so
in total 144 possibilities for one fail during X-stabilizer extraction and one
during Z-stabilizer extraction. From this we have to subtract all configurations
where the two Z- or X-errors cancel out. Errors can cancel out if they happen
on the corner of the Steane triangle, so there are 3 options to have an X-or
Z-error on the corner and 4 for the corresponding syndrome to be flipped.
Thus, the probability for a logical Y-error is (144− 2 · 3 · 4) · (p/3)2 = 13.3p2.
Subtracting this from the previously estimated probability for a logical X- or
Z-error we obtain the following probabilities for a logical X-,Y- or Z-error

pX,rQEC = 142.5p2 − 13.3p2 = 129.2p2,

pY,rQEC = 13.3p2,

pZ,rQEC = 120.1p2 − 13.3p2 = 106.8p2. (7.9)

Error correction cycle - In the error correction with overcomplete stabilizer
extraction the probability for X-errors due to syndrome extraction is increased
for the qubits in the corners and in the middle (4/3 for the corner and 8/3 for
the middle). All other considerations we used to the probability for X-errors in
the reduced circuit remain the same. The probability for Z-errors is reduced,
since errors on syndromes lead to logical errors only if there is already a single
Z-error in the beginning of the Z-error correction. It is thus convenient to
derive the logical Z-error rate again from scratch and to initially only take
into account the probability to have Z-errors during the syndrome extraction.
The probabilities for single Z-errors are then pc = 2/3, ps = 4/3 and pm = 2
and the probability for a logical Z-error is then 26.7p2. In addition, a logical
Z-error can appear if two CCCZ-gates in the feedback fail. The probability
for this is 21(8/15)2p2. And finally if there is a Z-error on the side (in the
middle) of the triangle there are two (three) possibilities, where an additional
error on the syndromes lead to a logical error. This gives additional 37.3p2.
In total, we thus obtain 70p2. Again, we did not yet take into account Y-
errors. Logical Y-errors appear only if during the first and during the second
round of stabilizer extraction a CZ-gate fails on both qubits. Since with the
overcomplete stabilizer extraction logical Z-errors are less likely, we initially
determine the probability that two failing CZ-gates give a logical Z-error. As
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discussed before this can only happen if the first Z-error is on the side or in
the middle of the triangle, which gives a probability of 37.3/4p2. Here the
factor of 1/4 comes in, since this time we only allow for errors on both qubits,
that happen with a probability of 1/3p, while previously we also allowed for
errors on one qubit (2/3p). From this result we have to subtract the probability
to have two X-errors on the same corner, which is 24/9p2. Finally, we obtain
for the reduced QEC cycle

pX,QEC = 181.7p2,

pY,QEC = 6.7p2,

pZ,QEC = 63.3p2. (7.10)

In Fig. 7.7 we compare these analytically estimated error rates with the nu-
merical results.

7.B.2. T-Gate

Logical errors during the T-gate with magic state injection can appear in the
following way. Either errors happen directly on the logical state if one of the
CZ- or CS-gates fail or errors happen on the magic qubit and afterward spread
to the logical state.

We start with analyzing how errors on the magic qubit affect the logical qubit.
Z-errors on the magic state are transferred to the logical qubit via the logical
CX-operation in the beginning of the injection and thus directly translate into
Z-errors on the logical qubit. Logical X- and Y-errors on the magic state imply
a wrongly applied logical S-gate if the magic qubit is in the state |0L⟩ and a
logical S†

L-gate if the magic qubit is in the state |1L⟩. After tracing out the
magic qubit this leads to a logical noise channel with Kraus operators IL/

√
2

and ZL/
√
2 on the logical qubit. Flips on the two flags during the logical

CS-gate with subsequent reset have the same effect as well as a single X-error
on the magic state data qubits 4,5 or 6 in combination with an X-error on one
of those flags.

Taking into account the previous considerations and the fact that the physical
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CZ- and the CS-gates give only rise to Z-errors, the logical T-gate can only give
rise to logical Z-errors. The probability for a logical Z error is given by half
the probability to have a logical X-error on the magic state and the probability
to have a weight-2 Z-error during the magic state preparation and injection.
The probability for logical Z-errors is composed into combinations of Z-errors
in the encoding- and injection-circuit and specific logical Z-errors during the
magic encoding. To be more precise, the latter accounts for weight two-errors,
where the verification flag in the encoding is raised and in addition a logical
Z-error happens during the non-fault tolerant encoding of the second magic
state. Since these errors imply logical errors only in this specific configuration
we have to treat them separately. In the following we derive the probability
for logical X-errors on the magic qubit and the two probabilities for logical
Z-errors.

Single X-errors on the magic state can appear after the CX gate with probability
2/3p, after the CSWAP-gate with probability 2/3p and in the verification with
probability 1/3p. For the verification we do not count errors where the gate
fails on both qubits, since this results in a raised flag and thus the state is
discarded. However, if two gates during the verification write an error on both
qubits the flag is flipped twice and the logical qubit has a logical X-error. Thus,
we have to add the term 21/9p2 to the final logical error rate for X-errors on
the magic qubit. The total probability to have a single X-error on the magic
state is thus (2/3+4/3+1/3)p = 7/3p and there are again 21 possibilities to
place 2 errors on 7 qubits. Furthermore, logical X-errors on the logical qubit
can appear, if one of the flags in the logical CS-gate with subsequent reset is
flipped, in combination with a single X-error on the magic state, or if both
flags are flipped. To flip one of the flags in the logical CS-gate with subsequent
reset either an error has to occur on the syndrome qubits that correspond to
the stabilizers Z0Z1Z2Z3 and Z0Z1Z5Z6 or during the encoding of the flag.
The probability for such a flip is thus (4 · 2 · 2/3 + 8/15)p = 98/15 for each
flag. In summary, the probability for a weight-2 X- or Y-error on the magic
qubit is then

pX,M =

(
21

(
7

3

)2

+

(
98

15

)2

+ 2× 3
7

3

98

15
+

21

9

)
p2

≈ 251p2. (7.11)
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Here, the term ∝ 2× 3 7
3
98
15 stems from the fact that there are two possibilities

to place a single error on one of the two flags and 3 possibilities to place a
single error on one of the qubits 4,5 and 6 in the magic code block.

Single Z-errors on the logical qubit can appear after the CZ- and CS-gate each
with a probability of 2/3p. Another possibility to have Z-type errors on the
logical qubits is an accidental flip of one control qubit that controls the CS-gate.
The probability for this is 0.5(3 × 2/3 + 4/7)p, where factor of 0.5 comes
in because a wrongly applied S is only half an Z-error. Furthermore, logical
Z-errors on the magic state appear during the CSWAP-type feedback with a
probability of 4/7p and in the verification with a probability of 1/2× 1/3p.
Again, if two gates fail during the verification we only have to count errors
that occurred on both qubits, since otherwise the flag is raised. However,
weight-2 errors in the verification always imply a logical X-error and are thus
already taken into account in the analysis above. Similarly, Z-errors on both
qubits during the CZ-gate in the injection lead to logical X-errors. Thus, we
have to subtract the term (1+1/4)× 21/9p2 from the final end-result. Single
Z-errors during the syndrome extraction in the magic state preparation raise
the flag and thus, do not affect the logical information. However, a logical error
during the syndrome extraction can appear with probability 26/3. Taking
all this together, the probability to have a single Z-error on one data qubit is
(2/3 + 2/3 + (3× 2/3 + 4/7)/2 + 4/7 + 1/6)p ≈ 3.36p and the probability
to have a weight-2 Z-error

pZ,a =

(
21× 3.362 − 1.25× 21

9
+

26

3

)
p2

≈ 242p2. (7.12)

Last but not least we consider logical Z-errors on the magic state that appear
during the magic encoding. Such errors occur, if the second non-fault-tolerant
magic state encoding fails and in addition the flag, that controls the logical
SWAP-gate, is raised. There are only two error positions in the non-fault-
tolerant encoding that can lead to a logical Z-error and the probability is thus
4/3p. The flag is raised if there is

• a single Z-error during the first encoding (11p),
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• a single Z-error during the Z-stabilizer extraction on the data qubits
(12× 1/3p),

• an error on the syndrome qubits (12× 2/3p),

• an error on the auxiliary atom in the verification (7× 2/3p),

• or an error during the final flag encoding (3× 8/15p).

Errors on data qubits during the X-syndrome extraction count only half, since
they raise the flag only half the time. The total probability for having a logical
Z-error on the magic state directly after encoding it is thus

pZ,b =

(
11 +

12

3
+

24

3
+

14

3
+

24

15

)
4

3
p2

≈ 39p2. (7.13)

In summary a logical Z-error for a logical T-gate implemented with magic-
state injection with a probability of

pZ,T = pX,M/2 + pZ,a + pZ,b ≈ 406p2, (7.14)

where the factor 1/2 comes in, since a logical X-error on the magic state
implies only half of the time a logical Z-error on the logical qubit. The
analytical estimate for the logical error rate of the T-gate agrees well with the
numerical simulations, as shown in Fig. 7.7.

7.B.3. Extended Rectangles

To determine the error probabilities of the extended rectangle, we use the
coefficients determined above and combine their square-roots to estimate the
error-rates of the extended rectangles, as argued in the main text. We first
estimate analytical values for the data shown in Fig. 7.7 and afterward, discuss
logical X- and Y-type errors that occur for the logical CZ-, T-, H, and S-gate
surrounded by QEC cycles, but do not originate from the bare gates.

For the extended encoding we find

pX,extEnc = (
√
pX,Enc +

√
pX,rQEC)

2 ≈ 238.4p2. (7.15)

192



7.B. Analytic Derivation of the Logical Noise Model

For the extended CZ-gate we have to take into account that X-errors on data
qubits in one logical code block lead to Z-errors on the data qubits of the other
code block. The extended logical error rates are thus approximated as

pZI,extCZ = (2
√
pZ,rQEC +

√
pZI,CZ)

2

+ (
√
pX,rQEC +

√
pY,rQEC)

× (
√
pZ,rQEC +

√
pY,rQEC +

√
pZI,CZ)

− pZ,rQEC

≈ 936.144p2,

pZZ,extCZ = (
√
pY,rQEC +

√
pZZ,CZ)

2 ≈ 26.8. (7.16)

For the extended T-gate we use

pZ,extT = (
√
pZ,rQEC +

√
pZ,QEC +

√
pZ,T )

2 − pZ,rQEC

≈ 1372.28p2. (7.17)

The so estimated extended logical error rates are a good approximation of the
numerical data as shown in Fig. 7.7.

Next, we consider the error-types that do not occur for the bare gates, but
can be found for extended rectangles. We start with additional errors on the
logical CZ-gate. This is followed by a discussion of the T-gate, the H-gate and
finally the S-gate.

For the extended CZ-gate a logical X-error in the first QEC-round leads to
a logical Z-error on the other logical qubit and the resulting error is thus a
logical X-error one logical qubit and a logical Z-error on the other logical
qubit. In Fig. 7.8 we refer to this as ZX-error, similarly a logical Y-error before
the bare logical CZ-gate leads to a ZY-error. Thus, the probability for ZX- and

193



7. Measurement-Free Quantum Error Correction Optimized for Biased Noise

ZY-errors is simply given by

pZX,extCZ = pX,rQEC ,

pZY,extCZ = pY,rQEC . (7.18)

A single physical X-error before the CZ-gate will not affect the logical infor-
mation of the other qubit and thus can only give IX-type errors, if in addition
an X-error happens during the second round of error correction. Similar
arguments hold for IY. Consequently, the probability for IX- and IY-errors can
be estimated as

pIX,extCZ = 2pX,rQEC ,

pIY,extCZ = 2pY,rQEC . (7.19)

Here the factor two accounts for the fact that the number of possibilities to
place two errors in two different parts of the circuit is twice the number of
possibilities one has when placing them in the same part. The reason is that
in the first case they are distinguishable while in the second case they are not.
However, our analytical approximations of pIX,extCZ and pIY,extCZ seem to
overestimate the logical error rates (see Fig. 7.8). This is due to the fact that
some of the single physical X-errors that occur during the first round of QEC
might be corrected in the second round of QEC, before weight two-errors can
accumulate. In the analytical approximation we do not account for this.

The T-gate transforms logical X-errors into SX-type errors and logical Y-errors
into SY-type errors. Naively one would thus assume that the error rates for
logical SX-errors (respectively SY-errors) are given by the probability to have
an X-error (Y-error) in the preceding QEC cycle. However, our implementation
of the logical T-gate transforms combinations with one physical X-error and
one physical Y-error half of the time into a logical SX-error and half of the
time into a logical SY-error. Thus, the logical error rates for SX- and SY-errors
are approximated as

pSX,extT = pX,QEC −√
pX,QECpY,QEC/2

≈ 164.305p2,
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pSY,extT = pY,QEC +
√
pX,QECpY,QEC/2

≈ 24.069p2. (7.20)

X- and Y-errors can occur if two X- and Y-type errors occur in the second error
correction round or if one appears in the first round and one in the second
round. Since we always subtract the probability of one error correction cycle
to fail, we only have to count the combinations, where one error occurs in
the first QEC cycle and one in the second. The T-gate transforms physical
X-errors into SX-errors which corresponds to an equal weight superposition
of an X- and a Y-error. The same holds true for physical Y-errors that enter the
logical T-gate. Logical Y-errors occur only if the final errors are two Y-errors
and the probabilities can thus be estimated as

pX,extT = (
√
pX,QEC +

√
pY,QEC)(

√
pX,rQEC +

√
pY,rQEC/2)

≈ 211.874p2,

pY,extT = (
√
pX,QEC +

√
pY,QEC)

√
pY,rQEC/2

≈ 29.3244p2. (7.21)

The H-gate transforms X-errors into Z-errors and vice versa. Thus, we estimate
the probability to have logical X-, Y- and Z-errors in the extended logical H-
gate as

pX,extH = (
√
pZ,rQEC +

√
pX,rQEC)

2 − pX,rQEC ≈ 341.653p2,

pY,extH = (
√
pY,rQEC +

√
pY,rQEC)

2 − pY,rQEC ≈ 39.999p2,

pZ,extH = (
√
pX,rQEC +

√
pZ,rQEC)

2 − pZ,rQEC ≈ 364.053p2. (7.22)

Again, comparison with Fig. 7.8 shows that our analytical approximation
slightly overestimates the logical error rates for logical X-errors. As before,
the reason is that we do not account for possible corrections of single physical
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errors in the second round of QEC.

The S-gate transforms X-errors into Y-errors and vice versa. We estimate the
probability to have logical X-, Y- and Z-errors in the extended logical H-gate
with

pX,extS = (
√
pY,QEC +

√
pX,rQEC)

2 − pX,rQEC ≈ 65.3575p2,

pY,extS = (
√
pX,QEC +

√
pY,rQEC)

2 − pY,rQEC ≈ 280.149p2,

pZ,extS = (
√
pZ,QEC +

√
pZ,rQEC)

2 − pZ,rQEC ≈ 227.723p2.

7.C. Analytic Analysis of the Imperfect Biased
Noise

Here, we derive the leading contributions of an imperfectly biased noise model
to the logical error rates. We start with the reduced QEC cycle. Afterward,
we extend the analysis to the quantum error correction protocol, where an
overcomplete set of stabilizers is extracted. And finally, we consider the logical
T-gate based on magic state injection.

7.C.1. Error Correction Cycle

Reduced error correction cycle - In the reduced error correction cycle there are
4 possible scenarios, where X or Y errors on a single physical gate lead to a
logical X- or Z-error. In the following we discuss the possibilities to cause
logical X-errors. Due to symmetry reasons, the probabilities to have logical
Z-errors are the same.

The first scenario are flips of the syndrome qubits during the stabilizer ex-
traction that lead to hook errors. For each stabilizer extraction block the
problematic CZ-gates are the second and the third. Failures of the second
gate lead to a logical error if there is no Z-error on the involved data qubit
and failures of the third gate imply logical errors if there is a Z-error on the
involved data qubit. In both cases the probability for one CZ-gate to have
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such an error is approximately 1/3ϵp. In total, we extract 3 X-stabilizers and
thus the total probability for a logical X-error due to hook errors is 2ϵp.

The second scenario are X-errors on the data qubits (but not the syndromes)
during the extraction of the Z-stabilizers that lead to wrong syndromes and
thus to wrong corrections. Consequently, errors during the extraction of the
last stabilizer do not matter. During the extraction of the second stabilizer
there are only two qubits, that are also involved in the extraction of the last
stabilizer and in the first stabilizer there are three qubits (all except the corner)
that are also involved in the extraction of the other stabilizers. The probability
for one CZ-gate to have an X- or Y-error on the data qubit is 1/4ϵp and thus
the probability for a logical error due to the second scenario is 5/4ϵp.

The third scenario are X-errors on the data qubits in combination with flips of
the syndromes. Again, such errors can appear during the stabilizer extraction.
In this case, errors that occur after extracting the first syndrome do not matter.
In the extraction of the second stabilizer we find two problematic CZ-gates
and the extraction of the third stabilizer has 3 problematic CZ-gates. Thus,
the probability for a logical error due to the third scenario is also 5/4ϵp.

The last scenario are flips on the syndrome qubits during the feedback, that
lead to wrong corrections. If the gate that flips the syndromes at the same
time also fails on the involved data qubit this results in a logical error. If the
first feedback gate fails there are 6 possibilities for syndrome flips that imply
a wrong correction. For the second feedback gate there are 5 possibilities,
for the third feedback gate four and so on. The total probability for a logical
X-error due to the third scenario is then 21/15ϵp.

In total the probability for a logical X-error or a logical Z-error is thus 5.9ϵp+
O(p2) and the probability to have any logical error is 11.8ϵp+O(p2). Thus,
the critical value for ϵ is ϵc ≈ 0.084.

Error correction cycle - For the error correction with overcomplete stabilizer
extraction the probability for hook errors is 4 · 2/3ϵp. However, there are
only two problematic X-errors on the data qubits during the extraction of the
Z-stabilizers and thus the probability for a logical error during the second
and third scenario is each ϵp/2. Furthermore, during the feedback there are
only 3 problematic errors during the first CCCZ-gate, 2 during the second
and third and one during the fourth. The probability for a logical error during
the feedback is thus 3/5ϵp. In total the probability for a logical error is then
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(5.9 + 4.266)ϵp + O(p2) ≈ 10.17ϵp + O(p2) and the critical value for ϵ is
ϵc ≈ 0.098.

7.C.2. T-Gate

Here, we discuss the effects of imperfect biased noise on the T-gate. We start
with the magic state preparation and in the following list the problematic
errors. First, we notice that weight-2 Z-errors, that are not detected by the
verification, can appear if in the non-fault-tolerant encoding of the magic state
a physical CZ-gate has an X-Z-error. The probability for this is 9/12. Next,
we consider hook errors during the extraction of the Z-stabilizers and notice
that Y-errors on the syndrome trigger the flag as well, so the only problematic
errors are X-errors on syndromes. The probability for this is 2/6ϵp. Thus, the
contribution is 3× 2/6ϵp = ϵp. Hook errors in the verification lead to logical
X-errors, which as discussed in Section 7.B gives rise to logical Z-errors in
the injection with a probability of 50%. Errors during the last gate in the
verification do not matter and again, only X errors have to be counted, as
Y-errors also raise the flag. In summary, the contribution from the verification
is thus 0.5 × 6 × 2/6ϵp = ϵp. In the CSWAP-type feedback errors on the
control qubit that occur between the second and fifth swap lead to X-errors on
the data qubits if the two data qubits participating in the swap are in different
states. This is the case roughly half of the time. The probability for one
CSWAP (decomposed into three CCZ-gates and H-gates) to flip the control
qubit is 3× 4/7ϵp and the total contribution from the CSWAP-type feedback
is thus0.25× 5× 3× 4/7ϵp ≈ 2ϵp. Here, the second factor 1/2 stems from
the fact that logical X-errors on the magic state imply only half of the time a
logical Z-error on the data qubits.

During the logical CS-gate with subsequent reset logical errors occur if the
qubits 4,5 or 6 are flipped during the syndrome extraction or the extraction of
ZL. Both lead again to an S-type logical error on the logical qubit and thus the
resulting logical error rate corresponds to half the probability to have such
an error. In each round of syndrome extraction there are 5 gates where such
a flip can happen. During the second round the probability for such a flip is
2/3ϵp. In the first round the probability is 1/2ϵp, since here the combination
with a Y-error in the code block of the magic qubit and a Z-error on the
syndrome qubit is corrected due to the two raised flags. The total contribution
from the syndrome extraction is thus 0.5 × 4 × (2/3 + 1/2)ϵp = 2.34ϵp.
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CZ CCZ CCCZ CP qubits
reduced QEC 24 0 14 0 10
overcomplete QEC 28 0 14 0 11
logical T-gate 95 29 3 7 22
magic encoding 41 22 1 0 15
logical CS with subsequent reset 47 7 2 7 19
nnn reduced QEC 92 42 0 0 17
nnn Encoding 29 1 0 0 13

Table 7.1.: Number of two- and multi-qubit gates required for the different
circuits with all-to-all connectivity (row 1 to 5) and next-nearest
neighbor (nnn) connectivity (row 6 and 7).

A flip during the last round of ZL extraction does not matter, a flip in the
round before gives a weight-1 and thus correctable error and a flip in the
5th round gives a weight-2 S-type error and thus if such a flip happened a
logical error occurs only with a probability of 1/4. Flips in the rounds 1 to 4
lead to a logical S-error. The contribution from logical Z extraction is thus
0.5× 4× 3× 2/3ϵp+ 1/4× 3× 2/3ϵp = 4.5ϵp.

The total probability for a logical error during the T-gate is then 11.5ϵp+O(p2)
and the analytically estimated critical value for ϵ is ϵc ≈ 0.86.

7.D. Circuits and Resources

Fig. 7.14 shows the full circuit for magic state encoding, and Fig. 7.15 shows
the full circuit for the logical CS-gate. Furthermore, the required resource for
all presented protocols are summarized in Table 7.1
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8
Measurement-Free Quantum

Error Correction and
Multi-Qubit Gates

In the previous chapter we assumed that the set of available basis gates
includes high-fidelity multi-qubit gates. However, high-fidelity 4-qubit gates
have not yet been demonstrated and the CCZ-gates that have been realized
are approximately 4 times worse than two-qubit gates [74]. In principle, multi-
qubit gates are not necessarily required for quantum computing or quantum
error correction as long as the available single- and two-qubit gates form
a universal gate set. However, the decomposition of multi-qubit gates into
single- and two-qubit gates comes along with a huge gate overhead and the
resulting circuits are more prone to errors. Since measurement-free protocols
use multi-qubit gates for the coherent feedback, the logical error rates of such
schemes increase in the absence of high fidelity multi-qubit gates.

In this chapter, we analyze the performance of the protocols presented in
Chapter 7 for a set of basis gates that contains only single- and two-qubit gates.
These results are part of reference [8]. In addition, we extend our analysis to
the measurement-free quantum error correction circuits that were designed in
reference [10] for a depolarizing noise model. We compare the performance
of the circuits in the absence of multi-qubit gates and for different multi-qubit
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gate fidelities and extract the minimal required fidelity above which multi-
qubit gates are beneficial for measurement-free quantum error correction
protocols. I worked this out together with David Locher and the results have
been published in reference [9].

The rest of this chapter is structured as follows. In Section 8.1 we show how
CCZ- and CCCZ-gates can be implemented using only single- and two-qubit
gates. In Section 8.2 we analyze the performance of the biased noise circuits
for these multi-qubit gate implementations and in Section 8.3 we extend our
analysis to the circuits from reference [10].

8.1. Implementation of the CCZ- and
CCCZ-Gate with Single- and Two- Qubit
Gates

In Fig. 8.1 (a) we show the decomposition of the CCZ-gate into H-, T-, T†- and
CZ-gates [34, 267]. The first half of the circuit (dark colors) applies a Z-gate
to the target qubit if both control qubits are in |1⟩. If one control qubit is
in the state |0⟩, the CZ-gates controlled by this qubit have no effect on the
target qubit and the H-, T- and T†-gates surrounding these CZ-gates cancel
each other. Thus, also the CZ-gates that are controlled by the other control
qubit cancel and in total no operation is applied to the target qubit. However,
if both control qubits are in the state |1⟩ the operation applied to the target
qubit is Ut|11 = XT †XTXT †XT , where we used the identity X = HZH .
Furthermore, using XT †X = e−iπ/4T and T 4 = Z the resulting operation
that is applied to the target qubit is Ut|11 = −iZ . Thus, as desired the first
part of the circuit in Fig. 8.1 (a) applies a Z-gate to the target qubit if both
control qubits are in the state |1⟩. However, there is an additional −i in the
final expression of Ut|11 and the full operation to the three involved qubits
is a CCZ-gate with a subsequent CS-gate on the control qubits. The gates
shown in light colors in Fig. 8.1(a) are used to compensate this.

In many measurement-free quantum circuits it does not matter if phases
are written onto the control qubits. For example in the feedback of the
measurement-free QEC cycle, where the multi-qubit gates encode the lookupt-
able, feedback is applied if some syndrome qubits are in the state |1⟩ and does
not depend on phases. After the feedback the syndrome qubits are reset and
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(b)

c1

c2

t

c1

c2

c3

t
(c)

(d)

(a)

Figure 8.1.: Decomposition of the CCZ-gate (panel (a)) and the CCCZ-gate
with subsequent resets on the control qubits (panel (c)) using
single- and two-qubit gates. The circuits are taken from references
[7, 34, 267]. Panel (b) and (d) define the unitary operations U
and U2 that are used in the decomposition. The implementation
of the CCZ-gate requires H-, T- and T†- and CZ-gates (the S-
gate can be implemented with two T-gates). For the CCCZ-gate
with subsequent reset we require the gates T8 and T †

8 instead of
the T-gates. These gates are defined as T8 = exp(−i(π/16)Z).
The gates in panel (a) in light gray colors are only required to
correct for additional phases on the two control qubits. In many
measurement-free applications they can be neglected.
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thus, as a consequence, the gates in the decomposition that account for phases
on the control qubits can be neglected [7, 267]. In Fig. 8.1 (a) we use light
colors to illustrate this. The argument can be extended to the CCCZ-gate and
since we in the following require only CCCZ-gates with subsequent resets, we
show the decomposition of this specific operation in Fig. 8.1 (b). As illustrated,
even with this reduced requirements, 8 CZ-gates are required to encode a
CCCZ-type gate.

8.2. Performance of the Biased Noise Protocols
without Multi-Qubit Gates

Next, we analyze how the measurement-free QEC-cycle and the logical T-
gate performe if all CCZ- and CCCZ-gates are replaced with decomposition
discussed above. The circuits for the measurement-free QEC-cycle and the
logical T-gate have been introduced in Section 7.1.3 and Section 7.1.4. All
CCCZ-gates that are used in the two protocols are ”classically controlled” and
thus we can use the reduced decomposition that adds additional phases to the
control qubits. The same holds true for the CCZ-gate in the flag-collection
step in the magic state encoding and the extraction of the logical-Z operator in
the logical CS-gate with subsequent reset. However, for the logical SWAP-gate
with single qubit control in the magic state encoding we have to use the full
decomposition, that implements the CCZ-gate exactly. For simplicity, we thus
replace all CCZ-gates with this decomposition. We discuss the performance
of the resulting circuits for the biased noise model, where the only errors that
occur are Z-errors on two-qubit gates (see Eq. (7.1)).

First, we would like to highlight that – assuming the biased noise model –
both circuits, the one for the QEC cycle and the one for the logical T-gate,
are still fault-tolerant after replacing the CCZ- and CCCZ-gates with the
decomposition. The reason is that the decomposition of the CCCZ-gate
can still only have Z-errors on the control qubits. Thus, for example the
feedback in the QEC cycle is still fault-tolerant, since no error during any
of the decomposed CCCZ-gates can cause a bit-flip on the syndrome qubits.
Single flips on the target qubit give a single X-error on a data qubit and are
thus correctable. Furthermore, the single control qubit in the single-controlled
SWAP gate can also only have Z-errors if we choose this qubit to be the qubit c1
in the circuit in Fig. 8.1 (a). Errors on the other qubits during the CSWAP-gate
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Figure 8.2.: Performance of the QEC cycle and the logical T-gate developed
in Section 7.1.3 and Section 7.1.4 with and without multi-qubit
gates. The blue curves show the logical error rate if CCZ- and
CCCZ-gates are available. The orange curve show the logical error
rate for the case where the CCZ- and CCCZ-gate are implemented
with the circuits introduced in Section 8.1. For the CCZ-gate we
use the version that includes that gates depicted in light colors.
The logical error rates are obtained by summing over simulation
results with input states |+L⟩ and |0L⟩. The lines in dark colors
are polynomial fits, that are used to estimate the break-even point
(light color). The gray, dashed line denotes the physical error rate.

lead to at most one error per code block. These arguments can be extended
to the case where we in addition allow for arbitrary errors on single qubit
gates and the QEC cycle and the logical T-gate are thus still fault-tolerant in
this case. We verified the fault-tolerance of both schemes under the biased
noise model and the extension with arbitrary single qubit errors numerically
by simulating all possible error patterns.

In Fig. 8.2, we show the logical error rates of the QEC cycle and the logical
T-gate with all CCZ- and CCCZ-gates being replaced and compare it with the
case where high-fidelity CCZ- and CCCZ-gates are available. The physical
error rate p is the probability that CZ-gates and (if available CCZ- and CCCZ-
gates) fail. As expected the decomposition performs much worse. The QEC
cycle is much more affected by the absence of multi-qubit gates as the T-gate.
In particular, the QEC cycle without multi-qubit gates performs even worse
than the T-gate without multi-qubit gates. The break-even point of the QEC
cycle decreases by a factor of 10, while the break-even point of the T-gate is
lowered by a factor of 4.
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Figure 8.3.: Comparison of measurement-free and measurement-based
schemes with and without multi-qubit gates. The green region
depicts the parameter regime where measurement-free schemes
are beneficial even if only single- and two-qubit gates are available.
In the orange region measurement-free schemes are beneficial if
the set of basis gates includes a CCZ- and a CCCZ-gate and in
the red region measurement-based schemes perform better. The
results are obtained by simulating faulty gadgets on input states
|0L⟩ and |+L⟩ and adding the results.

We conclude the analysis of the biased noise circuits with a comparison
of measurement-based schemes and measurement-free schemes with and
without CCZ- and CCCZ-gates. To this end we compute the logical error
rate of the QEC cycle and the logical T-gate for different gate error rates
p and different idling error rates pI . As in Section 7.2.4, two- and multi-
qubit gates fail with probability p and measurements fail with probability
p/4. Two- and multi-qubit gates give only rise to Z-errors, measurement
errors correspond to an X-error in front of the measurement. Furthermore,
the idling during measurements can lead to Z-errors on the qubits that are
not measured. Idling during gate operations is neglected. Comparing the
measurement-based schemes and the measurement-free schemes with and
without CCZ- and CCCZ-gates allows us to identify three different regimes, as
illustrated in Fig. 8.3. In the green region measurement-free schemes always
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outperform measurement based-schemes, even in the absence of high-fidelity
multi-qubit gates. In the orange region this is only the case if high-fidelity
multi-qubit gates are available and in the red region the measurement-based
schemes perform better than measurement-free schemes.

8.3. Other Measurement-Free Schemes and
Multi-Qubit Gates

The results presented in this section are published in reference [9]. In this work,
we design multi-qubit gates for Rydberg platforms. The analysis presented in
this section serves as a possible application of these gates and is supposed to
emphasize the relevance of multi-qubit gates for measurement-free quantum
error correction. I worked on the following content together with David
Locher. The numerical data that I present were derived by me.

We consider the measurement-free QEC circuits that were developed in refer-
ence [10]. These circuits are fault-tolerant under a depolarizing noise model
and are thus robust under X-, Y- and Z-errors appearing after any gate. For
two- and multi-qubit gate, this includes arbitrary combinations of these errors
on all qubits that are involved in the gate. Reference [10] presents QEC circuits
for different QEC codes. In the following, we consider the protocols for the
Bacon-Shor code and the Steane code.

The smallest Bacon-Shor code encodes logical information into 9 physical
qubits and can be used to correct up to one error [272, 273]. It is stabilized by
two X-stabilizers and two Z-stabilizers

SX1 = X1X2X3X4X5X6, SX2 = X4X5X6X7X8X9,

SZ1 = Z1Z4Z7Z2Z5Z8, SZ2 = Z2Z5Z8Z3Z6Z9. (8.1)

To ensure fault-tolerance, reference [10] extracts two additional stabilizers
SX3 = SX1 S

X
2 and SZ3 = SZ1 S

Z
2 . The measurement-free feedback contains 6

CCZ-gates.

The error correction circuit of the Steane code utilizes an overcomplete set
with 5 stabilizers for the correction of X- and Z-errors [10]. In addition to
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XB , XR and XG one extracts XRXG and XBXG and similarly for the Z-
stabilizers. To ensure fault-tolerance, the syndrome extraction contains two
flags. After extracting a single stabilizer the information encoded in the flags
is used to apply measurement-free feedback that involves a CZ- and a CCZ-
gate and accounts for potential hook errors during the syndrome extraction.
Based on the 5 syndrome outcomes measurement-free error correction is
performed. Using an auxiliary atom allows implementing the final feedback
with 11 CCZ-gates, such that no CCCZ-gates are required.

For the analysis of the circuit performance, we consider a depolarizing noise
model with noise channel

El(ρ) = (1− pl)ρ+
pl

4l − 1

∑
E∈{I,X,Y,Z}⊗l I⊗l

EρE, (8.2)

where l is the number of qubits involved in the gate. In the following we
assume the two-qubit gates to fail with a physical error rate of p and thus set
p2 = p. In addition, we define the ratio of the single-qubit gate error rate and
the two-qubit gate error rate as λ1 = p1/p and similarly for three-qubit gates
λ3 = p3/p. Note that in our simulation, we combine single qubit gates that
appear directly after each other into one single qubit gate. For example, the
sequence H-, T-, H- in the decomposition in Fig. 8.1 is summarized into one
single-qubit rotation.

In Fig. 8.4 we analyze the performance of the Bacon-Shor and Steane QEC
cycles under this noise model. We derive the logical error rate of the two
schemes as a function of the physical error rate p for different λ1 and λ3
and using the CCZ-decomposition introduced in Section 8.1. Here, the gates
depicted in light colors are neglected. Using a quadratic fit allows us to
extract the break-even point for the different ratios and the decomposition
as illustrated in panel (a). In panel (b) we plot the break-even points over
λ3 for λ1 = 0 (dark colors) and λ1 = 0.2 (light colors). The dashed curves
indicate the break-even point of the decomposition. For λ1 = 0 multi-qubit
gates become beneficial if λ3 < 4. This agrees well with the fact that the
decomposition contains 4 two-qubit gates. For λ1 = 0.2 the point where
multi-qubit gates start to be beneficial shifts to larger λ3 due to the additional
possibilities to place errors in the decomposition.
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Figure 8.4.: Performance of the measurement-free Bacon-Shor and Steane
QEC cycles developed in [10] with and without multi-qubit gates.
In panel (a) we illustrate the extraction of the break even points ex-
emplarily for the Bacon-Shor code with λ1 = 0.2 for two different
multi-qubit gate error rates p3 = λ3p and using the decomposition
introduced above. The lines in dark colors are quadratic fits to the
numerically simulated logical error rates. The logical error rates
are obtained by averaging over input states |+L⟩ and |0L⟩. Using
the fitted curves, we determine the break even point (light color),
where the logical error rate becomes smaller than the physical
error rate (gray, dashed line). In panel (b) we show break-even
points for the Bacon-Shor and the Steane code as a function of λ3
for λ1 = 0 (dark color) and λ1 = 0.2 (bright color). The horizon-
tal, dashed lines are the break even points of the decomposition in
single- and two-qubit gates. The straight lines are a fit of the form
pc = (a+ bλ3 + cλ23), in analogy to the analysis in Section 7.3.
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8.4. Conclusion and Outlook

In this chapter, we discussed the performance of measurement-free quantum
error correction schemes for basis gate sets with and without multi-qubit
gates. As expected, the availability of multi-qubit gates lowers the logical
error rates drastically. In particular, the QEC cycle that is optimized for the
biased noise model has a 10 times lower break even point if the set of basis
gates contains only single- and two- qubit gates. Furthermore, we analyzed
circuits from reference [10] with a gate set that contains single-, two-, and
three-qubit gates. We found that even if the three-qubit gates are twice as bad
as the two-qubit gates the break even point of the Steane code improves by a
factor of approximately 2 compared with the decomposition in single-, and
two-qubit gates.

A CCZ-gate with error rate pCCZ ≈ 4.2pCZ has already been demonstrated
in experiment [74] and many theory proposals develop pulse schemes for
the implementation of three-qubit gates [72, 73, 250]. For measurement-free
schemes one can in addition profit from the fact that additional phases on
the control qubits do not matter in many cases, which can help to further
improve gate fidelities [9]. The implementation of 4-qubit gates, as they are
typically required in measurement free-schemes, requires only 3 CCZ-gates
and an auxiliary atom (see Section 7.4 and [10]). Thus, improving 3-qubit
gate fidelities might already be sufficient to boost many measurement-free
quantum error correction protocols.
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[96] F. Böttcher, J. N. Schmidt, J. Hertkorn, K. S. Ng, S. D. Graham, M. Guo,
T. Langen, and T. Pfau, New states of matter with fine-tuned interactions:
Quantum droplets and dipolar supersolids, Reports on Progress in Physics
84 (2021). (Cited on page 11.)

[97] F. Claude, L. Lafforgue, J. J. A. Houwman, M. J. Mark, and F. Ferlaino,
Optical Manipulation of Spin States in Ultracold Magnetic Atoms via
an Inner-Shell Hz Transition, (2024). (Cited on page 11.)

[98] A. Douglas, V. Kaxiras, L. Su, M. Szurek, V. Singh, O. Marković, and
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and V. Vuletić, Site-selective cavity readout and classical error correc-
tion of a 5-bit atomic register, arXiv:2408.15329 (2024). (Cited on page
137.)

[240] B. Grinkemeyer, E. Guardado-Sanchez, I. Dimitrova, D. Shchepanovich,
G. E. Mandopoulou, J. Borregaard, V. Vuletić, and M. D. Lukin, Error-
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Ausführliche
Zusammenfassung in

Deutscher Sprache

Das Simulieren von Quantenvielteilchensystemen mithilfe von klassischen
Computern ist herausfordernd. Der Grund ist, dass der Hilbertraum eines
solchen Systems exponentiell mit der Anzahl der Teilchen wächst. Betrachten
wir zum Beispiel ein System mit Spin-1/2 Teilchen, so verdoppelt sich die
Größe des Hilbertraums jedes Mal, wenn wir ein weiteres Teilchen hinzufügen.
Auf einem herkömmlichen Computer können wir Systeme mit bis zu circa 30
Spin-1/2 Teilchen exakt simulieren. Bereits in den 80er Jahren kam daher die
Idee auf, Quantensysteme mit Quantensystemen zu simulieren [1]. Hierbei
unterscheidet man zwischen analogen und digitalen Simulatoren [13].

Analoge Quantensimulatoren ”bauen” spezifische Modelle aus der Quanten-
vielteilchenphysik im Labor mithilfe von gut kontrollierbaren Quantensys-
temen nach. Ein Beispiel sind Atome, die in optischen Gittern eingefangen
werden [17]. Durch die Interferenz von Laserstrahlen wird eine periodische
Struktur erzeugt, bei der sich hohe und niedrige Lichtintensitäten abwechseln.
Die Atome wechselwirken mit dem Licht und werden daher zum Beispiel
von den Intensitätsmaxima angezogen. Solche Systeme können verwendet
werden, um das Hubbard-Modell zu studieren, welches eine vereinfachte
Beschreibung von Elektronen in Festkörpern bietet. Digitale Simulatoren
arbeiten mit Quantenbits (Qubits), deren Zustand manipuliert wird, indem
Quantengatter darauf angewendet werden. Zum Beispiel kann man die Zeite-
volution eines Systems berechnen, indem man den Zeitevolutionsoperator in
kleine diskrete Zeitschritte aufteilt und den resultierenden Operator durch
Quantengatter ausdrückt [30]. Während analoge Simulatoren experimentelle
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Ausführliche Zusammenfassung in Deutscher Sprache

Ungenauigkeiten in vielen Fällen bis zu einem gewissen Grad tolerieren, sind
viele Anwendungen von digitale Quantensimulatoren darauf angewiesen, dass
Fehler unterdrückt werden. Dies kann mit Quantenfehlerkorrektur erreicht
werden. In dieser Arbeit behandeln wir Fragestellungen aus dem Bereich der
analogen Quantensimulation und aus dem Bereich Quantenfehlerkorrektur.

Quantensimulation mit dipolaren
Austauschwechselwirkungen

Der erste Teil der Arbeit beschäftigt sich mit analogen Quantensimulatoren
mit dipolaren Austauschwechselwirkungen. Ein Paradebeispiel für solche
Plattformen sind Rydberg-Quantensimulatoren [22]. Hierbei handelt es sich
um Atome (meist Alkali- oder Erdalkalimetalle) deren Valenzelektron in einen
Zustand mit hoher n-Quantenzahl, einen sogenannten Rydbergzustand, an-
geregt wird. Da der Erwartungswert des Abstandes zwischen dem positiv
geladenen Rumpf des Atoms und dem Elektron quadratisch mit n skaliert,
findet man starke dipol-dipol-Wechselwirkungen zwischen Rydbergatomen.
Präpariert man ein Rydbergatom in einem S-Zustand und ein anderes in
einem P-Zustand, so führt diese Wechselwirkung zu einem Austausch der
Anregungen und das System oszilliert zwischen dem Zweiteilchenzustand
|SP ⟩ und dem Zustand |PS⟩. Solche Systeme eignen sich daher hervorragend
um einen Spin-1/2 XY-Hamiltonian zu simulieren. Mithilfe von Lasern und
Mikrowellenfeldern kann der Hamiltonian um weitere Terme ergänzt werden.
Koppelt man zum Beispiel in jedem zweiten Atom den Rydbergzustand mit
Laserlicht an einen niedrig liegenden Zustand, so kann man diese Atome aus
der Resonanz schieben, was in Spin-Sprache einem alternierenden Magnetfeld
in Z-Richtung entspricht [23]. Die Atome können mithilfe von optischen
Pinzetten flexible im Raum angeordnet werden, was die Realisierung von
vielen verschiedenen Gitterstrukturen ermöglicht [80–82]. Neben Spin-1/2
XY-Modellen können Rydberg-Quantensimulatoren genutzt werden, um eine
Vielzahl an weiteren Problemen aus der Quantenvielteilchenphysik zu studie-
ren. Beispiele finden sich in den Referenzen [87–93]. Neben Rydbergatomen
findet man dipolare Austauschwechselwirkungen auch in Plattformen wie
stark magnetischen Atomen und polaren Molekülen.
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Ein interessanter Aspekt der Dipol-Dipol-Wechselwirkung ist die Tatsache,
dass die Wechselwirkungsstärke mit 1/r3 abnimmt, wobei r die Distanz
zwischen den Dipolen ist. Algebraische Wechselwirkungen werden in drei Ka-
tegorien eingeteilt [27, 28, 109, 110]. Ist der Exponent α der Wechselwirkung
kleiner als die Dimension des Systems so sprechen wir von stark langreichwei-
tigen Wechselwirkungen. Ist er größer als ein kritischer Wert α∗ so sprechen
wir von kurzreichweitigen Wechselwirkungen. Dazwischen ist das schwach
langreichweitige Regime. Hier ist die Energie im Gegensatz zum stark lang-
reichweitigen Regime noch extensiv, aber das kritische Verhalten des Systems
unterscheidet sich vom kritischen Verhalten eines entsprechenden Systems
mit kurzreichweitigen Wechselwirkungen. Für die XY-ferromagnetischen
Modelle, die wir im Folgenden hauptsächlich betrachten, liegt die Grenze zwi-
schen kurzreichweitigen und schwach langreichweitigen Wechselwirkungen
bei α∗ = d+2. Dipolare Wechselwirkungen in zweidimensionalen Systemen
sind daher schwach langreichweitig.

Die Auswirkungen von schwach langreichweitigen Wechselwirkungen wur-
den bereits experimentell mit Rydbergatomen untersucht [3, 23]. Die Experi-
mente simulieren das ferromagnetische und antiferromagnetische Spin-1/2
XY-Modell mit dipolaren Wechselwirkungen auf einem zweidimensionalen
Gitter. Der Grundzustand des ferromagnetischen Hamiltonians ist ein XY-
Ferromagnet mit langreichweitiger Ordnung, bei dem sich die Spins in der
x-y-Ebene ausrichten. Die Tatsache, dass man in einem zweidimensionalen
System bei endlicher Temperatur langreichweitige Ordnung findet ist eine
Auswirkung der schwach langreichweitigen dipolaren Wechselwirkung. Für
den kurzreichweitigen Fall, verbietet das Mermin-Wagner Theorem das Auf-
treten von langreichweitiger Ordnung. Im Experiment in Referenz [23] wurde
als Beispiel das antiferromagnetischen XY-Modell untersucht, für welches
man auch für dipolare Wechselwirkungen bei endlicher Temperatur alge-
braisch zerfallende Korrelationen erwartet. Eine weitere Konsequenz der
schwach langreichweitigen Wechselwirkung sind Veränderungen im Anre-
gungsspektrum. Während man für den kurzreichweitigen Fall, eine lineare
Dispersionsrelation erwartet, findet man im schwach langreichweitigen Fall,
dass das Anregungsspektrum proportional zur Wurzel des Wellenvektors ist
[29]. In Referenz [3] wurde dies experimentell beobachtet.

Im Folgenden gehen wir näher auf verschiedene Fragestellungen ein, die sich
mit Quantensimulatoren mit dipolaren Austauschwechselwirkungen befassen.
Im Hauptteil der Arbeit entspricht dies den Kapiteln 2 bis 5.
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Quench-Dynamik von Spin-1/2 Systemen mit algebraischer Wechsel-
wirkung: Um das Anregungsspektrum des XY-Ferromagneten und des
XY-Antiferromagneten experimentell zu bestimmen, wurde in Referenz [3]
ein Quench-Experiment durchgeführt. Hierbei wird das System in einer Su-
perposition aus verschiedene Energieeigenzuständen präpariert, sodass es
eine nichttriviale Dynamik aufweist. In unserem Beispiel sind am Anfang
alle Spins in x-Richtung ausgerichtet, ein Zustand, der experimentell leicht
präpariert werden kann. Man misst dann zu verschiedenen Zeitpunkten lokal
Observablen wie die Magnetisierung in y- oder z-Richtung. Aus der zeitlichen
Änderung dieser Größen kann man dann das Anregungsspektrum extrahieren.
Analytisch kann die Dynamik des Systems mithilfe eines linearen Spinwellen-
Ansatzes berechnet werden [4]. Dieser ist allerdings für kurzreichweitige
Wechselwirkungen nicht selbst-konsistent.

In Kapitel 2 benutzen wir einen alternativen Ansatz, um die Quench-Dynamik
des Systems zu berechnen. Wir machen uns zunächst bewusst, dass der Er-
wartungswert des Spin-Operators eine feste Norm hat und wir den Zustand
eines Spins daher mit zwei Winkeln charakterisieren können. Wir wählen
den Winkel θ so, dass er Auslenkungen aus der x-y-Ebene beschreibt und den
Winkel ϕ für Auslenkungen in dieser Ebene. Auslenkungen aus der x-y-Ebene
hinaus, gehen mit einer Erhöhung der Energie im System einher und wir
können daher annehmen, dass der Erwartungswert von θ für alle Zustände
mit niedriger Energie klein ist. Für Auslenkungen in der x-y-Ebene gilt, dass
die Spins möglichst (anti)parallel ausgerichtet sein sollen. Daher nehmen wir
an, dass der Erwartungswert der Differenz ϕi − ϕj für die genannte Zustände
auch klein ist. Wir drücken nun unsere Spinoperatoren Sx, Sy und Sz im
Hamiltonian mit diesen Winkeln aus und entwickeln den resultierenden Aus-
druck in kleinen θ und ϕi − ϕj . Wir erhalten dann einen harmonischen
Oszillator, mit ϕ und θ anstelle von Ort und Impuls.1 Da dieser effektive Ha-
miltonian nur für kleine Wellenvektoren k gilt betrachten wir für die weitere
Analyse ein ”ausgeschmiertes” System. Hierzu fassen wir jeweils N0 Spins
in einen großen Spin zusammen. Betrachten wir den Anfangszustand, in
dem alle Spins in x-Richtung ausgerichtet sind, so stellen wir fest, dass die
”ausgeschmierten” Version dieses Zustandes Gaußförmig um θ = 0 verteilt
ist. Unter Verwendung von Sy ≈ sin(ϕ)/2 und Sz ≈ θ/2 können wir die
Zeitevolution von ⟨ψ(t)|Syi Syj |ψ(t)⟩ und ⟨ψ(t)|Szi Szj |ψ(t)⟩ berechnen. Für

1Die Herleitung dieses effektiven Hamiltonians wurde hier stark vereinfacht dargestellt. Für
eine mathematisch fundiertere Herleitung verwendet man Spinkohärente Zustände und den
Pfadintegral Formalismus.
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letztere erhalten wir dasselbe Resultat wie die lineare Spinwellen-Theorie. Für
⟨ψ(t)|Syi Syj |ψ(t)⟩ gilt dies nur im Fall von schwach langreichweitigen Wech-
selwirkungen. Inspiriert durch das Experiment in Referenz [23] erweitern
wir unsere Analyse auf ein XY-Modell mit einem alternierenden Magnetfeld.
In diesem System kann der Phasenübergang zwischen einer paramagneti-
schen Phase und der (anti-)ferromagnetischen XY-Phase studiert werden.
Die Quench-Dynamik kann dann zum Beispiel genutzt werden, um das Ver-
schwinden der Anregungslücke in der paramagnetischen Phase nahe des
Phasenübergangs zu beobachten.

Bose-Hubbard und Spin-1 Modelle mit dipolarem Hüpfen: In Kapitel
3 diskutieren wir, wie sich langreichweitiges Hüpfen im zweidimensionalen
Bose-Hubbard Modell auf das kritische Verhalten des Systems auswirkt. Das
Bose-Hubbard Modell beschreibt bosonische Teilchen, die sich auf einem
Gitter bewegen können. Die Teilchen stoßen sich ab und es kostet daher
Energie mehrere Teilchen an einem Gitterplatz zu haben. Die Teilchenzahl
im System wird über das chemische Potenzial gesteuert. Ist die abstoßende
Energie sehr viel größer als die Energie, die durch das Hüpfen gewonnen
wird, so findet man einen Mottisolator, mit einer festen Teilchenzahl an jedem
Gitterplatz. Ist die abstoßende Energie klein, so findet man für kurzreichweiti-
ges Hüpfen eine superfluide Phase, in der sich Teilchen frei durch das System
bewegen [154]. Für langreichweitiges Hüpfen geht der superfluide Charakter
möglicherweise verloren [164]. Das kritische Verhalten am Phasenübergang
unterscheidet sich, je nachdem ob die Teilchenzahl während des Übergangs
erhalten ist oder nicht. Nahe dem Phasenübergang kann das Bose-Hubbard
Modell näherungsweise mit einem Spin-1 XY Modell beschrieben werden [5].
Dies eröffnet die Möglichkeit Bose-Hubbard Modelle mit dipolarem Hüpfen
zum Beispiel mit Rydberg-Quantensimulatoren zu untersuchen.

Wir nutzen die Spin-1 Näherung in Kapitel 3, um das System analytisch
mithilfe von linearer Spinwellen-Theorie zu analysieren und berechnen Kor-
relationen in beiden Phasen. Im Mottisolator zerfallen die Korrelationen auf
kurze Distanzen mit r−3/2 und auf lange Distanzen mit r−3. Dies deckt
sich mit vorangegangenen Analysen von dipolaren Spin-1/2 Systemen [29].
Wir berechnen die r-Abhängigkeit der Korrelationen mit numerischer Inte-
gration und finden, dass die numerischen Werte einer Funktion der Form
r−3/2(c0 + c1r

1/2 + c2r+ c3r
3/2)−1 folgen. Aus den Koeffizienten c0 und c3

bestimmen wir die charakteristische Längenskala des Systems und zeigen, dass
diese wie erwartet divergiert, wenn man sich dem Teilchenzahl-erhaltenden
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Phasenübergang nähert. Für die geordnete Phase schätzen wir die Korrelatio-
nen analytisch ab, indem wir das System weiter vereinfachen und mit einem
Spin-1/2 Modell approximieren. Anschließend berechnen wir die Korrelatio-
nen de vollständigen Spin-1 Systems mit numerischer Integration. Die nume-
rischen Resultate werden gut durch die analytische Näherung beschrieben.
Ein langfristiges Ziel ist die experimentelle Beobachtung der unterschiedli-
chen kritischen Verhaltensweisen für die beiden Phasenübergänge. Da diese
Unterschiede sich im dynamischen kritischen Exponenten äußern, ist es nahe-
liegend sich dynamische Größen anzuschauen. Um einen ersten Eindruck zu
bekommen, betrachten wir zeitabhängige Korrelationen in der Mottisolator-
Phase und diskutieren die Verwendung von Quench-Experimenten. Hier sind
jedoch noch weitere Untersuchungen nötig.

Quantensimulation von Spin-1 Systemen mit Dysprosium: Als Nächs-
tes betrachten wir Spin-1 Ketten. In solchen Systemen kann man eine sym-
metriegeschützte topologische Phase finden, die Haldane-Phase [173]. Diese
zeichnet sich durch versteckte Ordnung aus, die sich in nicht-lokale String-
ordnungsparametern äußert. Besonders faszinierend ist die Tatsache, dass
sich in der Haldane-Phase die Spin-1 Freiheitsgrade an den Rändern der Kette
in Spin-1/2 Freiheitsgrade aufteilen. Eine Folge davon ist, dass der Grundzu-
stand 4-fach entartet ist. In Kapitel 4 diskutieren wir die Realisierung von
Spin-1 Ketten mit Dysprosium. Dysprosium ist ein Metall aus der Gruppe der
Lanthanoide. Es zeichnet sich durch ein sehr starkes magnetisches Moment
aus und eignet sich daher gut, für Quantensimulationsexperimente [20]. Das
starke magnetische Moment resultiert daraus, dass Dysprosium im Grundzu-
stand einen Gesamtdrehimpuls von J = 8 aufweist. Der Grundzustand von
bosonischem Dysprosium ist daher 17-fach entartet.

Unser Ziel ist es von diesen 17 Zuständen 3 Zustände energetisch zu iso-
lieren, sodass sich effektiv ein Spin-1 System ergibt. Hierzu verfolgen wir
zwei Ansätze. Der erste Ansatz basiert auf der Kopplung von Elektronenspin
und Kernspin in fermionischem Dysprosium. Wir zeigen, dass für geeignete
Magnetfelder 3 Zustände isoliert werden können. Zusätzlich bestimmen wir
Korrekturen, die auftrete, weil diesen 3 Zuständen andere Hyperfeinzustände
beigemischt werden und berücksichtigen Modifikationen, die von virtuellen
Prozessen verursacht werden. Wir bestimmen numerisch den Grundzustand-
serwartungswert der Magnetisierung in Gegenwert dieser Korrekturen und
finden, dass das System Randzustände aufweist, wie wir sie für die Halda-
nephase erwarten. Als zweiten Möglichkeit Spin-1 Systeme zu isolieren,
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diskutieren wir die Verwendung von Stark-Verschiebungen. Hierbei werden
die störenden Zustände aus der Resonanz geschoben, indem man sie mit einem
Laser an höher gelegene Zustände koppelt. Ein Vorteil dieses Ansatzes ist,
dass die benötigten Magnetfelder deutlich schwächer sind.

Dissipative Zustandspräparation mit Rydbergatomen: Eine Heraus-
forderung bei der Simulation von Quantenphasen ist die Initialisierung des
Grundzustandes. In vielen Experimenten, wie zum Beispiel dem oben bespro-
chenen Experiment in Referenz [23], werden Vielteilchenzustände adiabatisch
präpariert. Dazu wird das System zunächst in einem Zustand initialisiert, der
experimentell einfach zu realisieren ist. Zum Beispiel könnte man alle Atome
in den Rydberg S-Zustand anregen. Zusätzlich wird der effektive Hamiltonian
des Systems so gewählt, dass dieser Zustand der Grundzustand des Systems
ist. Um nun eine andere Phase zu realisieren, variiert man die Systemparame-
ter langsam, bis der gewünschte Hamiltonian erreicht wird. Wenn man die
Parameter langsam genug verändert, bleibt das System während der gesamten
Prozedur im Grundzustand [202]. Ein Problem hierbei ist, dass die Zeitskala
auf der die adiabatische Präparation stattfindet sehr groß wird, wenn sich eine
Bandlücke schließt. Als alternative bietet sich zum Beispiel die dissipative
Zustandspräparation an [67–69].

In Kapitel 5 diskutieren wir Protokolle zur dissipativen Preparation von Viel-
teilchenzuständen in Rydberg Systemen. Hierzu wird ein System aus Rydber-
gatomen über dipolare Austauschwechselwirkungen an ein Bad mit weiteren
Rydbergatomen gekoppelt. Die Rydbergatome im Bad sind spontaner Emis-
sion ausgesetzt. Das kann zum Beispiel erreicht werden, indem man die
Rydbergzustände mit einem Laser an kurzlebige Zustände koppelt [214]. Die
Kopplung an das dissipative Bad führt dann dazu, dass das einige System-
zustände in andere zerfallen. Die Zerfallskanäle können gezielt ausgewählt
werden, indem man den Übergang im Bad gegen den Übergang im System
energetisch verschiebt. Dieser Ansatz kann nun zum Beispiel genutzt werden,
um deterministisch eine bestimmte Anzahl an Anregungen in das System
zu schreiben und dabei den Vielteilchengrundzustand zu präparieren. Eine
weitere Anwendung ist das Kühlen von Systemen, die sich anfangs in ei-
ner Überlagerung von Energieeigenzuständen befinden, sodass am Ende des
Kühlvorgangs mit hoher Wahrscheinlichkeit der Grundzustand besetzt ist.
Wir simulieren beide Anwendungsbeispiele exemplarisch für ein minimales
System und diskutieren mögliche experimentelle Realisierungen.
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Quantenfehlerkorrektur für Rydberg-Quantencomputer

Der zweite Teil dieser Arbeit beschäftigt sich mit Protokollen für Quantenfeh-
lerkorrektur, die für Rydberg-Quantencomputer konzipiert sind. Wie bereits
eingangs erwähnt, sind viele Anwendungen von Quantencomputern sehr
sensitiv gegenüber Fehlern. Die Quantenfehlerkorrektur bietet grundsätz-
lich die Möglichkeit verlässliche Rechnungen trotz fehlerhafter Hardware
zu garantiert. Wobei an dieser Stelle gleich darauf verwiesen werden muss,
dass die Realisierung von fehlertoleranten Quantencomputern mit vielen
Herausforderungen einhergeht, auf die wir später genauer eingehen. Ein
universeller, fehlertoleranter Quantencomputer, dessen Fehlerraten beliebig
gut unterdrückt werden können, existiert bisher nicht. Der experimentelle
Fortschritt der letzten Jahre ist jedoch enorm und es wurden mehrere großar-
tige Durchbrüche im Bereich des Fehlertoleranten Quantencomputing erzielt
[59, 60], die es teilweise bis in die Nachrichten geschafft haben2.

Die Grundidee der Fehlerkorrektur ist folgende [34]. Anstatt die Information
in nur einem Qubit zu speichern, werden mehrere verwendet, sodass die
ursprüngliche Information rekonstruiert werden kann, selbst wenn auf einem
Qubit ein Fehler passiert. In der Quantenfehlerkorrektur werden mehrere so-
genannte Datenqubits miteinander verschränkt, um die logische Information
abzuspeichern. Dieser verschränkte Zustand ist definiert durch ein bestimm-
tes Set an Operatoren, die ihn stabilisieren. Ein wichtiger Punkt ist, dass es
eine maximale Anzahl an Fehlern gibt, die wir korrigieren können. Passieren
mehr Fehler missinterpretieren wir das Messergebnis und wenden eine falsche
Korrektur an. Um dies zu veranschaulichen, betrachten wir ein Beispiel aus
der klassischen Fehlerkorrektur. Wir speichern ein logisches Bit in 3 physika-
lischen Bits und definieren die logische 0 als 000 und die logische 1 als 111.
Messen wir nun 100, so gehen wir davon aus, dass auf dem ersten Bit ein
Fehler passiert ist und korrigieren ihn. Sollten jedoch zwei Fehler passiert
sein, so haben wir eine falsche Korrektur angewendet und erhalten einen lo-
gischen Fehler. Liegt die physikalische Fehlerrate oberhalb einer bestimmten
Schwelle, so ist die Wahrscheinlichkeit, dass das logische Fehler passieren
höher als die Wahrscheinlichkeit für physikalische Fehler. Fehlerkorrektur
und Quantenfehlerkorrektur sind daher nur dann geeignet die Fehlerrate zu

2Siehe zum Beispiel: https://www.sueddeutsche.de/wirtschaft/chips-google-kuendigt-
leistungssprung-bei-quantencomputer-an-dpa.urn-newsml-dpa-com-20090101-241209-930-
312861
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unterdrücken, wenn die physikalische Fehlerrate unter einer gewissen Schwel-
le liegt [47–50]. Quantenfehlerkorrektur unterhalb der Schwelle wurde bisher
in zwei Experimenten demonstriert [59, 60].

Bisher haben wir darüber gesprochen, wie wir die logische Fehlerrate eines
Quantenspeichers unterdrücken können. Wollen wir auch Quantenalgorith-
men ausführen, so brauchen wir logische Gatter, mit denen wir die logischen
Qubits manipulieren. Einige logische Gatter kann man implementieren, indem
man physikalische Gatter qubitweise anwendet. Solche Gatter nennt man
transversal. Um beliebige Quantenrechungen ausführen zu können benötigt
man einen universellen Gattersatz. Ein wichtiges Theorem besagt, dass es
nicht möglich ist einen kompletten, universellen Gattersatz transversal zu
implementieren [42]. Es gibt verschiedene Ansätze einen logischen, universel-
len Gattersatz zu verwirklichen [43–46]. Diese benötigen jedoch zusätzliche
Qubits und Gatter. Um die benötigten Ressourcen zu verringern und höhe-
re Schwellwerte zu erreichen, kann es hilfreich sein platform spezifische
Fehlerkorrektur-Protokolle zu entwerfen [61–63]. Hier konzentrieren wir uns
auf Rydberg-Quantencomputer.

Rydbergplatformen verwenden neutrale Atome, die in optischen Pinzetten
gefangen werden. Die Qubits werden in zwei langlebige Zustände kodiert
[217, 218]. Der Zustand eines einzelnen Qubits kann mithilfe von Laser- oder
Mikrowellenpulsen verändert werden. Universelle Quantenrechner benötigen
auch Gatter, die auf mehreren Qubits agieren und zum Beispiel ein Qubit
in Abhängigkeit des Zustandes eines anderen Qubits zu manipulieren. Sol-
che Gatter können realisiert werden, indem man die Atome vorübergehend
in einen Rydbergzustand angeregt und die starken Wechselwirkungen zwi-
schen Rydbergzuständen ausnutzt. Sehr vielversprechend ist die Tatsache,
dass sich so prinzipiell auch Gatter mit 3 oder mehr Qubits realisieren lassen.
Wir nennen diese im Folgenden Vielqubitgatter Da Rydbergzustände eine
endliche Lebensdauer haben, sind solche Operationen Fehleranfällig. Ge-
schickte Gatterprotokolle können jedoch dazu führen, dass sich diese Fehler
hauptsächlich Phasenefehler sind [63]. Ein letzter, wichtiger Aspekt sind
Messungen. Um den Qubitzustand auszulesen, treibt man zum Beispiel einen
Übergang zwischen dem Qubitzustand |0⟩ und einem sehr kurzlebigen Zu-
stand und detektiert die gestreuten Photonen. Wenn man Photonen detektiert,
so war das Qubit im Zustand |0⟩, detektiert man keine war es im Zustand
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|1⟩3. Da Photonen in alle Raumrichtungen gestreut werden und Detektoren
üblicherweise nur einen kleinen Bereich des Raumes Abdecken, sind sol-
che Messungen - verglichen mit der Zeit, die benötigt wird, um ein Gatter
anzuwenden - eher langsam. Das ist problematisch für die Korrektur von
Fehler, da hier üblicherweise während der Rechnung gemessen wird und
mögliche Korrekturen basierend auf dem Messresultat angewendet werden.
Eine alternative bieten messungsfreie Fehlerkorrektur-Protokolle, bei denen
das Feedback mithilfe von Quantengattern umgesetzt wird [7, 48, 75–77].

Messungsfreie Quantenfehlerkorrektur optimiert für Phasenfehler:
In Kapitel 7, optimieren wir Protokolle für messungsfreie Quantenfehlerkor-
rektur unter der Annahme, dass die Fehler, die während Zwei- und Vielqubit-
gattern auftreten von Phasenfehlern dominiert werden. Dies erlaubt es uns
messungsfreie Protokolle für die Fehlerkorrektur und die Implementierung
eines universellen Gattersatzes zu entwickeln, deren Schwellwerte in einem
Bereich liegen, der experimentell realistisch erreichbar ist. Außerdem kann
die Anzahl an benötigten Qubits und Gattern deutlich reduziert werden. Wir
analysieren die Protokolle mithilfe von numerischen Simulationen und analy-
tischen Überlegungen und ermitteln ein logisches Fehlermodel. Außerdem
untersuchen wir, wie sich andere Fehler auf die Leistungsfähigkeit unserer Pro-
tokolle auswirken und finden, dass unsere Protokolle gneutzt werden können,
um die logische Fehlerrate zu unterdrücken, selbst wenn bis zu circa 10 % der
Fehler auf den Zwei- und Vielqubitgattern keine Phasenfehler sind. Auf den
Gattern, die nur ein einzelnes Qubit adressieren sind beliebige Fehler möglich.
Zuletzt skizzieren wir mögliche Implementierungen auf Rydberg-Platformen
mit Wechselwirkungen zwischen nächsten und übernächsten Nachbarn, die
keine Gatter mit mehr als drei Qubits benötigen. Unsere Protokolle erlauben
die Korrektur von bis zu einem Fehler. Die Hoffnung ist, dass mit unseren
Protokollen die logische Fehlerrate so weit unterdrückt werden kann, dass
sie unterhalb der Schwelle von skalierbaren (und nicht notwendigerweise
messungsfreien) Protokollen liegt. Unsere logischen Qubits könnten dann die
Rolle der Datenqubits in solchen Protokollen übernehmen.

Messungsfreie Quantenfehlerkorrektur und Vielqubitgatter: Bisher
haben wir die Existenz von Vielteilchengattern mit niedrigen Fehlerraten
vorausgesetzt. Allerdings wurden bisher noch keine Gatter mit 4- oder mehr
Qubits und hohen Genauigkeiten demonstriert. Auch experimentelle Reali-

3Eine solche Messung erlaubt es uns nicht den Verlust eines Qubits vom Zustand |1⟩ zu
unterscheiden.
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sierungen von 3-Qubit Gattern weisen eine Fehlerrate auf, die in etwa 4-mal
so hoch ist wie die Fehlerraten, die für 2-Qubit Gatter erreicht werden [74].
Da die Feedbackoperationen von messungsfreien Quantenfehlerkorrektur-
Protokollen üblicherweise viele Vielteilchengatter beinhalten ist klar, dass
messungsfreie Quantenfehlerkorrektur von solchen Gattern profitieren kann.
In Kapitel 8 analysieren wir quantitativ, wie sehr die An- und Abwesenheit
von sehr guten Vielteilchengattern die Leistungsfähigkeit solcher Protokolle
beeinflusst. Zunächst betrachten wir die Protokolle, die wir in Kapitel 7 ent-
worfen haben und vergleichen die logischen Fehlerraten für Realisierungen
mit und ohne Vielteilchengattern. Die logischen Fehlerraten nehmen in der
Abwesenheit von Vielteilchengattern stark zu und insbesondere der Schwell-
wert des Fehlerkorrektur-Protokolls verschlechtert sich um einen Faktor 10.
Wir weiten unsere Analyse auf die Messungsfreien Protokolle aus Referenz
[10] aus und bestimmen die logische Fehlerrate für verschiedene physikali-
sche Fehlerraten der Vielteilchengatter. Es zeigt sich, dass ein 3-Qubitgatter,
dessen Fehlerrate um einen Faktor 2 größer ist, ausreicht um die Schwelle
bestimmter Protokolle um einen Faktor 2 zu verbessern.
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