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Abstract

In the past few years, Quantum Computers have become a widely discussed topic,
not only among scientists but also in large parts of our society. Quantum Computers
are often expected to deliver groundbreaking advances across physics, chemistry,
materials science, and other fields. A decisive disadvantage that is often swept
under the carpet, especially outside the scientific community, is the fragility of
quantum systems. Most applications rely on reliable, large-scale quantum algorithms
with the execution of billions of robust underlying operations. Quantum Error
Correction provides a promising framework for overcoming these challenges and
achieving fault tolerance. Typical Quantum Error Correction protocols rely on
mid-circuit measurements combined with the application of feedback based on
their outcome. However, on several platforms, like Rydberg atoms or trapped
ions, measurements are experimentally challenging, costly, and slow compared to
gate times. A possible alternative is Measurement-Free Quantum Error Correction.
In contrast to implementing feedback based on measurement outcomes, coherent
feedback is directly applied using conditioned two- and multi-qubit quantum gates.
Achieving fault-tolerant Quantum Computing requires the ability to encode logical
qubits, correct different types of errors, and implement logical operations. All these
aspects need to be met while simultaneously suppressing the spread and accumulation
of errors, aiming for low logical error rates.

In this work, we focus on the Measurement-Free Quantum FError Correction of
Erasure Errors, a special type of error at known location, removing the qubit from
the code space. We design measurement-free protocols to achieve fault tolerance
in the presence of erasure errors and propose fault-tolerant circuits to implement
a universal gate set. We use four physical qubits to encode one logical qubit and
to correct one erasure error. That exactly corresponds to the [[4, 1, 2]| erasure-
correcting quantum code. In addition, we develop numerical strategies to implement
our noise model, simulate faulty circuits, and determine logical error rates. With these
numerical methods, we verify the fault tolerance of all proposed circuits, determine
the break-even points below which our Quantum Error Correction protocols become
profitable, and characterize the logical noise model of the logical operations via
Kraus channels. By combining all the derived results, this work provides a proof of
principle for Measurement-Free Quantum Error Correction of Erasure Errors.






Zusammenfassung

In den letzten Jahren ist das Interesse an Quantencomputern nicht nur in der
Forschung, sondern auch in grofen Teilen unserer Gesellschaft deutlich gestiegen.
Quantencomputern werden wegweisende Fortschritte in der Physik, Chemie, Ma-
terialwissenschaft oder auch anderen Bereichen zugesprochen. Allerdings wird vor
allem auflerhalb der Forschung oft vergessen, dass Quantensysteme dufserst fragil
und instabil sind. Die meisten Anwendungen benétigen verliassliche und umfassende
Quantenalgorithmen, welche Milliarden robuster Operationen erfordern. Quanten-
fehlerkorrektur bietet einen vielversprechenden Ansatz, diese Herausforderungen
zu liberwinden und Fehlertoleranz zu ermoglichen. Weitverbreitete Protokolle zur
Korrektur von Quantenfehlern beruhen auf Messungen, welche wihrend der Implemen-
tierung durchgefiihrt werden. Anschlieffend werden auf Grundlage dieser Messungen
Feedbackoperationen durchgefiihrt. Auf einigen Quantencomputingplattformen, wie
etwa Rydberg-Plattformen, sind solche Messungen allerdings experimentell heraus-
fordernd und langsam im Vergleich zu Gatteroperationen. Eine mdgliche Alternative
bietet die messungsfreie Quantenfehlerkorrektur. Hier wird das Feedback direkt durch
kontrollierte Zwei- und Mehr-Qubit-Gatter implementiert, wodurch wahrend der
Rechnung auf Messungen verzichtet wird. Um fehlertolerantes Quantencomputing
zu ermoglichen, miissen logische Qubits encodiert, verschiedene Fehler korrigiert und
logische Operationen implementiert werden kénnen. Gleichzeitig soll die logische
Fehlerrate der Operationen moglichst stark unterdriickt werden.

In dieser Arbeit analysieren wir die messungsfreie Quantenfehlerkorrektur bei Qubit-
verlust wihrend der Quantenrechnung, der zu sogenannten Erasure-Fehlern mit
bekannter Position fithrt. Wir entwickeln messungsfreie Protokolle, um Fehlertole-
ranz bei solchen Erasure-Fehlern zu ermoglichen. Aufterdem stellen wir fehlertolerante
Quantenschaltkreise vor, um ein universelles Gatterset zu implementieren. Dazu
encodieren wir ein logisches Qubit in vier physikalische Qubits, um einen Erasure-
Fehler korrigieren zu konnen. Dies entspricht dem [[4, 1, 2|]-Quantencode. Um unser
Fehlermodell zu implementieren, fehlerbehaftete Quantenschaltkreise zu simulieren
und logische Fehlerraten zu bestimmen, entwickeln wir numerische Methoden. Mit
diesen verifizieren wir die Fehlertoleranz aller vorgestellten Quantenschaltkreise,
berechnen die Break-even-Punkte, unterhalb welcher Quantenfehlerkorrektur profita-
bel wird, und charakterisieren das logische Fehlermodell durch einen Quantenkanal
in Kraus-Darstellung. Zusammengefasst zeigen die Ergebnisse dieser Arbeit, dass
messungsfreie Quantenfehlerkorrektur von Erasure-Fehlern prinzipiell moglich und
weiterfiihrende Forschung in diesem Bereich lohnenswert ist.
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Chapter 1 | Introduction

“Nature isn’t classical, dammait, and if you want to make a simu-
lation of nature, you’d better make it quantum mechanical, and
by golly it’s a wonderful problem, because it doesn’t look so easy.”

— RICHARD P. FEYNMAN (1982)
Lecture on ‘Simulating Physics with Computers’

Already in the early 1980’s, Richard Feynman pointed out that the complex rules and
laws of Quantum Physics govern many systems of scientific interest. Consequently,
their simulation with classical devices confronts us with an exponential cost and takes
us to the limits of what is classically possible. However, Quantum Computation has
advanced considerably in recent years. To outperform classical computers on certain
tasks, Quantum Computers exploit superposition, interference, and entanglement -
purely quantum mechanical phenomena. Nowadays, not only physicists or scientists
in general are fascinated by this field of research. Over the past few years, Quantum
Computing has captivated large parts of our society.

In 1994, Peter Shor introduced an efficient factoring algorithm with a superpolynomial
speedup over known classical methods [1|. Two years later, Lov Grover achieved
a quadratic speedup for unstructured search by applying Grover’s algorithm [2].
Although these are specific problems, quantum computing is expected to reduce
the complexity of tasks in physics, chemistry, materials science, and related fields.
Richard Feynman and David Deutsch were among the first to develop theoretical
ideas in the early 1980’s. Feynman formulated an approach for Quantum Simulation
[3], while Deutsch presented ideas on universal Quantum Computers [4]. One of the
first experimental realizations in the field of Quantum Computation was achieved
by IBM in 2001. They demonstrated Shor’s quantum factoring of the number 15
using NMR, implementing one of the first quantum algorithms on a small scale [5].
In 2019, Google claimed Quantum Supremacy by demonstrating the sampling of a
quantum circuit one million times within 200 seconds, a task for which a classical
computer would need around 10,000 years [6].

However, quantum systems are extremely fragile as they rely on quantum phenomena
like superposition, interference, and entanglement. Environmental interactions cause
decoherence, destroying the desired quantum properties of the system. Due to noise,
nowadays, typical error rates per gate amount to ~ 1072 — 1073 [7-9]. Practical
implementations, however, require around 10° gate operations [10-12]. Classical
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schemes for correcting errors cannot be used due to the no-cloning theorem, among
other reasons, making this problem even more complicated. Therefore, fault-tolerant
Quantum Computing is not feasible without Quantum Error Correction, a framework
that protects quantum information against noise. Mathematicians have already
encountered and analyzed error-correcting codes in 1982 [13]. The first explicit
quantum error-correcting code was presented by Shor in 1995 [14]|. This 9-qubit Shor
code corrects one arbitrary single-qubit error by encoding one logical qubit into nine
physical qubits. This first breakthrough was followed by other promising strategies,
like the 7-qubit Steane Code [15] or the CSS codes [16]. Later, Knill, Laflamme, and
Zurek proved the threshold theorem, showing that fault-tolerant quantum computation
is principally possible. [17]. One of the most recent breakthroughs in the field of
Quantum Error Correction and fault-tolerant Quantum Computing was reported by
Google Quantum AT in 2024 [18]. They experimentally demonstrated below-threshold
simulations in the regime in which Quantum Error Correction becomes profitable.
More recently, the Lukin Group was also able to show below-threshold performance
using the surface code [19].

However, mid-circuit measurements, which typically enable feedback, are technically
challenging and costly on many platforms, such as Rydberg atoms and trapped
ions. Here, they are time-consuming and have high error rates, limiting the success
probability of Quantum Error Correction protocols [18, 20-22|. In the last few years,
measurement-free protocols have gained more attention in the field and have recently
been studied [23-25|. Instead of measuring qubits during the implementation of
a logical operation, information is encoded in ancilla qubits controlling coherent
feedback. Afterwards, these ancilla qubits are reset and reused or replaced by fresh
qubits. Aharonov and Ben-Or developed abstract fault-tolerant schemes showing
that, in principle, mid-circuit measurements can be avoided by solely relying on
unitary operations for quantum computations and error correction as early as 1997
[26]. Although it was already known at that time that measurement-free quantum
error correction is theoretically possible, the greatest difficulty lies in developing
specific Quantum Error Correction strategies and fault-tolerant logical operations
without any mid-circuit measurements on a specific error-correcting quantum code.

An interesting and special type of error on Quantum Computing platforms is the
so-called erasure error. In contrast to Pauli errors, an erasure removes the qubit
state from the code space. The hardware can detect such processes and, hence, is
capable of determining the location of the resulting error. Knowledge about the
location of errors provides advantages for correction methods. Erasures are relevant
on several Quantum Computing platforms, among which are neutral-atom platforms,
superconducting circuits, trapped ions, and photonic qubits. Depending on the
specific platform, erasure errors characterize atom or photon loss, atom decay to
levels outside the computational subspace, scattering, or other processes. Grassl,
Beth, and Pellizzari already analyzed the quantum erasure channel in 1997. They
concluded that four physical qubits are necessary and sufficient to encode one logical
qubit and correct one erasure [27].



In this work, we study such a [[4, 1, 2]| code, encoding one logical qubit and correcting
one erasure. We construct a Quantum Error Correction circuit capable of detecting
and correcting one erasure error, and a circuit to encode an arbitrary logical state
using four physical qubits. Furthermore, we design circuits to implement the fault-
tolerant universal gate set, consisting of a logical CNOT, Hadamard, S, and T gate.
All circuits follow measurement-free schemes, fully avoiding mid-circuit measurements.
In the following, we offer a brief overview of the chapters within this work:

= In Chapter 2, we lay the foundation and framework for this work. We briefly
introduce Quantum Computation and Quantum Information in Section 2.1
and Quantum Computers in Section 2.2. Section 2.3 concludes this chapter
with a brief introduction to Quantum Error Correction based on the [[4, 1, 2||
erasure-correcting code.

= Chapter 3 provides a conceptual overview of the main idea of this work. The
strategy to detect and convert erasure errors is introduced in Section 3.2, while
Section 3.3 clarifies the meaning of fault-tolerance in the context of erasure
errors. The noise model and the underlying assumptions made throughout the
chapters are presented in Section 3.1. Furthermore, we present strategies for
implementing the encoding and the logical gates of the universal gate set on
the four-qubit erasure detecting code at a high level in Section 3.4. If one is
not interested in the details of the fault-tolerant construction of the circuits or
the numerical methods used for simulating faulty circuits with erasures, they
can skip the next two chapters to directly find the logical error rates and the
logical noise models in Chapter 6.

=> In Chapter 4, we discuss in great detail the measurement-free and fault-tolerant
construction of the encoding (Section 4.1), the Quantum Error Correction
circuit (Section 4.2), and the logical universal gate set applying the [[4, 2, 1]]
erasure-correcting code (Sections 4.4). Furthermore, in Section 4.3, we provide
a toolbox presenting strategies to detect erasures and correct resulting errors,
which is also applicable to other erasure-correcting quantum codes.

- Chapter 5 focuses on the numerical methods used to simulate circuits that
are corrupted by erasure errors. First, we explain how our noise model is
implemented in Section 5.1 and how we numerically verify the fault-tolerance of
the presented circuits in Section 5.2. Subsequently, we develop three different
simulators in Sections 5.3 to 5.5 to simulate faulty circuits and numerically
determine logical error rates.

= In Chapter 6, we use the numerical methods developed in Chapter 5 to discuss
the logical error rates in Section 6.1 and the logical noise model in Section 6.2
for the circuits presented in Chapter 4. First, we determine the break-even
points from the logical error rates. Secondly, we characterize the logical noise
model of the presented logical operations by corresponding Kraus channels.

- We conclude this work in Chapter 7 with a brief summary of our main results
and remaining questions for further research in the future.






Chapter 2 | Basic Concepts

This work is built on the concepts of Quantum Computation and Quantum Informa-
tion. More specifically, Quantum Error Correction is studied in great detail for the
[[4, 1, 2|] quantum code. To set the stage for these examinations and discussions, this
chapter introduces the theoretical background of related topics and the notation used
throughout this work. It will by no means give a complete and rigorous introduction
to the presented concepts, but it is intended to pave the way for discussing and
understanding the findings of this work.

We start to introduce the basic idea of Quantum Computation and Quantum In-
formation in Section 2.1. Section 2.2 focuses on Quantum Computers, while the
example of Rydberg Quantum Computing platforms is discussed in more detail. The
final Section 2.3 of this chapter deals with Quantum Error Correction (QEC). After
providing the basic ideas and the concept of erasure errors, the [[4, 1, 2]| code is
introduced as an example for a stabilizer code.

2.1 | Quantum Computation and Quantum Infor-
mation

In this Section, we briefly introduce the basic concepts and key essentials of Quantum
Computation and Quantum Information, based on the standard textbook by Nielsen
and Chuang [28], unless otherwise stated. Starting with the fundamental ingredient,
the quantum bit, or in short the qubit in Subsection 2.1.1, we see how to encode in-
formation in a quantum state. Afterwards, we introduce quantum circuits containing
quantum gates and measurements to manipulate the encoded quantum information in
Subsection 2.1.2. We will introduce an important class of gates, which are universal
and essential for Quantum Computation. Lastly, we need to understand that our
real world is full of noise. The environment influences and disturbs our quantum
system, altering its time evolution. In this context, we will introduce quantum noise
and a procedure to characterize it, called quantum process tomography, in the last
Subsection 2.1.3.
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2.1.1 | Qubits

Just as a classical bit, the qubit has a state that encodes information. A classical bit
can only be in one of two different states, usually denoted as 0 or 1. Analogously, a
qubit also has a state |¢), for example |0) or |1) in the Z-basis. In contrast to the
classical version, a qubit can be in a superposition. These superpositions

) = a0) + 5[1) (2.1.1)

can be formed from linear combinations of different states. The amplitudes o and [
are complex numbers. The quantum state of one qubit can thus be interpreted as a
vector in a two-dimensional complex vector space. It is common to define |0) and |1)
as the computational basis states. They span the two-dimensional Hilbert space H
of the qubit, which is a linear complex vector space with an inner product. These
states are orthonormal and hence form a basis of this Hilbert space. To determine
the current state of a classical bit, we can simply take a look and measure it. In
contrast, we cannot extract the full state encoded in the amplitudes o and [ of a
qubit! Due to the laws of Quantum Mechanics, measurement outcomes will either be
0 or 1 with probability |a|? or |3]?, respectively, if we measure in the Z-basis of the
states |0) and |1). After a measurement, the qubit is in an eigenstate corresponding
to the measured outcome. As probabilities are normalized, it holds

laf” + |8 = 1. (2.1.2)

Figure 2.1: Representation of a single-qubit state as a vector on the Bloch sphere.
The north and south pole of the sphere usually corresponds to the
computational basis states |0) and |1) in the Z-basis, respectively. In the
Bloch sphere representation, the spherical coordinates 6, ¢, and r = 1
uniquely define the state of a single qubit.



2.1.2 QuaNTUM CIRCUITS

Geometrically, a qubit state can be viewed as a unit vector pointing to a point on
the surface of a sphere, often called the Bloch sphere, as shown in Figure 2.1. We
can rewrite Equation (2.1.1) in the Bloch sphere representation

0 . 0
|¢) = cos 3 |0) + €'? sin 3 1) (2.1.3)
using spherical coordinates with angles § and ¢ and radius » = 1. This concept can
be straightforwardly extended to multi-qubit systems. The multi-qubit computa-
tional basis states can be found by forming all tensor products of the single-qubit
computational basis states. For n qubits, we find 2" orthonormal basis states. An

arbitrary n-qubit state
1)) = 0.0 [00...0) + g1 [00...1) + ... + yy 4 [11...1) (2.1.4)

is characterized by 2" amplitudes «,,,,. ., and lives in a 2"-dimensional Hilbert
space.

2.1.2 | Quantum Circuits

A quantum circuit is a model to illustrate quantum processes. Such processes
or computations are sequences of, for example, quantum gates, measurements or
initializations of qubits. Circuits are commonly drawn so that time runs from left to
right along the horizontal axis. Qubits are represented by horizontal lines. Operations
acting on qubits are depicted as boxes, dots, and straight vertical lines depending on
the specific operation.

The simplest operations are single-qubit operations. Mathematically, they are de-
scribed by 2x2 unitary matrices (UTU = 1), as they must preserve the norm of the
qubit state. Leaving the state unchanged can be expressed by the identity gate or
just not applying any operation. The symbols used in circuits and the corresponding
matrices of some relevant single-qubit gates are shown in Figure 2.2. Another simple
operation is flipping the qubit. This means replacing state |0) with |1) and vice versa.
Given an arbitrary single-qubit state |¢), a bit flip is carried out by the X gate and
mapped to

X [$) = X(«]0) + B[1)) = 8]0) + a|1). (2.1.5)

It is described by the Pauli operator X and works analogously to the classical NOT
gate. In Quantum Computing, a phase flip can be applied to the qubit state as
well. This operation is done by applying the Z gate, which leaves the qubit state |0)
unchanged, but inverts the sign of state |1). This leads to

ZY) = Z(al0) + /(1)) = a|0) = 5]1), (2.1.6)
with Z being the Pauli-Z operator. Combining bit and phase flip leads to the Y gate,
Y|¢) =Y (al0)+ 1)) = —i(60) — all)), (2.1.7)

with Y corresponding to the Pauli-Y operator. A slightly more complicated gate is
the Hadamard gate, performing a 7/2-rotation around the y-axis and a subsequent
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Identity -

Pauli-X

S = O O =
O =
~_

Pauli-Y

Hadamard
S, Phase

T

_
Pauli-Z Lo )

Phase shift,
P(p)

Figure 2.2: Common single-qubit quantum gates with names, quantum circuit sym-
bols, and corresponding unitary matrices.

reflection along the Z-axis on the Bloch sphere. It creates equal superpositions of
the computational basis states |0) — % = |+) and |1) — % =|—). As the
Hadamard gate is Hermitian (H = HT), it can be interpreted as a basis change

flipping the & and 2 axes. This can be understood when evaluating
HXH =7, HZH = X. (2.1.8)
Furthermore, as H squares to the identity
H*=1=H=H", (2.1.9)

it is an involution. Another relevant single-qubit gate is the phase shift gate P(¢p).
It introduces a rotation around the Z-axis by angle ¢ mapping the states |0) — |0)
and [1) — ¢ |1). The amplitudes of the basis states remain unchanged, but the
phase of the qubit state is modified. For ¢ = 7/2, the P(n/2) is called S or phase
gate, and for ¢ = 7/4, we get a T gate. Strictly speaking, the Z gate is a phase shift
gate with p = .

In the next step, we need to analyze how multi-qubit gates can be implemented.
A simple and useful example is the controlled-U gate acting on two qubits. If the
control qubit is in |0), no operation is applied to the target qubit. Otherwise, the
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unitary single-qubit gate U acts on the target qubit. For U = X, the target qubit
will be flipped if the control qubit is in |1). This gate is a controlled-X gate, often
referred to as a CNOT or CX gate. Similarly, a controlled-Z or CZ gate will apply
a phase flip to the target qubit if the control qubit is in |1). The corresponding
symbols and matrices are depicted in Figure 2.3. The concept of controlled-U gates

CNOT control —¢— L 000
target —b— 0100
0 0 01
0010
control 1000
CZ target:I: 010 0
001 0
000 —1
ou e BT
100 0 00O0O0
control —¢— 01 00O0O0OO0O
CCNOT Cé’;ﬁ;@% je; 00100000
00010000
00001000
000O0O0OT1O0O0
000O0O0O0OTO0OT71
000O0O0O0OT1TFO0

control —e—
CCU control —e—
target @—

Figure 2.3: Common multi-qubit quantum gates, including names, quantum circuit
symbols, and corresponding unitary matrices.

can be easily extended to n qubits. In this case, the operation U will only be applied
to the target qubit if all n — 1 control qubits are in state |0). In the case of n = 3
and U = X, we find the Toffoli gate, often called CCNOT or CCX gate.

Another important operation applied during quantum computations is the reset
operation or reinitialization. We illustrate this operation with the symbol

_|0>_

indicating that the qubit is afterwards in state |0). Commonly, some qubits are only
needed for several operations in a certain section of the circuit. Afterwards, they do
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not encode any important information required at a later stage of the circuit. To
decrease the number of required qubits for a quantum algorithm, one typically resets
and reuses qubits. Another possibility is to replace used qubits with fresh ones.

The final ingredients for Quantum Computation are measurements. In classical
physics, measurements are trivial and intuitive. The value of a classical state can
be simply determined at finite precision and takes on a real value [29]. In contrast,
measurements in Quantum Mechanics behave conceptually differently. A quantum
measurement needs to be considered as an interaction with the system and thus
alters its state. As already mentioned above, before measuring a qubit state, we
only know the probabilities of the possible outcomes. Afterwards, the qubit state
is known with certainty as it is projected onto the eigenspace corresponding to the
measurement outcome. Consequently, measurements are irreversible. In Quantum
Computation, the projective measurement of a qubit in the computational basis,
usually the Z-basis, is relevant, as we commonly work in this basis. We use the
meter symbol

J =]

to illustrate such a measurement in a circuit. Commonly, the state of the qubits
of interest is measured at the end of the circuit to see if the quantum operation
was successful. The principle of deferred measurements states that measurements
can always be carried out at the end of a quantum circuit instead of being applied
mid-circuit. If a measurement outcome is used to control the application of qubit
operations, conditional quantum operations, such as CNOT gates, can be used
instead. This principle is the basic concept of measurement-free procedures, which
will be introduced in Subsection 2.3.6. Quantum measurements can be seen as
the bridge between the quantum and the classical world. In general, measuring
a quantum state destroys the encoded quantum information and replaces it with
classical information. In QEC, a concept introduced in Section 2.3, for example,
this becomes important as one typically places measurements to detect errors and
apply corresponding feedback. Circuits need to be carefully designed so that the
measurement, does not affect the encoded information.

Previously, we introduced the basic building blocks to create quantum circuits. To
implement every single unitary operation on a Quantum Computer, we rely on a
universal gate set. It is possible to approximate any unitary operation to arbitrary
accuracy with gates from such a set. Barenco et al. already showed in their pioneering
paper from 1995 that all single-qubit gates (U) combined with a CNOT gate form a
universal gate set [30]. Brylinski and Brylinski generalized this theorem to single-
qubit gates (U) combined with one arbitrary entangling two-qubit gate [31]. Using
this universal gate set, one can show that any arbitrary unitary operation may be
constructed exactly using single-qubit and entangling two-qubit gates. Nielsen and
Chuang show in Reference [28] that an arbitrary unitary operation acting on n
qubits can be constructed by using O(n?4") single-qubit and CNOT gates. However,
this construction does not guarantee efficient implementations. Discrete sets of
universal gates offer a solution to this problem. These sets can be used to design
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2.1.3 QUANTUM NOISE AND QUANTUM CHANNELS

error-correcting codes as presented in Chapter 4. Nevertheless, a discrete universal
gate set does not allow for exact implementations, but rather approximates any
unitary operation. Boykin et al. proved in Reference [32] that the Hadamard, the T,
and the CNOT gate form a finite universal gate set. Some years later, Shi showed in
Reference [33] that the Toffoli gate, combined with any basis-changing single-qubit
real gate, is a universal gate set as well. Shortly after, Aharonov presented a simple
proof that the Hadamard and the Toffoli gate together are quantum universal [34].
As already mentioned before, the question of how efficiently quantum operations can
be approximated using universal gate sets arises. In this context, the Solovay-Kitaev
theorem plays a crucial role. It was already announced by Solovay in 1995 and
independently proven by Kitaev in 1997 [35]. The theorem states that any unitary
single-qubit operation can be approximated from a set of single-qubit gates generating
a dense subgroup of SU(2). The circuit to approximate the desired operation is short
and can be found efficiently. Assume the operation we want to approximate to an
accuracy of € consists of m single-qubit and CNOT gates. Then, the Solovay-Kitaev
theorem implies that O(mlog®(m/e)) gates from a finite universal gate set are needed.
Here, ¢ is a constant. Due to this polylogarithmic increase over the circuit length m,
the approximation of the unitary operation can thus be efficiently achieved in most
cases!

2.1.3 | Quantum Noise and Quantum Channels

In the previous sections, we always assumed that every implemented operation does
exactly what it should. Operations were considered to be ideal. Unfortunately,
all quantum systems are subject to unwanted interactions with their environment,
affecting their quantum state. This phenomenon is described as noise and leads
to errors in quantum computations. In contrast to classical noise, introducing
random errors, quantum noise is more complex and possesses a major obstacle for
Quantum Computing as it can lead to decoherence. Different types of quantum
noise alter quantum states in various ways. Bit flip noise, for example, flips the
computational basis states, while phase noise affects their relative phase. To develop
useful Quantum Computers, we must first understand the effects of noise so we can
counteract it. In the following, we briefly introduce the mathematical formalism of
quantum operations or, in the context of Quantum Computation, quantum channels,
describing the dynamics of a quantum system. It is helpful to characterize the
discrete state change of the system from an initial to a final state, especially for
non-unitary transformations.

In Quantum Mechanics, the state of a quantum system is characterized by the density
operator or density matriz p, which is a Hermitian, positive semi-definite operator
with trace one. Such a state p transforms according to

o, = E(p), (2.1.10)

where £ is a quantum operation or channel and p, the final state of the system after
the transformation. To mathematically describe quantum channels, we will now take
a closer look at the operator-sum representation. As already mentioned, we cannot
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consider our quantum system described by p as decoupled from its environment. We
assume that the coupled system starts in a product state p ® p..., with the state of
the environment p,,,. Now, we apply an operation to our system, e.g., a certain gate.
In addition, the environment introduces noise. Let U describe the full transformation
of the coupled system. To obtain the final state

E(p) = s (U(p® pon)U) (2.1.11)

of our system, we perform the partial trace over the environment. In the next step,
we assume without loss of generality that the environment starts in a pure state
leo) (eo] and {|e,)} forms an orthonormal basis of its Hilbert space. Hence, we can
rewrite Equation (2.1.11) as

E(p) = K.pK], (2.1.12)

where K, := (e,| U |e,) is an operator acting on the Hilbert space of our system. The
operators K, are often called Kraus operators of the Kraus channel £ and fulfill

Y KK, <1. (2.1.13)
k

This concept is nowadays often referred to as the Kraus’ theorem after Kraus, who
directly laid it out in the context of Quantum Information in his book from 1983
[36]. However, the first mathematical foundations and the existence of such a
representation date back to the Stinespring dilation theorem from 1955 [37]. In the
context of Quantum Physics, the trace of £(p) needs to be 1,

1= tr(E(p)) = tr (Z KgKkp) . (2.1.14)

k

As this requirement needs to be fulfilled for all p, the completeness relation

Y KK, =1 (2.1.15)
k

for trace-preserving quantum channels follows. The Kraus representation allows
us to intrinsically characterize the transformation of a system without explicitly
taking the environment into account. Furthermore, it allows an intuitive physical
interpretation of the Kraus operators {K,}. Let us assume that we measure the
state of the environment in the basis {|e,)} after the transformation U has been
applied to the system and the environment. If the measurement outcome is k, the
normalized state of the system is given by

1
pr = — K pK], (2.1.16)

ygs

where
p = tr (KpK]) (2.1.17)
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2.1.3 QUANTUM NOISE AND QUANTUM CHANNELS

is the probability of measuring outcome k. Consequently, sending a state p through
a Kraus channel, defined in Equation (2.1.12), is equivalent to transforming p with
Kraus operator K, with probability p,.

Finally, it is important to keep in mind that the set of Kraus operators {K,} is
not uniquely defined for a given Kraus channel £. Due to the unitary freedom in
the Kraus representation, we can find a unitary transformation V' with the complex
elements v,, such that {F}} is another set of Kraus operators characterizing the same
Kraus channel. Then, the two sets are related by

Fr =) vk, (2.1.18)

l

A convenient tool using this formalism is quantum process tomography (QPT). It is
used to experimentally determine the dynamics, and thus the Kraus channel, of a
d-dimensional quantum system [38-40]. One canonical protocol for QPT is called
standard quantum process tomography (SQPT) and was experimentally demonstrated
in liquid-state NMR [41], optical [42], atomic [43], and solid-state systems [44]. The
main idea of SQPT is to choose d? linearly input states {p,...,p*}. A common
and convenient choice for single-qubit input states is |0), 1), [4+) = 1/v/2(|0) 4 [1))
and |i+) = 1/v/2(|0) +4|1)). For n-qubit systems, one commonly chooses the
tensor product {|0),[1),|+),|i+)}®™ of those states. We prepare each of those
states p/ of the d-dimensional quantum system and subsequently send it through the
Kraus channel £ we want to characterize. Afterwards, we determine the final states
P, = E(pl), by for example using quantum state tomography. Theoretically, £ could
now be reconstructed by inversion, as it is a linear map [40]. Nevertheless, we would
like to obtain a convenient representation of the Kraus channel £ from experimental
data. For identifying the Kraus channel £ defined in Equation (2.1.12), we need
to determine a set of Kraus operators {K,}. As we do not measure operators in
an experiment, let us introduce an equivalent description. We choose a fixed set of
operators {F,} forming a basis of the state space of our system. Thus, the Kraus
operators are given by

K, =) cuE, (2.1.19)
with complex coefficients ¢,,,. Rewriting Equation (2.1.12) yields

E(p) =Y EupE X (2.1.20)

m,n

with entries

Xon = D ComCh, (2.1.21)

k

of the positive Hermitian superoperator y often called Chi or Choi matriz. Thus, for
a fixed set of operators { E,}, the Choi matrix x fully defines the Kraus channel &.
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2.2 | Quantum Computers

So far, we only considered the theoretical aspects of Quantum Computing and
Quantum Information. In this section, we will walk through some basic principles for
physical implementations of quantum information processing devices in Subsection
2.2.1. Afterwards, we shortly explore Rydberg quantum computing platforms as a
concrete experimental example in Subsection 2.2.2.

2.2.1 | Basic Principles and Requirements

At the beginning of the previous Section 2.1, we identified qubits as the elementary
ingredient for Quantum Computation. Hence, a robust physical system to experimen-
tally encode qubits is required. Moreover, the qubits should evolve exactly as desired.
Finally, we must be able to prepare the qubits in a well-defined initial state and
measure the system’s output state. These four basic steps follow from DiVincenzo’s
criteria [45].

To physically encode a qubit, a system with a finite and discrete number of accessible
states is required. Then, different states are distinguishable, and decoherence can be
minimized. Before an operation can be computed, the system has to be initialized
in a well-defined state. It is not enough to do this state preparation once; it must
succeed repeatedly with high fidelity!. Usually, it is sufficient to prepare one specific
state since other states can be computed by applying unitary transformations. In
Subsection 2.1.2, we have learned that such a transformation can be implemented
using single-qubit and CNOT gates, as they form a universal gate set. Hence, the
experimental realization of these gates is naturally required to perform quantum
computations. This indirectly implies the addressability of individual qubits and
the need to apply such gates to selected qubits. In the last step of a quantum
computation, we must be able to extract the final state of our quantum system.
In this context, measurements can be interpreted as coupling qubits to a classical
system. The state of this classical system should then represent the system’s state.

2.2.2 | Rydberg Quantum Computing

In the previous subsection, we have taken a first look at the basic requirements of
Quantum Computers. As qubits encoded in neutral atoms have special properties,
like a long coherence time, are easy to scale up, and are uniformly identical, they
are promising for Quantum Computation and Quantum Simulation. We follow
Reference [46] and explore how the requirements of Quantum Computers are realized
in neutral atom platforms using Rydberg atoms. In general, Rydberg atoms are
atoms with a highly-excited valence electron in a large, but weakly bound orbit.
The principal quantum number n amounts to several tens to hundreds. As Rydberg
atoms decay with a characteristic lifetime to the ground state, they are unstable.

IFidelity is a measure of how close two quantum states are or how accurate a quantum operation
is.
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2.2.2 RYDBERG QUANTUM COMPUTING

Decay processes are mostly caused by electromagnetic vacuum fluctuations at zero
temperature and blackbody radiation at finite temperature, leading to stimulated
emission. The lifetime approximately gets longer as the principal quantum number
n increases. In contrast to ground-state atoms, the electric dipole moments are
very strong and grow with n?. This allows for strong interactions with electric
or magnetic fields, offering implementations of controllable quantum many-body
simulators. In particular, Rydberg interactions can be flexibly controlled in strength,
sign, anisotropy, and spatial dependence. Rydberg atoms exhibit dipole-dipole
interactions, and the Rydberg blockade phenomenon occurs due to strong interactions
between nearby Rydberg atoms: As an excited Rydberg atom shifts the Rydberg
energy levels of surrounding atoms off resonance, only one atom in a certain volume
can be excited to the Rydberg state. In addition, off-resonant laser and microwave
dressing of Rydberg states offer other possibilities for tunable interactions.

Neutral atoms provide a large number of quantum states that can be used to represent
physical qubits. As hyperfine ground states have long coherence times and large
level spacings, they offer one possibility to encode a qubit. According to Reference
[47], one needs to implement 10* quantum gates within coherence time to reach the
threshold of QEC. Hence, long coherence times of physical qubits are indispensable
for Quantum Computation. It is predicted that roughly 10° or more physical qubits
are needed for simple universal Quantum Computers [48]. In this context, neutral
atoms seem to be one of the most promising solutions as many atoms can be trapped
with the help of, e.g., optical tweezers. However, a drawback of such a platform is
that due to the collisional blockade, the probability of loading atoms into individual
traps is approximately 50 %. Sorting incompletely filled arrays with moving optical
tweezers offers a solution to this problem. This procedure was first implemented by
different groups and is presented in References [49-51].

Now we are ready to explore how the basic requirements (encoding qubits, state
initialization, application of quantum gates, state measurement) of Quantum Com-
puting are met using Rydberg atoms. For Rydberg atoms, the initialization of
ground-state qubits can easily be achieved by optical pumping. Subsequently, co-
herent population transfer is performed to encode the qubits in an arbitrary known
initial state. To measure the state of the qubits, e.g., the final state after an opera-
tion, one possibility is to push out the atoms of one specific state. Afterwards, the
population of the other, orthogonal state can be determined by resonant fluorescence
imaging. This procedure is clearly a destructive measurement, destroying the state
of the system. A nondestructive alternative is state-selective fluorescence for optical
tweezers [52]. “Nondestructive” in this context means that atoms are not lost and
can be reinitialized with the help of optical pumping. After successfully initializing
the desired input state, we want to apply quantum gates. As illustrated before,
besides other convenient possibilities |8, 53-56], hyperfine ground states are used to
encode qubit states. Consequently, single-qubit operations can be implemented using
a microwave or radio-frequency field. One major benefit of neutral-atom platforms
is the implementation of fast, high-fidelity two-qubit quantum gates. Already in
the year 2000, Jaksch et al. presented a pioneering implementation for two-qubit
quantum gates, especially a CZ gate, by coupling lower states to Rydberg states [57].
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They propose that a qubit state |1) can be excited to a Rydberg state |r) by applying
a laser pulse with Rabi frequency (2. In the regime of the strong Rydberg blockade, in
which the interaction strength V' is much larger than the Rabi frequency €2, only one
of two atoms can be excited to the Rydberg state, as explained above. Thus, a fast
gate operation, namely a CZ gate unitary evolution, can be implemented by applying
a specific pulse sequence. Applying a Hadamard gate to the target qubit before and
after this pulse sequence results in a CNOT gate. Isenhower et al. presented the
first realization of such a two-qubit gate using a two-atom configuration in Reference
[58]. As the Rydberg interaction is long-ranged, the concept can be extended to
multi-qubit gates with multiple control or target qubits. Miiller et al. present a
C(NOT)" gate in Reference [59], while Isenhower et al. propose a C"NOT gate in
Reference [60].

Nowadays, already very high fidelities can be reached in experiments. Recent studies
on neutral-atom platforms are presented in References [61-64]. In 2023, Ma et
al. encoded a qubit in a metastable state of "*Yb and performed single-qubit
gates with a fidelity of 99.9 % [8]. In the same year, the Lukin Group managed to
implement CZ gates on up to 60 qubits in parallel, reaching a fidelity of 99.5 % [7].
The fault-tolerance threshold? of the surface-code has thus been exceeded. In the
same work, they also present the first experimental realization of a three-qubit CCZ
gate, reaching a fidelity of 97.9%. Considering all these properties and benefits,
neutral Rydberg atoms are promising for the experimental realization of Quantum
Computers.

2.3 | Quantum Error Correction

In Subsection 2.1.3, we have introduced quantum noise and realized that we cannot
assume that quantum operations are performed perfectly. As already mentioned
above, state-of-the-art gate fidelities are already larger than 99.5 %. However, for
implementing useful quantum algorithms, thousands or millions of gates are needed,
and thus, gate fidelities must be much higher. Unfortunately, fidelities are not only
limited by experimental implementations but also face fundamental and physical
limits. In this section, we examine how we can still reliably process quantum
information. We will explain the concept of Quantum Error Correction (QEC)
in Subsection 2.3.1 and specify it for the [[4, 1, 2|] stabilizer code, which will be
introduced in Subsection 2.3.3. This code is capable of correcting a special type
of error, namely the erasure error, which is presented before in Subsection 2.3.2.
Furthermore, logical gates are defined in Subsection 2.3.4, and the main idea of fault-
tolerance is presented in Subsection 2.3.5. Lastly, we introduce measurement-free
Quantum Error Correction in Subsection 2.3.6.

2explained in Subsection 2.3.5
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2.3.1 | Basic Idea of Quantum Error Correction

Noise not only affects Quantum Information processes but already plays a crucial
role in classical systems, where error-correcting codes need to be applied as well. The
basic idea of protecting information against noise is to encode it into several qubits
to add some redundancy [28]. The goal is that, even if some information is lost due
to noise, the message can still be fully reconstructed.

As a simple example, consider a bit-flip channel, where one physical bit is flipped
with probability p > 0, called physical error rate. To protect the bit from this kind
of noise, we could use the repetition code, where a single bit is replaced by several
copies, like in

0—0,=000, 1—1,=111. (2.3.1)

The bit strings 0, and 1, are called logical 0 and logical 1. Assuming that p is rather
small, we apply majority voting to decode the output of the noisy channel. If the
final state is 001, we would assume that the third bit was flipped and the original
message sent was 0, = 000. This procedure succeeds if only one bit is flipped, but
fails if two or three of them are flipped. The latter would lead to a logical error as
we would decode the message incorrectly. In this simple example, the probability of
a logical error happening, namely the logical error rate, is p, = 3p®> — 2p3. Storing
information in logical bits is thus only helpful if the physical error rate is below a
certain value, such that it holds

pL < ppe' (232)

We call this probability the break-even point p,.. For the example of the repetition
code above, the break-even point amounts to p,. = 0.5 as illustrated in Figure 2.4.

1.00 7
=== phys. error rate ///
log. error rate ////
0.75 1 x Pbe = 0.5 //
///
7’
7’
3 7
= 0.50 4 »
//
,
7
7’
//
0.25 1 R
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Figure 2.4: Illustration of the break-even point of the repetition code. The logical
error rate is plotted in orange, while the physical error rate p is represented
by the gray dashed line. The intersection of the logical and the physical
error rate determines the break-even point. For the repetition code, its
value amounts to p,. = 0.5.
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Unfortunately, we cannot simply use several copies of a qubit state to protect it
from noise. In Quantum Computation, three main problems, in contrast to classical
computation, appear: First of all, copying a quantum state several times is forbidden
due to the No-Cloning Theorem |65-67|. Secondly, while in the classical case only
discrete errors occur, in Quantum Computing continuous errors appear as well. Lastly,
measurements destroy quantum states and thus quantum information. Consequently,
developing quantum error-correcting codes demands more complex strategies.

What remains the same is that we can encode the computational basis states |0)
and |1) in multi-qubit states. This means that states are encoded into a quantum
error-correcting code, given by a subspace C' of the larger Hilbert space H of the
whole system. Hence, we can define the logical computational basis states |0,) and
|1,), spanning subspace C, called code space or computational subspace. The input
state sent through a noise channel is then given by |U.) = a|0,) + 5|1,) € C. In
general, we can follow a two-step procedure to recover the correct output state. First,
we apply certain operators® representing measurements to identify which error, if
any, has happened. This step is called error-detection or syndrome extraction. The
measurement outcomes are referred to as the error syndromes and only contain
information about the type of error and not about the encoded quantum state itself.
The second step is the recovery in which we use the values of the error syndromes
to apply operations to recover the correct state in the code space. The different
possible syndromes correspond to orthogonal subspaces of H, such that errors can be
differentiated and corrected in the right manner. As mentioned above, in Quantum
Computation, a continuum of errors may affect the quantum state. Interestingly,
we can correct all these errors on a single qubit by correcting only a discrete subset
of them. In Subsection 2.1.3, we discovered that noise can be described by a trace-
preserving noise channel £ with Kraus operators K. Assume a system is initialized
in the logical state |¥,) = «|0,) + 8 |1,) with density matrix p = |¥,) (¥,|. After
passing through the noise channel, the state is described by £(p) = >, K,pK 'in the
operator-sum representation. When analyzing the effect of noise on the first qubit,
we can treat each term in the sum independently. Expressing the Kraus operator K,
as a linear combination of the identity 1, and the Pauli operators X,Y, and Z, gives

K, =c.1+c,. X +c,Y + .2, (2.3.3)

with complex coefficients ¢,,. Recalling Subsection 2.1.2, the Pauli operators X and
Z represent the bit and phase flip of a qubit, respectively. The Pauli operator Y
describes the combination of both. Therefore, if a quantum error-correcting code
can correct a discrete set of bit flips, phase flips, and the combination of both, it
can also correct a continuous class of errors. Hence, QEC corrects the zeroth- and
first-order terms correctly, suppressing the error rate.

In the general context of QEC, we assume that noise is characterized by a quantum
noise channel &£, and that error correction is described by the trace-preserving
operation R. To protect against noise characterized by £, a quantum error-correcting
code C needs to meet the following quantum error-correction conditions:

3will be clarified later
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Let P be the projector onto a quantum code C. The quantum noise channel & is
described by a set of Kraus operators { K, }. The relation

PKIK,P = o, P (2.3.4)

is a necessary and sufficient condition for the existence of such an error-correcting
operation R correcting for £ on C. Here, «,, are the complex elements of some
Hermitian matrix . This theorem was formulated by Knill and Laflamme [68].

We denote a quantum error-correcting code C encoding k logical qubits into n
physical qubits as
[[n, k,d]]. (2.3.5)

The code distance d describes the minimum distance between two code words. In
other words, if at least d physical qubits fail simultaneously, the logical qubit will be
incorrectly decoded. The number of correctable errors of C' is given by
d—1

_ 2.3.6

. (23.6)
In Reference [68], Knill and Laflamme show that the length of the smallest quantum
code encoding one logical qubit and correcting one arbitrary single-qubit error needs
to be five physical qubits. As different Quantum Computing platforms have different
advantages and disadvantages, it is advisable to develop QEC strategies tailored to
the specific quantum platform [69-71].

2.3.2 | Erasure Errors

In the previous subsection, we have silently ignored another special type of error,
namely the erasure error or simply erasure. In Reference [27] from 1997, Grassl et
al. defined an erasure error as an arbitrary error at a known position. Sometimes,
they are also called detectable leakage as their location is spotted by hardware
independently of syndrome extractions [72]. A theoretical example is presented in
Reference [73], where they encode qubits in hyperfine states of a metastable electronic
level in '"*Yb neutral atoms. In this model, most errors, like Rydberg decay, lead to
transitions into nearby levels outside the computational subspace C'. Nevertheless,
the population of these states can be continuously monitored, converting such errors
into erasures. Other possibilities to convert decay processes into erasures are using
imaging |9] or fluorescence [8]. In such cases, erasures can be intuitively understood
as the qubit being erased or lost. It ends up in a potentially unknown state |e)
outside the computational subspace C,

V) =a|0)+B]1) e C — le) ¢ C. (2.3.7)

According to References [27, 74|, erasure correction is significantly easier than
correcting for Pauli errors. In particular, it has been proven that four physical
qubits are necessary and sufficient to encode one logical qubit and to correct one
erasure [27]. In contrast, for correcting an arbitrary error, at least five qubits are
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required, as mentioned above. Furthermore, converting errors into erasures might
increase the threshold? below which QEC suppresses the logical error rate |73, 75|.
An experiment reported in Reference [9] demonstrates that higher fidelities can also
be achieved if erasures are flagged and removed after post-selection. Furthermore,
Gu et al. found in Reference [76] that erasure-based surface codes can outperform
standard transmon codes even taking the overhead of erasure checks into account.
The Lukin Group recently leveraged the detection of atom loss to experimentally
demonstrate below-threshold performance [19].

A convenient circuit-based strategy to treat erasures was originally presented in
References [74, 77]. A Leakage Detection Unit (LDU) is implemented to detect
leakage errors. It maps the information whether a data qubit is within the code
space C' to the two computational states of an ancilla qubit. Suppose the ancilla
qubit is initialized in state |0). If the data qubit is erased, the LDU flips the ancilla
qubit to |1), indicating an erasure error on the given data qubit. The LDU only
extracts information on whether the data qubit was erased. Information about the
state of the data qubit cannot be gained, leaving the explicit state of the data qubit
undisturbed. For neutral-atom platforms, a modified version, the SWAP LDU, can
provide refilling of atoms [78]. A SWAP gate replaces the original data qubit with a
fresh atom from a reservoir, now encoding the state of the old data qubit. Qubits
can be conveniently reinitialized after being erased. Concrete implementations of
such units will be explained in detail in Section 3.2. Other strategies to detect and
correct for atom loss based on this concept are presented in Reference [79]. From
now on, when speaking about erasure errors, we assume that the erasure is detected
and converted into Pauli errors at a known location.

2.3.3 | The [[4,1,2]] Stabilizer Code

As briefly mentioned in the previous subsection, the [[4, 1, 2|| code is the smallest
quantum code correcting one erasure error and encoding one logical qubit using
four physical qubits. It plays a crucial role in QEC of erasure errors and has been
experimentally realized, for example, in Reference [80], where Bell et al. encode a
logical qubit into a four-photon entangled state. They demonstrate reliable error
detection and correction against qubit loss. A state-of-the-art demonstration of a
four-qubit erasure code was just presented in 2024 by Microsoft and Atom Computing
[81]. They used neutral atoms to encode a [[4, 2, 2|| code to demonstrate simultaneous
error detection and erasure correction. In the following, we will illustrate the main
concepts of QEC using the example of the [[4, 1, 2]] code.

The [[4, 1, 2|| code belongs to the widely used stabilizer codes. In order to understand
this class of codes, we first examine the stabilizer formalism. Gottesman firstly
introduced this formalism in his PhD thesis in the context of QEC in 1997 [74]. A
quantum state is more easily described by a stabilizer operator s that stabilizes the
state 28|, meaning that the state |¥,) is an eigenstate of s with eigenvalue +1,

4see Subsection 2.3.5
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yielding
s|W,)=+1|V,). (2.3.8)

The stabilizer formalism is based on the concepts of group theory, and the Pauli
Group G, on n qubits plays a crucial role. Main properties of the Pauli Group are
presented in the Appendix A.1. Let the stabilizer group S C G, be the subgroup
of G, containing all stabilizers s stabilizing the n-qubit states spanning the vector
space C'. In the context of QEC, C' is usually spanned by the computational basis
states of the n-qubit system under consideration. Let us now apply the stabilizer
formalism to the [[4, 1, 2] code, illustrated in Figure 2.5. To encode one logical qubit

Figure 2.5: Illustration of the [[4, 1, 2|| code. The four data qubits 1 - 4 encode one
logical qubit. The code is generated by the stabilizers S, S%, and 5.
The S, stabilizer is defined by the red square, while the X stabilizers S’
and S% are defined by the upper and lower blue semicircles, respectively.
The logical X, operator, depicted in green, acts on the vertical sides
of the square. The logical Z, operator, depicted in yellow, acts on the
horizontal sides.

using four physical qubits, we need to choose two computational basis states. We
choose the logical states

0,) = |0000) + |0011) + |1100) + [1111)

2.3.9
|1,) = [1010) + [1001) -+ |0110) + |0101) , (2:3.9)

such that the stabilizer group S C G, contains two X stabilizers and one Z stabilizer

S, =X X,, 5% =X,X,

2.3.10
Sy = Z122Z3Z47 ( )
similar to Reference [82|. The logical Pauli-X and -Z operators are
X, =X X
B (2.3.11)
4, =2\,

We use the common notation, omitting explicitly writing the tensor product and the
identity operator, such that

S, =XX, =X, 0X,®1,® 1,. (2.3.12)
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The index ¢ of an operator O, indicates on which physical qubit the operator O is
acting.

After establishing the stabilizer formalism, the construction of error detection and
subsequent correction follows straightforwardly [83]. Suppose a logical single-qubit
state is encoded as

al0) + 811 2 1wy — al0,) + 811, (2.3.13)

using a [|n, k, d|| code. By construction, Equation (2.3.8) holds for all stabilizers s
in the stabilizer group S. Assume an erasure was detected and converted to Pauli
noise such that an error described by the operator E corrupts one or more physical
qubits. The faulty state is then described by

W) = EV.). (2.3.14)

As mentioned in Subsection 2.3.1, it is sufficient to correct for single-qubit Pauli-X
and -Z errors even if a continuous set of errors is possible. Hence, F € (, is an
element of the Pauli group G, and thus, either commutes or anti-commutes with the
stabilizers s € S C G,,. In the first case, |U’) is an eigenstate of the stabilizer s with
eigenvalue +1. In the second case, we find

s|W) =sE[¥,) = —Es|¥,) = -E|¥,) = —|V)). (2.3.15)

Thus, |¥)) is an eigenvector of s with eigenvalue —1. This means error E is detectable
by measuring s! If all stabilizers are subsequently measured, an error pushing the
encoded state outside the code space C' is detectable. However, if E commutes with
all stabilizers s € S, it is a logical operator that keeps |¥’ ) within the code space C'.
In this case, E could lead to a non-detectable logical error.

To implement error-detecting circuits, we perform conditional gates between ancilla
and data qubits to encode the stabilizer measurements or syndrome extractions. If
the input state lies in the +1-eigenspace of a stabilizer, the corresponding ancilla
qubit will not be affected. But if the input corresponds to an eigenvalue of —1,
the ancilla qubit will be flipped to |1). The states of the data qubits will not be
affected. Measurements of the ancilla qubits signal which error, if any, has happened.
If the outcome of a measurement in the Z-basis of an ancilla is 0, the eigenvalue of
the stabilizer is +1, indicating that no error was detected. On the contrary, for a
Z-measurement outcome of 1, the stabilizer eigenvalue is —1, indicating an error.
In the following, we will call these ancilla qubits syndrome qubits. Consequently,
look-up tables assigning errors to the stabilizer eigenvalues can be created.

Figure 2.6 illustrates the implementation of the stabilizer extraction of S, of the
[[4, 1, 2]] code. The circuit consists of four CNOT gates, each controlled by one of
the data qubits A,. If the data qubit is in state |1), the syndrome qubit a, will be
flipped. Using Equations (2.1.8) and (2.1.9), the circuit can be rewritten to the one
on the right-hand side of Figure 2.6. The stabilizer extraction of the X stabilizers
can be implemented analogously. The resulting circuit of the stabilizer extraction
of the S} is shown in Figure 2.7. It consists of two CNOT gates controlled by the
syndrome qubit a! and each applied to one of the data qubits A, and A,. For the
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Figure 2.6: Circuit of the stabilizer extraction of stabilizer S,. The box labeled ‘S’
represents the full circuit depicted in the middle. Four CNOT gates are
applied between the four data qubits A, and the syndrome qubit a,. If
a data qubit is in state |1), the syndrome qubit will be flipped. Using
X =HZH and HH = 1 results in the equivalent circuit on the right.
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Figure 2.7: Circuit of the stabilizer extraction of stabilizer S},. The box with the label
‘SY represents the full circuit depicted on the right. Two CNOT gates
are applied between the two data qubits A, and A, and the syndrome
qubit a!.

stabilizer extraction of stabilizer S%, the circuit remains the same, except that the
two CNOT gates are applied to data qubits A; and A, instead of A, and A,.

Suppose an erasure corrupts a data qubit A, and afterwards is converted to, e.g.,
a single-qubit X; error. In this case, the syndrome extraction of the Z stabilizer
S, = Z,Z,7Z,7, will raise a flag, due to the commutation relations in Equations
(A.1.2) and (A.1.3). This means, syndrome qubit a. will be flipped. Analogously, for
a Z; error, one of the syndrome qubits a/ corresponding to the X stabilizer S will
be flipped. For a better understanding, let us consider an explicit example. Suppose
the logical state |¥,) € C' is corrupted by an erasure on data qubit A,. Further
assume that the erasure conversion introduces a bit-flip on the first data qubit A,
corresponding to the operator X,. In order to identify the error, the S,-stabilizer
extraction is applied to the faulty state ¥/ ). We find
, (A.1.3)
S,V =S, X, |V,) = 2,2,2,Z2,X, |V, =" Z, X, Z,7Z,7,|V,)
LY X 2.2,2,2,19,) = —X,S,|¥,) “ZY _x,|w,) (2.3.16)
=—|¥))

that |U’) is an eigenvector of the stabilizer S, with eigenvalue —1. Hence, the
syndrome qubit a, is flipped to state |1). Using the knowledge about which qubit was
erased and the information encoded in the syndrome qubits a}, @ and a., we can
clearly identify the error. A look-up table of the [[4, 1, 2|| code for Pauli errors caused
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Table 2.1: Look-up table of the [[4, 1, 2|] code to identify errors. The first column

clarifies whether an erasure on data qubit A, was detected. Together

with the eigenvalues of the stabilizers S}, 5%, and S, the error can be

identified.
erased qubit Sk S% error  erased qubit Sz error
Al - ]. + 1 Zl Al - 1 X1
A, -1 +1 Z, A, -1 X,
A3 ‘I— 1 - ]_ ZS A3 - ]. X3
A, +1 -1 Z, A, -1 X,

by single erasures is given in Table 2.1. If more than one qubit is erased, leading
to multiple Pauli errors, it might not be possible to identify the errors correctly.
Consider, for example, that data qubit A, and A, are erased. Assume that after the
detection of the two erasures, they are converted to two bit flips. Extracting the
syndrome of stabilizer S, yields an eigenvalue of +1 as it holds

Z1Z2Z3Z4X1X3 = Z1X122ZSX3Z4 = (_X121>Zz(_X3Z3)Z4 (2 3 17)
=X\ X2, 72,7,7,. o
The logical error X, = X, X, commutes with the stabilizer and hence, remains
unrecognized although it corrupts the state. In general, it is only possible to detect
a single Pauli error on one of the data qubits utilizing the stabilizer formalism. A
logical error, like in the example above, only occurs for two or more erasure errors.
Hence, the logical error rate p; o< p? scales with the squared physical error rate.

So far, we have only examined the detections of errors. Correcting errors is straight-
forward if the type of error affecting a given qubit is known. The standard approach
is measurement-based QQEC, where the state of syndrome qubits is measured. The
measurement result is then processed classically, and feedforward operations will be
initiated based on the outcomes. Let us return to the consideration of an erasure on
data qubit A,, which was converted to an X, error that impacts the encoded logical
state |W,). With the help of the stabilizer extraction, we measure eigenvalue +1
for both X stabilizers. The eigenvalue of the Z stabilizer is determined to be —1.
Using the look-up Table 2.1, we can clearly identify the X, error. Based on this
classical information, we can correct for this error by flipping the data qubit A, back.
Applying feedback based on measurement outcomes has been experimentally realized
in different studies |20, 21, 84]. However, we will present an alternative approach in
the last Subsection 2.3.6 of this chapter.

2.3.4 | Logical Gates
So far, we are only able to store information in logical qubits and protect it against

erasure errors. However, to perform quantum computations, we need to manipulate
the state of logical qubits. This means we need to perform so-called logical gates.
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These are circuits containing several single- and multi-qubit gates acting on the phys-
ical qubits. Two simple examples of logical gates were already indirectly introduced
in Subsection 2.3.3. In Equation (2.3.11), the logical Pauli-X and -Z operators were
introduced as X;, = X, X, and Z, = Z,Z,. While X, applies a bit flip
X |Wr) = Xo («]00) + B10))

= X, X;[a (]0000) + ]0011) + [1100) + |1111))

+ 3(]1010) + [1001) + |0110) + [0101))]

= [ (|1010) + |1001) 4 |0110) + [0101))

+ 3(]0000) +0011) -+ [1100) + |1111))]

= ally) + B[0)

(2.3.18)

to the encoded logical state, Z; introduces a phase flip. The circuit for the implemen-
tation of a logical X gate, see Figure 2.8, consists of two physical X gates acting on
data qubits A, and A;. The implementation of the logical Z gate follows analogously.

ad b oa{xr
Ay = A
Ag 1= A X}
Ay = Ay

Figure 2.8: Circuit of the logical X, gate. The X, operation is transversal, as it
consists of two physical X gates applied to the data qubits A, and A,.

The X, as well as the Z, are two examples for transversal gates. Such operations are
implemented by applying an individual physical gate to each physical qubit in the
code block encoding a logical qubit. In the case of gates involving two or more qubits,
implementing a transversal logical operator involves applying the operation between
equivalent physical qubits that belong to different code blocks [83]|. Consequently,
transversal gates do not couple different code blocks and thus, are robust against
spreading most errors within one code block. As we will realize later, the correction
of erasure errors in transversal logical two- and multi-qubit gates turns out to be
more complicated. Nevertheless, due to their simple implementation and robustness
towards noise, transversal gates are of great interest for QEC. The Fastin-Knill
theorem, a no-go theorem, states, however, that no quantum error-correcting code
realizes a universal gate set entirely by transversal gates [85]. Hence, one needs to
use other strategies, like state teleportation [86], magic state injection |87, 88|, and
code-switching |89, 90| in order to implement missing gates.

2.3.5 | Fault-Tolerance
Until now, we have only dealt with error detection and correction when storing

or transmitting quantum information. More importantly, QEC allows for protect-
ing quantum information against noise while it dynamically undergoes quantum
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computations [28]. An important concept to prevent errors from spreading and
corrupting the encoded quantum information is fault-tolerance (FT). The basic idea
of fault-tolerant (FT) Quantum Computing is that few errors on physical qubits
occurring during logical operations remain local and do not spread, e.g., to logical
errors, destroying the encoded information. Consider the example of the stabilizer
extraction of S}. Suppose an erasure happens on the syndrome qubit after the first
CNOT gate. Hence, the second CNOT gate will not be applied, leading to an X
error on the first data qubit. Consequently, an erasure on a syndrome qubit might
spread to additional Pauli errors on data qubits. This example is illustrated in
Figure 2.9. To combat this error propagation, it is not enough to repeatedly read

Ay D

A —X—
As

Ay

@ :

Figure 2.9: Example for error propagation. An erasure, depicted as the red starbust,
occurs on the syndrome qubit during the stabilizer extraction of S}, after
the first CNOT gate. Consequently, the dashed gray gates are not applied,
leading to a Pauli-X error on data qubit A, indicated as a red X.

out the stabilizers and apply feedback. In addition, we need to carefully design an
FT error-detecting and error-correcting circuit (QEC circuit) and FT logical gates.
The meaning of FT in the context of the QEC of erasure errors is more complex,
as a single erasure during a logical operation may lead to more complicated error
patterns. The understanding of FT in the case of the [[4, 1, 2|| erasure-correcting
code will be analyzed in Section 3.3.

Designing FT circuits leads to a suppression of the linear order of the error probability.
The logical error rate scales as

poox<cp®,  c€R (2.3.19)

since one physical error happening with probability p does not lead to a logical error.
The constant ¢ characterizes the number of possibilities that two or more physical
errors can be placed in the circuit such that the implemented operation fails.

The concatenation of quantum error-correcting codes can be used to additionally
suppress higher orders of the logical error rates. The basic concept of this approach is
to recursively encode qubits of a quantum error-correcting code using qubits encoded
in a quantum code themselves. One could use the [[4, 1, 2]| erasure-correcting code
to encode logical qubits at the lowest level to get rid of erasure errors. These logical
qubits could then be used as qubits of a [|n, k, d]| error-correcting code, like the
Steane code [15], to correct Pauli noise on the next level. Let [ describe the level
of concatenation and C, the circuit under consideration at this level. For [ = 0,
the original circuit Cj is encoded using physical qubits. On level [ = 1, we apply
the F'T procedure introduced above. We operate now on logical qubits encoded by
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2.3.6 MEASUREMENT-FREE QUANTUM ERROR CORRECTION

physical qubits, and all physical gates are replaced by their logical F'T analog. For
the second level [ = 2, the logical qubits of level [ = 1 are used to encode the new
level-2 qubits. Additionally, all physical gates needed for the construction of the FT
logical operations of level 1 are replaced by the logical level-1 gates. Theoretically,
the concatenation of quantum codes can be repeated infinitely often. Suppose p
describes the error probability on the physical level [ = 0. The logical error rate after
[ concatenations scales with

(cp)”

c

o = P2 (2.3.20)
c

while the size of the implemented circuit grows with m!, where m describes the

maximum number of operations needed to implement an FT logical gate and a QEC

circuit. Equation (2.3.20) implies that p}” can be made arbitrarily small if cp < 1.

Hence, if the threshold condition

1
D < Py = — (2.3.21)
c

is fulfilled for a certain threshold p,,, arbitrary accuracy in quantum computations can
be reached. This can be summarized by the threshold theorem. First foundations were
laid by Shor [91], the original proof was independently demonstrated in References
[17, 92], and Reference [93] shows a more rigorous and modern proof. The theorem
states that the logical error rate of a quantum computation can be suppressed to any
arbitrary degree provided that the physical error rate is below a certain threshold.
In order to perform below-threshold computations, usually FT QEC schemes are
applied.

The standard approach to increase the number of correctable errors, however, uses
quantum codes with larger code distances d > 3. As mentioned before, a [[n, k, d|]
code can correct (d — 1) /2 arbitrary errors. Thus, a quantum code with, e.g., d =5
may be able to correct two single-qubit errors, like Pauli errors.

An experimental demonstration of QEC below the threshold of the surface code
was demonstrated by Google in 2024 [18]. The surface code memories of their
superconducting processors operate below the numerical threshold. This work
is a promising breakthrough in the field of QEC and large-scale F'T Quantum
Computation. More recently, the Lukin Group as well reported below-threshold
performance using the Surface code [19].

2.3.6 | Measurement-Free Quantum Error Correction

The implementation of mid-circuit measurements is challenging on several quantum
computing platforms. On trapped-ion or neutral-atom platforms, for example,
fluorescence measurements are used. Unfortunately, this process heats the atoms
and thus requires cooling strategies, e.g., laser cooling. Furthermore, measurements
on atomic and superconducting platforms are significantly slower than typical gate
times. Consequently, idling qubits loose their coherence, leading to fatal speed limits
[18, 20-22].
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Measurement-free (MF) QEC provides an alternative option. In 1997, Aharonov
and Ben-Or demonstrated that Quantum Computation and Error Correction can be
achieved in principle without the need for intermediate measurements [26]. However,
the major challenge is to find specific MF protocols to implement operations without
any mid-circuit measurements. First ideas [94] are followed by recent studies on MF
QEC using several quantum codes [23-25|. The basic idea of MF QEC is to avoid
applying feedback based on the measurement outcome of ancilla qubits. Instead, the
corresponding feedback operation is directly implemented using multi-qubit gates
controlled by ancilla qubits. Let us come back to an erasure which is converted to
an X error on data qubit A,. Suppose we want to correct the flipped data qubit A,.
With the help of the look-up Table 2.1, we know that for this case, a detection unit
flips the detection qubit d, to |1). In addition, the syndrome qubit a. is in state |1)
as well. Hence, the appropriate MF feedback operation would be a CCNOT gate
controlled by the two ancilla qubits d; and a, flipping data qubit A,. After applying
the feedback, the ancilla qubits are usually not needed anymore. Thus, they are
commonly reset, removing entropy from the system.

Despite the advantages, MF QEC leads to some overhead as additional gates are
needed for the feedback. This requires higher gate fidelities. Promising for the
implementation of MF QEC are the neutral-atom platforms. Such a platform
was already discussed in Subsection 2.2.2 in the context of Rydberg Quantum
Computing. Advantages of MF QEC on neutral-atom platforms include flexible atom
geometries and the ability to reshuffle atoms during computations [95]. In addition,
the implementation of entangling gates, essential for MF feedback, is naturally
supported due to the Rydberg blockade mechanism [57|. Implementing high-fidelity
single- and two-qubit gates is a current field of research, and state-of-the-art studies
are mentioned in Subsection 2.2.2. The MF implementation of an F'T universal gate
set is demonstrated in recent theoretical works [86, 96-98|.
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Chapter 3 | Conceptional Overview

In the previous chapter, we introduced the essential concepts of QEC in the context
of erasure errors. Thus, we have laid the groundwork for what will follow in the
subsequent chapters. The goal of this work is to design fault-tolerant circuits that
enable a measurement-free implementation of a universal gate set while actively
protecting quantum information against erasure errors. By combining a quantum
error-correcting circuit and carefully designed logical gates, we demonstrate, as a
proof of principle, that Measurement-Free Quantum FError Correction of Erasure
Errors is in general feasible.

This chapter, by no means, provides detailed explanations of how the fault-tolerant
universal gate set can be explicitly implemented in a measurement-free manner.
It spares details, offering a conceptual overview and a helpful introduction to the
comprehensive content of Chapter 4. There, we will discuss in detail the explicit
circuits implementing the QEC circuit and the logical gates of the universal gate set.

Here, we start with presenting our noise model in Section 3.1, where we justify the
underlying assumptions. Next, we explain in Section 3.2 how erasures are detected
and converted to Pauli errors during a logical operation. In Section 3.3, we refine our
understanding of fault-tolerance in the context of erasure errors. Section 3.4 forms
the last part of this chapter. There, we explain strategies for the measurement-free
implementation of the encoding and the logical gates using the [[4, 1, 2]] code as
logical qubits.

3.1 | Noise Model

As introduced in Subsection 2.3.2; erasures are a special class of errors in Quantum
Computing. In contrast to Pauli errors, an erasure removes the qubit from the
computational subspace. As a special feature of such errors, their location can
be detected by the hardware. Motivated by neutral-atom Rydberg platforms and
Reference [73], we assume that an erasure refers to the process of a physical qubit
being removed from the computational subspace as indicated in Equation (2.3.7).
The state of an erased qubit is efficiently described by the additional level |e). For
Rydberg atoms, erasure errors are usually the result of Rydberg decay during two-
qubit gate operations. At a certain rate, a Rydberg atom decays from the Rydberg
level |r) either to neighboring levels via blackbody transitions or to the ground state
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via radiative decay [73]. In most cases, the final state after the gate implementation
does not lie within the computational subspace. After implementing the gate, decay
processes can be converted into erasures by measuring fluorescence.

In mathematical terms, this can be described as follows. Consider a qubit involved
in a two- or multi-qubit gate. During the implementation, the qubit state |1) is
coupled to the Rydberg state |r) [57]. With an error probability p, the qubit gets
erased and ends up in state |e) outside the computational subspace. In this case, we
would assume that a qubit in state |0) is not sensitive to erasures since only |1) is
coupled to the Rydberg state |r).

However, this noise model is already complex and difficult to simulate numerically.
We therefore simplify the assumptions about how erasure errors arise. We assume
that an n-qubit gate fails with probability p, independent of the input state, and
that each failure introduces one erasure on one of the involved qubits. Thus, the
probability that a specific qubit is erased is p/n. Physically, this corresponds to the
qubit escaping the optical trap. Furthermore, we assume that all subsequent gates
involving the erased qubit are not applied. Thus, for simulating faulty circuits, we
remove all gates acting on erased qubits’. An example is depicted in Figure 2.9,
where the gray dashed gates will not be applied if the indicated erasure happens.

For single-qubit gates acting on erased qubits, this is immediate. If, e.g., a laser
pulse drives a single-qubit gate on a non-existent qubit, no operation will take place.
We briefly explain why this assumption is also correct for conditioned two- and
multi-qubit gates. Consider an ideal CZ gate acting on two qubits. On a Rydberg
platform, a CNOT gate is implemented by applying a CZ gate based on the approach
presented in Reference [57]. Before and after that, a Hadamard gate is applied to
the target atom [58]. Hence, it is sufficient to only consider CZ gates. Now, assume
the control qubit gets erased before the implementation of the CZ gate. If the qubit
is lost, e.g., it has escaped from the optical trap, we do not know whether the Z
operation should act on the target qubit. If the tweezers still trap the qubit, but in
an erasure state |e) outside the subspace, the pulse sequence driving the CZ gate
would not lead to an operation on the target qubit. The pulse is designed such that
a Z gate is applied to the target qubit only when the control qubit is in state |1).
If this is not the case, like for the control qubit being in an erasure state |e), no Z
operation will affect the target qubit. Next, assume that the target qubit is erased.
As a conditioned two- or multi-qubit gate only applies operations to the target but
not the control qubits, the latter are not affected if the target qubit is erased. Hence,
both situations are equivalent to not applying a CZ gate at all.

In summary, our noise model indicates that a single erasure occurs during two- and
multi-qubit gates with probability p, regardless of the original qubit state, corrupting
one involved physical qubit. Physically, it is best described by a qubit escaping from
the optical trap. Although our noise model might not fully capture the general,
realistic erasure process on Rydberg platforms, it serves as a useful toy model for
describing and simulating erasure errors. It is sufficient to provide a proof of principle
that Measurement-Free Quantum Error Correction of Erasure Errors is feasible.

I'more details in Chapter 5
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3.2 ERASURE DETECTION AND CONVERSION

3.2 | Erasure Detection and Conversion

In the introductory Chapter 2, we stated that erasure errors get detected and
converted to Pauli noise without explaining how this is explicitly done. In this
subsection, we will now address this issue. Similar to the strategies shortly mentioned
in Subsection 2.3.2, we introduce a Detection Unit (DU) and a Transformation
Unit (TU). The circuits of these operations are depicted in Figure 3.1(a) and 3.1(b),
respectively.
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Figure 3.1: Circuits for the DU and TU. (a) The DU is illustrated as a purple box
with label ‘D’. If qubit A is erased, the detection ancilla qubit d will be
flipped to |1). (b) The TU is symbolized by a bright-green box labeled
“T’. It swaps the state of qubit A with that of the transformation qubit .
If qubit A is erased, it will be replaced by the transformation qubit ¢ in
state |0).

The DU detects whether a qubit A is in the computational subspace. It is implemented
by a combination of X and CNOT gates controlled by this qubit A and applied to an
ancilla qubit. In the following, we will call this ancilla detection qubit d, and it will
always be initialized in state |0). We assume that all single-, two-, and multi-qubit
gates involving an erased qubit are not applied and, hence, can be removed from the
circuit as explained in Section 3.1. If the qubit A is erased, the CNOT gates are not
applied, and thus, the ancilla qubit will be flipped to state |1) signaling the erasure
error.

The TU, on the other hand, is equivalent to a SWAP gate implemented by three
CNOT gates with alternating orientation. If the qubit A is still there, the original
state is swapped onto the fresh transformation qubit t. If qubit A is lost, qubit ¢
remains in its initial state |0). After the TU, we proceed with the computation using
the transformation qubit ¢ as the new data qubit, while the original data qubit A is
no longer needed.

By applying a DU and a TU to each data qubit, we can successfully detect erasures
and convert them to Pauli-X and -Z errors. This means we can subsequently apply
the stabilizer formalism introduced above to detect and eventually correct Pauli
errors caused by this erasure conversion. By combining the information from the
detection qubits d and the syndrome qubits a of the stabilizer extractions, we can
unambiguously determine the Pauli error to which a single erasure is converted using
the look-up Table 2.1.
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3.3 | Fault-Tolerance for Erasure Errors

In the previous chapter, we already roughly encountered the concept of fault-tolerance.
In this section, we will refine our understanding, in particular for erasure errors. The
main goal of fault-tolerance is to prevent errors from propagating across different
code blocks and accumulating into logical errors on the output state. To achieve
this, we design a QEC circuit and an FT logical universal gate set. Before that, we
shortly define the requirements these circuits need to meet to ensure FT.

The main challenge is that erasures on ancilla qubits, e.g., during syndrome extrac-
tions, might spread to Pauli errors on data qubits. In principle, such errors are not
correctable since the [[4, 1, 2]| code is only an error-detecting code allowing the
detection of erasures and resulting Pauli errors. However, the erasure information
derived from the DU and the stabilizer extraction further restricts the type and
location of the resulting Pauli errors. Unfortunately, an erasure during a stabilizer
extraction might itself introduce Pauli errors. Hence, we have to allow a small group
of Pauli errors to leave the circuit.

In particular, for Z errors, the syndrome extraction of the two stabilizers S} and S%
contains information whether an erasure corrupted the first qubit pair (A, and A,)
or the second pair (A; and A,) of the code block. We design all circuits such that
only the three Pauli errors Z,, Z,Z, and Z; occur on the corresponding data qubits.
As a consequence, we can correct these errors in addition to erasures e on all qubits
of the circuit. In Section 4.2, we will derive step-by-step why we choose to allow
these three Pauli errors and how the QEC circuit detects and corrects them.

As an important example, consider an erasure on syndrome qubit a, of the S,
stabilizer extraction, shown in Figure 2.6. To ensure that such an erasure only results
ina Z,, Z,Z, or Z, error, we need to modify the order in which the CZ gates are
applied. In this way, these Z errors can be differentiated by the syndrome extraction
of the two X stabilizers and thus corrected. Hence, the Z stabilizer extraction will
be represented by the circuit in Figure 3.2 in the remainder of this work.
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Figure 3.2: Modified circuit to implement the stabilizer extraction of stabilizer .S,.
By adjusting the order of the CZ gates, we can distinguish between
Pauli-Z errors caused by single erasures on syndrome qubit a, occurring
between the CZ gates.

As a consequence, erasures occurring after the first, second, and third CZ gates of
the 7Z stabilizer extraction on the syndrome qubit a, lead exactly to Z,, Z,Z, and
7, errors, respectively. For a detailed explanation, please refer to Section 4.2.
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3.3 FAULT-TOLERANCE FOR ERASURE ERRORS

As we are dealing with erasure errors, the definition of correctable errors E does not
follow straightforwardly. Based on the findings above, we define correctable errors as
the class of errors F € {e, Z,, Z,Z,, Z;}. It includes erasure errors e on all qubits
in the circuit and the three specific Z errors on the corresponding data qubits.

Consequently, to ensure F'T, the QEC circuit needs to correct one incoming correctable
error F € {e,, e,, e, €,, Z,, Z,Z,, Zs} on one data qubit A,-A,, such that the
output state is not corrupted by any error. In addition, if a single erasure e happens
during the implementation of the QEC circuit, the output state may only be affected
by one correctable error E € {e,, e,, es, €, Z,, Z,Z,, Zs}.

The latter applies to other FT operations, like F'T logical gates as well, and is
illustrated at a high level in Figure 3.3. But if the input state of a single- or multi-
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Figure 3.3: Illustration of the concept of fault-tolerance. If a correctable error E
corrupts a physical qubit of the state entering the QEC circuit, it must
correct the error such that the output state is correct. If a single erasure
e occurs during the QEC circuit, the output state must have at most
one single-qubit error E. The second case remains the same, if instead of
a QEC circuit a logical single-qubit gate 1 - G is implemented. But if
one single-qubit error E affects the input state of such a logical gate, it
is allowed that the output state is corrupted by one single-qubit error
E as well. This error can be detected and corrected by the next QEC
circuit. If one single-qubit error E corrupts the input state of a logical
two-qubit gate 2 - G, it is allowed that there is a single-qubit error £ on
each of the code blocks encoding a logical qubit. The same holds for a
single erasure error e happening during the implementation of the gate.

qubit gate is corrupted by one correctable error F and the operation is implemented
without any faults, then one correctable single-qubit error on each code block of the
output is tolerated. The QEC circuit of the subsequent error-correction cycle would
detect and correct these errors. This means that to prevent the accumulation of such
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3 CONCEPTIONAL OVERVIEW

errors, a QEC circuit should be repeatedly implemented on each code block between
logical operations. In reality, such a correction cycle is implemented every few
operations, assuming that non-correctable errors resulting from error accumulation
only occur with a small probability. Lastly, note that an F'T state preparation needs
to prepare the correct target state up to one correctable error E if one erasure error
occurs during its implementation.

3.4 | High-Level Circuits

In this section, we present strategies for MF implementations of the universal gate
set {CNOT,, H,, S,, T,} on the [[4, 1, 2]|] code. First, the encoding of an arbitrary
single-qubit state on the four physical qubits will be discussed in Subsection 3.4.1.
Next, we will shortly mention the transversality of the logical CNOT gate on the
[[4, 1, 2|] code and the resulting consequences in Subsection 3.4.2. Afterwards, in
Subsection 3.4.3, the implementation of the logical Hadamard H, gate based on state
teleportation will be explained. To conclude the chapter, we construct the logical S,
and T, gates based on magic state injection in Subsections 3.4.4 and 3.4.5.

3.4.1 | Encoding of an Arbitrary Logical State

A powerful property of our noise model is the possibility to encode any arbitrary
state |V,) = a|0,) + B |1,) on the logical level. This can be achieved by preparing
the first data qubit A, of the code block in the desired state |¢)) = «|0) + §]1) on
the physical level and then transferring it to the logical level. The non-FT encoding
circuit is shown in Figure 3.4.

encode |0p)
|

A |0 U T yan)
; {HH- 0,)
o
U

>

N

N
%

:

Figure 3.4: Non-FT circuit for encoding an arbitrary logical state. The right part
implements the logical |0,) state on the [[4, 1, 2]|] code. The first gate
U prepares data qubit A, in the desired physical state. By entangling
it with the remaining data qubits, the arbitrary physical state can be
transferred to the logical level.

To better understand the structure of the circuit, we first consider the encoding of
the logical computational basis state [0,) = |0000) + |[0011) 4 |1100) + |1111). This
can be implemented by the gates on the right-hand side of Figure 3.4. As commonly
assumed, all data qubits are prepared in state |0). We recognize that for |0,), data
qubits A, and A, as well as A, and A, have the same parity. Starting from the
physical four-qubit state |0000), we first apply a Hadamard gate to data qubits A,
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3.4.2 LogicaL CNOT GATE

and A, to prepare them in the superposition state |0) + |1). In the next step, we
entangle qubits A, and A, with qubits A, and A, via CNOT gates, respectively.
Effectively, we have prepared the two pairs in the Bell state |®T) o |00) + |11). The
resulting four-qubit state then corresponds to |0,).

For an arbitrary state preparation, both qubit pairs must be entangled with each
other. This is achieved by applying a CNOT gate between data qubit A, of the first
pair and data qubit A, of the second pair. If data qubit A, is in the very first step,
initialized in an arbitrary state |¢)) by some unitary operations U, the constructed
circuit transfers this state to the logical level ) — |¥,) as seen in Figure 3.4.

However, if an erasure corrupts one of the data qubits, the logical qubits will not
be encoded in the desired state. Hence, we implement TUs and DUs to detect and
convert erasure errors. If one erasure is detected, physical SWAP gates are triggered,
swapping the desired state, prepared in a second code block B, onto the target code
block A. The detailed method to design an F'T version of the encoding circuit is
presented in Section 4.1.

3.4.2 | Logical CNOT Gate

On the [[4, 1, 2|] code, the logical CNOT, gate is the only transversal gate of the
universal gate set. It is implemented by applying physical CNOT gates to equivalent
data qubits A, and B, of the two code blocks A and B. Figure 3.5 shows the
corresponding circuit. A decisive difference to standard QEC is that transversal
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Figure 3.5: Non-FT circuit of the transversal logical CNOT, gate. Despite the
transversality of the CNOT, gate, the gate is not fault-tolerant. Erasures
on one code block might introduce non-correctable errors on other code
blocks.

gates of an erasure-detecting and -correcting code are not natively FT! While in this
standard case, e.g., a Pauli-X or -Z error may spread to a single correctable Pauli
error on each block, erasures on one code block may introduce errors on other code
blocks, which require adequate feedback.

Suppose data qubit A; gets erased before the implementation of the physical CNOT
gate acting on qubits A, and B;. Consequently, an X error occurs on data qubit B;.
Unfortunately, such an error is not correctable in our code without using additional
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3 CONCEPTIONAL OVERVIEW

erasure information. Hence, after each transversal CNOT gate, we need to add
error-correcting operations. Here, the information about detected and converted
erasures on code block A is combined with the stabilizer extraction of code block B
to correct errors on B and vice versa. Details about the concrete implementation
are given in Subsection 4.4.1.

3.4.3 | Logical Hadamard Gate

The next gate we will construct for the universal gate set of the [[4, 1, 2] code is
the logical Hadamard gate H,. A way to implement the H; gate without mid-circuit
measurements is through logical state teleportation. We follow this approach as
outlined in Reference [86]. Before we turn to the construction of the logical Hadamard

gate, we must first understand how a logical state is teleported between different
code blocks.

The idea of an MF logical state teleportation is taken from Reference [86] and
illustrated at a high level at the top of Figure 3.6. We aim to teleport the state
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Figure 3.6: High-level circuit of state teleportation and an analogous implementation
of the logical Hadamard gate. The upper circuit shows a state teleporta-
tion where the state of code block A is teleported to code block B with
the help of an auxiliary register a. One can rewrite the upper circuit by
using the identity X = HZH. The resulting circuit is depicted in the
middle. By regrouping the gates in code block B as indicated by the blue
boxes, the logical H, gate is implemented, as shown in the lower circuit.

encoded in the source block A to the target block B. Additionally, an auxiliary
register a is needed. First, we map the joint logical operator X;'X? of the two
code blocks to register a such that the ancilla is in 0 or 1 if we are in the 41 or
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—1 eigenstate of X' X7, respectively. This is done by coupling the blocks A and B
to the auxiliary register a via pairs of CNOT gates. Subsequently, the conditional
logical Z; operator is applied to register a and the target block B by CZ gates. Next,
the logical operator Z; of the source block is read out, and coherent feedback is
applied to the code blocks A and B via CNOT gates.

Based on the circuit of the state teleportation, an analogous procedure enables the
construction of the logical H, gate. Using Equation (2.1.8) to rewrite the CNOT
gates acting on code block B, we transform the circuit. Next, the Hadamard gates
are grouped differently, as indicated in the middle of Figure 3.6. The circuit at
the bottom of Figure 3.6 now shows the final circuit of the logical H, gate. This
implementation requires the target code block to be fault-tolerantly initialized in
the logical |4,) state. Since we showed in the previous Subsection 3.4.1 that we are
able to encode any arbitrary state on the logical level and will derive a FT version in
Section 4.1, we can easily prepare the required input state. In Subsection 4.4.2 we
will provide a detailed MF protocol to implement an F'T logical H, gate.

3.4.4 | Logical S Gate

In this subsection, we now develop an MF implementation of a logical S, gate on
the [[4, 1, 2]|] code. The S or phase gate modifies the phase of a state, mapping
|1) — €'™/2|1). Our approach uses magic state injection, which we will also need for
implementing the logical T, gate.

The idea is to prepare the source block B in the desired logical magic state [98]. For
the S, gate, the magic S state is

1
V2
The phase of the magic state is then injected onto the target code block A by first
entangling the two code blocks A and B with a logical CNOT, gate. The idea is to
secondly apply a Z=S? gate onto code block A if code block B is in |1,). For an MF

implementation, one could in principle apply a CZ gate between the two code blocks
as depicted in Figure 3.7.

|Ms) = —= (10,) + €5 [1,)) . (3.4.1)

A |\IIL> SL |\IIL>
B m,) —4
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Figure 3.7: Idea of MF magic state injection for the logical S, gate. Source block
B is initialized in the magic S state |Ms) with phase 7/2. Next, this
phase is injected onto the target state via entangling the two code blocks
with a CNOT gate and subsequently applying a Z gate to code block A
conditioned on the state of code block B.

We will now use magic state injection to design an MF implementation of a logical S,
gate on the [[4, 1, 2||] code. Preparing the magic S state is easily achieved using the
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3 CONCEPTIONAL OVERVIEW

encoding circuit presented in Subsection 3.4.1, which can initialize any possible state.
The implementation of a logical CNOT, gate does not pose a challenge either, as we
already developed an MF implementation in the previous subsection. Unfortunately,
we are not able to straightforwardly implement a logical CZ, gate on the [[4, 1, 2||
code. However, we can relax the requirements for the conditioned application of
the logical Z operator onto target code block A, since code block B is not further
needed after injecting the magic state. For such an implementation, we require an
additional auxiliary register a. Instead of directly applying a logical CZ, gate, we
map the information about the logical Z? operation to single auxiliary qubits in
register a. Based on this outcome, one applies the logical Z;* operation in order to
inject the S state onto the code block A. The resulting schematic circuit is depicted
in Figure 3.8, while the complete, FT version is presented in Subsection 4.4.3.

A |\PL> m LZ SL ’\IIL>

B M) 4 7Z
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Figure 3.8: High-level circuit of MF magic state injection for the logical S, gate.
Source block B is initialized in the magic S state |My) with phase 7/2.
Code blocks A and B are entangled via a logical CNOT gate. Then, the
logical Z7 operator is mapped to the auxiliary register a. Based on this
outcome, a logical Z;' operation is applied to target block A, injecting
the desired phase 7/2 of the S gate.

>

3.4.5 | Logical T Gate

The last gate missing for universality is the logical T, gate. It shifts the phase of a
quantum state such that |1) — ¢’ |1) and can be implemented analogously to the S
gate. The key idea is to inject the phase of the magic T state

M) = 5 (00} + T [1,) (3.4.2)

onto code block A, as presented in Reference [98]. In principle, one only needs to
replace the CZ gate in the circuit from Figure 3.7 with a controlled-S gate since it
holds S=T?. This idea is represented by the circuit shown in Figure 3.9(a). The
previous subsection showed that the MF implementation of the logical S gate on
the [[4, 1, 2|] code is fairly complicated, especially when aiming for FT. Hence, we
avoid the direct application of a conditioned S gate on code block A. Alternatively,
we propose to introduce an additional code block C'. We encode code block B in
the magic T state |Mz), while code block C' is initialized in the magic S state |Ms).
Similar to the S gate, we first couple code blocks A and B via a logical CNOT, gate.
In addition, all three code blocks are then entangled via a CCNOT gate. In the last
step, a CCZ gate is implemented to inject the correct phase m/4 onto code block A.
This concept is illustrated in Figure 3.9(b).
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Figure 3.9: Idea of MF magic state injection for the logical T, gate. Source block B
is initialized in the magic T state |M;). Next, code blocks A and B are
entangled with a CNOT gate. In (a), an S gate is applied to code block A
conditioned on the state of code block B. In (b), to avoid a controlled-S
operation, we introduce code block C' initialized in the magic S state
|Ms) and entangle all three blocks via a CCNOT gate. Finally, a CCZ
gate injects the desired phase /4 onto block A.

Similar to the logical S; gate, we cannot straightforwardly implement the circuit from
Figure 3.9(b) on a logical level using the [[4, 1, 2]] code. With the same argument
as above, we relax the requirements and replace the CCNOT and CCZ gates as
follows. The resulting high-level circuit is depicted in Figure 3.10. We introduce
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Figure 3.10: High-level circuit of MF magic state injection for the logical T, gate.
Block B is initialized in the magic T state |M;) and block C' in the
magic S state |Mg). Code blocks A and B are first entangled via a
logical CNOT gate. Then, the logical Z” operator is mapped to the
auxiliary register a;. Based on this outcome and the state of target block
A, alogical X{ operation is applied to block C. Afterwards, operator
Z¢ is mapped onto the auxiliary register ay. Based on the outcomes of
the two auxiliary registers, a logical Z;* operation is applied to target
block A, injecting the desired phase of 7/4 of the T gate.

auxiliary registers a, and a,. These consist of a group of physical ancilla qubits not
encoding logical qubits, but enabling the implementation of controlled operations
on a logical level. After the logical CNOT, gate on code blocks A and B, we map
the logical Z? operator onto the register a,. Based on its output, combined with the
information about the state of code block A, a logical X operation is applied to
code block C. Afterwards, we map logical operator Z¢ to the auxiliary register a,.
Based on the state of the two auxiliary registers, we apply a logical Z; operation to
the target block A to finally inject the desired phase of /4. The FT version of the
MF implementation of the logical T, gate is discussed in Subsection 4.4.4.
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Chapter 4 | Fault-Tolerant Circuits

In the previous chapter, we introduced our noise model and fundamental strategies
to implement the logical gates needed for universality without mid-circuit measure-
ments on the erasure-correcting [|4, 1, 2|| code. We presented high-level circuits to
provide the fundamental idea of constructing the operations on a logical level. For
implementing quantum algorithms and performing QEC, all previously presented
operations need to be implemented fault-tolerantly. In this chapter, we first construct
an FT circuit to encode an arbitrary logical state on the [[4, 1, 2|] code without any
mid-circuit measurements in Section 4.1. Afterwards, we develop a QEC circuit in
Section 4.2 allowing for FT erasure detection and correction. We analyze in great
detail at which locations erasures corrupt the encoded information, how they can
be detected, and in which way coherent MF feedback can be applied in order to
correct the resulting errors and protect the encoded information. Using the previously
developed strategies, we collect a toolbox of building blocks needed to design FT
and MF circuits implementing the logical universal gate set. These results are then
presented in Section 4.3. Although we specifically work with the [[4, 1, 2]| code, we
assume that the developed tools can easily be adapted and used for other stabilizer
QEC codes correcting erasure errors. In Section 4.4, we use the presented tools to
design FT and MF circuits implementing the universal gate set.

4.1 | Fault-Tolerant Encoding of an Arbitrary Logi-
cal State

A major feature of our noise model is the ability to encode any arbitrary logical state
in an FT and MF manner in the context of erasure errors. Figure 3.4 illustrates how
a single-qubit state can be transferred to the logical level in a non-FT way. Because
erasures provide knowledge about their location, we can immediately detect whether
the encoding was successful. Hence, we only need to introduce DUs and TUs in
order to detect the occurrence of erasures. The F'T encoding of an arbitrary logical
state on the [[4, 1, 2|] code is depicted in Figure 4.1.

The goal is to prepare code block A fault-tolerantly in the desired logical state. To
achieve this, two code blocks A and B are independently prepared in this logical
state using the circuit shown in Figure 3.4. In the case an erasure is detected on
code block A, we swap the state of code block B onto block A. To achieve FT, it is
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Figure 4.1: Circuit of the FT encoding of an arbitrary logical state on the [[4, 1, 2||
code. After two code blocks are prepared in the desired logical state, TUs
and DUs are applied to code block A to detect problematic erasures. If a
DU detects an erasure, it triggers conditioned SWAP gates, swapping
the non-corrupted, desired state of code block B onto block A.

sufficient to catch only single erasures, which lead to either one erasure with Pauli
errors or multiple Pauli errors corrupting the output state of code block A. Our noise
model assumes that erasures occur only after two- or multi-qubit gates. Consequently,
single erasures occurring after the last two CNOT gates are, in principle, correctable
and yield the correct final state up to one single erasure on code block A. Incoming
erasures on qubits A, and A, are also not problematic. In this case, neither the
Hadamard nor the following CNOT gate is applied, so that the affected qubit pair
(either A, and A, or A, and A,) is not entangled. The other qubit pair is not
affected. Thus, single erasures on qubit A, or A, do not lead to uncorrectable errors.
Unfortunately, erasures on qubit A, and A; are problematic. If one of these qubits is
already erased before the encoding is implemented, the CNOT gate on A, and A; is
not applied. Hence, the two qubit pairs do not become entangled, and an additional
Pauli error arises. Thus, code block A would be corrupted by a non-correctable error.
Similarly, if qubit A, or A, is erased after the first CNOT gate, the second CNOT
gate is not applied. However, the Hadamard gate acting on the other qubit of the
corresponding pair is applied. Since the affected pair is not entangled, the resulting
error on code block A is not correctable.

Consequently, we need to detect erasures on qubits A, or A,. This can be achieved
by applying the TUs and DUs, introduced in Section 3.2, to these qubits. After
implementing the circuit from Figure 3.4, we add a TU to each of the qubits A,
and A;. We then determine whether qubit A, or A, is erased, using DUs to flip the
ancilla qubit a, to |1) if that is the case. The TU swaps the state of the original data
qubit onto a fresh qubit ¢, or, in case of an erasure, reinitializes the new data qubit
in state |0). Consequently, qubits ¢, and t; become the new data qubits A, and A,
of the output state.

42



4.2 QUANTUM ERROR CORRECTION CIRCUIT

If a DU flags an erasure, it triggers four conditioned SWAP gates. These gates swap
the correctly encoded state from code block B onto the logical qubit encoded in code
block A. Consequently, code block A fault-tolerantly encodes the correct logical state
in the end. If an erasure occurs on code block B or on the ancilla qubits used for the
SWAP operations, we assume that, in the first order, code block A was successfully
encoded in the correct state. The circuit only fails to fault-tolerantly prepare the
desired state if several erasures occur on code block A and B or the ancilla qubit.
However, these are contributions of o< p? and higher orders. The circuit of the FT
encoding of the logical state |0,) comprises at least nine physical qubits and consists
of 29 two- and multi-qubit gates.

4.2 | Quantum Error Correction Circuit

To efficiently use the [[4, 1, 2|| code for quantum algorithms, we need to fault-
tolerantly detect and correct erasure errors between logical operations. In this section,
we present an MF and FT QEC circuit that corrects incoming correctable errors
E €{e,, e, es, ey, Zy, Z,Z,, Zs} as explained in Section 3.3. We will understand
why we are able to correct exactly these errors in several lines. Furthermore, this
circuit prevents the spread of errors such that one single erasure e occurring on an
arbitrary qubit during its implementation only leads to the correct output state
up to one correctable error E. In the following, we will construct the QEC circuit,
depicted in Figure 4.2, and explain why the appearing building blocks are needed.

Before we dive into the details, it is important to note that the circuit cannot be
easily understood when read left to right. To make it easier to understand why
several blocks are needed and which require additional operations, we labeled the
building blocks from 1 to 7. This corresponds to the native order in which the circuit
was designed and will be presented in the following. Some building blocks are split
across the circuit. For a better understanding, operations forming one coherent
building block are depicted in the same color. Furthermore, we do not explicitly
write every physical gate, but combine several gates belonging to a given operation
into a single box. We will shortly break down the boxes and the operations they are
implementing. Qubits that are not affected by a certain operation are represented by
solid lines crossing the box, while all involved qubits are represented by lines passing
through it. As already depicted in Figure 3.1, the DUs and TUs are symbolized by
boxes with labels D and T, respectively. In the case of the DU, the context indicates
which of the involved qubits is the detection qubit. The implementations of the Z
stabilizer S, and the X stabilizer S}, are depicted in Figures 3.2 and 2.7, respectively.
For stabilizer S%, the implementation follows analogously.

Now we have laid all the groundwork to begin with the construction of the QEC
circuit. The first step is to detect and transform erasures on data code block A.
Naturally, one would first implement DUs to raise a flag if an erasure occurred
and afterwards convert the erasure to a Pauli error using TUs. However, in this
case, erasures occurring during or after the TU would remain undetected. Hence, to
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Figure 4.2: Detailed QEC circuit. Operations belonging to one coherent building block are depicted in the same color. The native

order in which the QEC circuit is best understood and explained in the text is indicated by the labeled boxes at the
top. Steps 1 and 2 correspond to erasure conversion and detection, followed by the stabilizer extraction in step 3. Errors
resulting from erased syndrome qubits during the X stabilizer extraction are detected and corrected in step 4. To correct
for erasures during the Z stabilizer extraction, additional X stabilizer extractions and corresponding coherent feedback are
required (step 5). Step 6 again ensures the FT implementation of the additional X stabilizers. To guarantee that the
output state is within the code space, step 7 is required.
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provide FT, step 1 is the erasure conversion and step 2 the detection of erased data
qubits as indicated in Figure 4.2.

Afterwards, in step 3, stabilizers need to be extracted to identify whether the erasure
was converted into a Pauli-X or -Z error. If a syndrome qubit is flipped and the
corresponding DU is triggered, coherent feedback will be implemented according to
the look-up Table 2.1. We always read out the X stabilizers S}, and S? before the Z
stabilizer S,.

We choose this order to detect and correct erasures on syndrome qubits a. and a?.
An erased syndrome qubit might spread X errors onto data qubits when extracting
the X stabilizer. To prevent such X errors from spreading, we insert two DUs to
detect erased syndrome qubits. In addition, we use the information of the Z stabilizer
extraction to implement X feedback in case a DU flags an erasure. The detection
of erased syndrome qubits a! and a’> and the required feedback is indicated in light
blue in step 4 of Figure 4.2.

Similarly, the syndrome qubit a. might be erased during the Z stabilizer extraction
as well, leading to Z errors on the data qubits. The detection of Z errors would then
require X stabilizer extraction, which, on the other hand, might introduce X errors
again. Hence, this seems to be a vicious cycle, and we need to find another strategy
to correct such errors. Since we cannot correct Z errors resulting from an erased
syndrome qubit a, within the same QEC circuit, we allow these errors to leave the
circuit. The idea is to treat these errors as correctable and adapt the QEC circuit so
that the next round can catch and correct them. We need to analyze which Z errors
arise from an erased syndrome qubit a., before we can consider such an operation.
If the syndrome qubit a, is lost after the first CZ gate in Figure 3.2, all following
three CZ gates will not be implemented. This leads to Z errors on data qubits A,,
A; and A,, which is equivalent to a Z, error on data qubit A,. Suppose an erasure
corrupts qubit a, after the second CZ gate. As the last two CZ gates will not be
implemented, the resulting error on the data qubit is equivalent to two Z errors on
data qubits A, and A,. Now, we can understand why we use the specific order of
the CZ gates during the Z stabilizer extraction. To detect Z errors, we extract X
stabilizers acting on the two data qubit pairs A, and A, as well as A, and A,. If we
were to implement the 7 stabilizer extraction as depicted in Figure 2.6, an erasure
after the second CZ gate would lead to a Z, 7, error. Because the Z errors would
occur on the two data qubits of the first pair, we were unable to detect them using
the stabilizer extraction of S}. On the other hand, using the circuit from Figure 3.2,
such an erasure leads to a Z,Z, error. As only one qubit of each pair is affected, we
can use both X stabilizer extractions to detect them separately. Finally, an erasure
after the third CZ gate might lead to a Z; error.

Suppose we allow the output state of the QEC circuit to be corrupted by either a
Zy, Z\Z,, or Zs error. In order for a subsequent QEC circuit to effectively correct
these errors, X stabilizer extractions must be implemented at the beginning of the
circuit. This is illustrated by the dark purple operations in Figure 4.2 and labeled as
step 5. Next, appropriate feedback depending on the syndrome extraction is needed.
Suppose the incoming state is corrupted by the Z; error. The syndrome qubit a, of
the S} extraction will be flipped, but the DUs on data qubits A, and A, will not be
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triggered (indicated by the open circles in Figure 4.2). Based on this information, we
apply a conditioned Z feedback depicted in dark purple. The detection and correction
of Z, works analogously. We apply a conditioned Z; feedback if the DUs on data
qubits A, and A, are not triggered and only the S? stabilizer flags an error. If the
incoming state is corrupted by Z,Z, both syndrome qubits a! and a? will be flipped.
The Z, error on data qubit A, is already corrected by the feedback introduced above.
The Z, error occurs only when both X stabilizers are flipped. Hence, we only apply
coherent feedback in that case.

As we have now implemented new X stabilizers, we need to repeat the strategy of
step 4. In step 6, we thus again correct for possible erasures on the syndrome qubits
of the X stabilizer extraction.

In principle, we are now finished, as we have designed a QEC circuit capable of
detecting and correcting incoming erasures and preventing the spread of errors
across multiple data qubits. A special feature of this QEC circuit is that, besides
erasure errors e, it also corrects incoming Z,, Z,Z,, and Z, errors. Thus, the class of
correctable errors E consists of {e, Z,, Z,Z,, Z;} in the context of this work.

However, if the incoming state is affected by multiple errors, we are, in general, not
able to detect and correct them. Furthermore, the QEC circuit does not always
produce an output state within the code space. Step 7, depicted in dark green, at
least ensures that the output state always lies in the logical subspace. This may
even introduce logical errors, but it allows the implementation of subsequent logical
operations on this code block within the code space. In the following, we analyze the
type of feedback needed for two, three, or four erasures on the data qubits, ensuring
that the output state is in the code space. For this feedback, we use the information
from the stabilizer extraction of step 3.

Let us first consider the case of two erased data qubits. Assume that the two data
qubits A, and A, are erased. In this case, the corresponding DUs flag erasures. If,
in addition, the stabilizer extraction of S}, flips the syndrome qubit, the erasure is
converted to a Z error either on data qubit A, or A,. To bring this state back to
the subspace, we apply a conditioned Z, operation. In case of a Z, error, the correct
feedback is applied, while for a Z, error, the feedback introduces a logical Z, error.
Nevertheless, in both cases, the output state will be in the code space. Analogously,
we treat the situation of two erasures on data qubits A, and A,.

Next, assume that data qubit A, and one other data qubit are erased. Consequently,
potential X errors are introduced, and the syndrome extraction of the Z stabilizer
indicates this. As an example, again assume that qubits A, and A, are lost and
syndrome a! indicates an X error. Thus, the state is either corrupted by a X, or X,
error. We choose a conditioned X, feedback such that in the first case, the error
is corrected. In the second case, we also did not introduce a logical error as the
resulting operation corresponds to the first X stabilizer X, X, = S}, leaving the
logical state unchanged. Analogously, we apply similar feedback in case the second
erased qubit is data qubit A; or A,. In all cases, we end up in the subspace as we
either have corrected the X error, applied an X stabilizer, or introduced a logical
X, error. This concept can be extended to all other combinations of two, three, or
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four erasures on the data qubits. For all possible erasure combinations, conditioned
feedback can be constructed such that the resulting output state always lies within
the logical subspace.

Lastly, we also consider the case in which no data or syndrome qubit is erased, but
the input state is affected by a single-qubit X error. To catch this incoming X error,
we introduce an additional 7 stabilizer extraction right at the beginning of the QEC
circuit and carry the information encoded in the syndrome qubit until the very end of
the circuit. Combining this information with the result of the Z stabilizer extraction
in step 3 and the fact that none of the DU was triggered, we apply a X, feedback.
Again, we either correct the incoming X error, transform it to a logical X, error, or
apply a stabilizer. The output state will again definitely lie in the logical subspace.

This finally completes the construction of a QEC circuit on the [[4, 1, 2]| code able
to detect and correct erasures and the specific group of Z errors {Z,, Z,Z,, Z,}.
Furthermore, it fulfills the requirements of F'T as it does not introduce more than
one correctable error on the code block resulting from an erasure occurring during
its implementation. This QEC circuit lays the foundation for executing a quantum
algorithm. If it is subsequently applied between different FT logical operations,
dangerous accumulation and spread of errors are suppressed, leading to reduced error
rates of the quantum computation. This QEC circuit can be implemented using 17
qubits and 83 two- and multi-qubit gates.

4.3 | Toolbox for Fault-Tolerant Logical Gates

While constructing the F'T' circuits for implementing the QEC circuit and the univer-
sal gate set without mid-circuit measurements, we discovered some recurring building
blocks. Furthermore, some of the logical operations discussed in the following require
additional building blocks for an FT implementation. In this section, we collect
these strategies needed for the FT construction of logical operations. Although we
specifically design circuits to correct erasure errors on the [[4, 1, 2|| code, these
tools could be extended and adapted to correct erasure errors using other QEC
codes. Hence, we will provide an overview of the tools used in the following section.
While whole building blocks are generally necessary to ensure F'T, specific blocks
can often be simplified or adapted based on previously implemented operations and
the information that can be reused.

Tool 0: In general, the fundamental building blocks for the detection and conversion
of erasure errors are the DU and TU. Combined with the stabilizer extraction used
to identify the resulting Pauli errors, they form the basic framework of the FT QEC
circuit. Mostly, it is not necessary to convert erasures during the implementation of
logical operations. Thus, the basic ingredients of FT logical gates are DUs flagging
erased data qubits and the extraction of the stabilizers to identify resulting Pauli
errors to apply coherent feedback.
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Tool 1: In the previous section, we discovered that X stabilizers may introduce X
errors and thus require additional DUs on the syndrome qubits. For performing
corresponding X feedback, the Z stabilizer needs to be read out. Consequently,
extraction of the stabilizers S}, and S% usually requires additional DUs on the
syndrome qubits a! and a?, a Z stabilizer extraction on the same code block, and
feedback operations conditioned on these outcomes.

Tool 2: As stated above, usually DUs are needed to detect erasures on the data
qubits in all involved code blocks. Often, not all of them are strictly required to
achieve F'T. But in case they are, a DU may also introduce a Z error on data qubit ¢
if an erasure occurs after its first CNOT gate on detection qubit d,. To correct these
resulting Z errors, one needs to subsequently implement an additional DU on the
detection qubit d;. Additionally, to detect the resulting Z error on the data qubit i,
the extraction of the corresponding X stabilizer is required. Based on these outcomes,
the correct feedback is applied. Consequently, in principle, every DU acting on a
data qubit needs an additional DU on the detection qubit, followed by the extraction
of the corresponding X stabilizer to implement the feedback. In many cases, it is
enough to implement the additional DU and carry the information encoded in the
detection qubit until the X stabilizer is anyway extracted to apply the feedback. In
this way, the circuit can be simplified, and the number of gates reduced.

Tool 3: For some logical gates, e.g., H, T, and S gates, we need to map logical X,
and Z, operators to auxiliary qubits or entangle different code blocks by applying
the joint logical operators. To make this procedure F'T, we use an auxiliary register.
For each such mapping, we introduce two ancilla qubits initialized in the Bell state
|®+) = (]00) + |11))/+/2. This procedure prevents single erasures on ancillas from
propagating to logical errors during the entanglement with the code blocks [86]. Based
on the state of the two ancilla qubits, the coherent operation can be implemented
fault-tolerantly. We will use this tool explicitly for the state teleportation of the
logical Hadamard gate, as well as for the magic state injection required for the logical
S and T gates. As an example, the shorthand notation of the mapping of the logical
operators X7 = XX and Z7 = Z?Z? to the auxiliary register a consisting of two
ancilla qubits initialized in |0) is depicted in Figure 4.3(a). In some cases, it is enough
to only use a single ancilla qubit for extracting the logical operators. An exemplary
implementation of this reduced mapping of the logical operator Z** = Z, Z, is shown
in Figure 4.3(b). In the following sections, this notation will be used.

Tool 4: Usually, Tool 3 is not enough to provide full FT and thus, is often combined
with another strategy, Tool 4. We map two stabilizer-equivalent versions of a logical
operator with fully disjoint support to auxiliary registers as introduced in Tool 3 [86].
In case of the extraction of the logical X,, both operators X, X; and X, X, would
one after the other be mapped to different ancilla qubits of register a. This ensures
that even if one of these mappings fails, the other succeeds, resulting in the correct
state up to one correctable error.

In the following section, we will apply the presented tools to design FT circuits
implementing the universal gate set on the [[4, 1, 2]| code. However, the same
strategies may be used to implement FT logical operations on different erasure-
correcting codes.
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Figure 4.3: Illustration of Tool 3. (a) Shorthand notation for mapping logical opera-
tors fault-tolerantly to an auxiliary register a consisting of two ancillas
initialized in the Bell state |®T). As an example, the circuit for extracting
the logical operators X% = XX and Z2 = ZPZ? is shown. (b) In some
cases, a single ancilla qubit in register a is enough to provide FT. The
circuit of this reduced case is exemplarily depicted for extracting the
logical operator 7, = Z,Z,.

4.4 |  Fault-Tolerant Logical Gates

In Section 3.4, we introduced the conceptual ideas of implementing the logical
universal gate set {CNOT,, H,, S,, T} on the [[4, 1, 2|] code. The goal of this
section is to make the presented circuits F'T' and robust against erasure errors. In
the following subsections, we will explain the F'T construction of each logical gate
using a symbolic flow chart, illustrating the flow of information, and a schematic
circuit implementing the corresponding operation. The explicit circuits can be found
in the Appendix A.2.

4.4.1 | Fault-Tolerant Logical CNOT Gate

In Subsection 3.4.2, we learned that although the logical CNOT, gate is transversal
on the [[4, 1, 2]] code, it is not FT in our understanding of erasure errors. As the
physical CNOT gates entangle the two code blocks A and B, an erasure on one
of them may lead to a non-correctable Pauli error on the other. In order to make
the transversal CNOT, gate F'T, we use the tools from our toolbox introduced in
Section 4.3. Our procedure can be symbolically represented by the schematic circuit
in Figure 4.4(a) and the flow chart in Figure 4.4(b).

In the first step, we use DUs from Tool 0 to detect erasures on both code blocks and

encode their occurrence in the state of detection qubits. They are shown in pink in
Figure 4.4.

Erasures on code block A may introduce X errors on code block B. Hence, we need
to extract the Z stabilizer S, (Tool 0) of code block B, as depicted in orange in
Figure 4.4. If an X error is detected, the corresponding syndrome qubit is flipped.
Based on the information encoded in the detection qubits of code block A and the
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Figure 4.4: (a) Schematic circuit and (b) flow chart of the FT logical CNOT gate.
After implementing four physical CNOT gates to entangle equivalent
qubits of the code blocks A and B (black circles in (b)), additional oper-
ations, as introduced in Tool 0, are required. Erasures are detected with
DUs on both code blocks represented by the pink boxes. Subsequently,
the X stabilizers of code block A and the Z stabilizer of code block
B are extracted (orange boxes). Based on these operations, coherent
feedback, represented as (a) light blue boxes and (b) light blue arrows, is
applied. (b) To guarantee FT, additional operations represented in pastel
colors are required as well. The X stabilizer extraction of block A might
introduce erasures. Resulting errors are detected and corrected according
to Tool 1 using DUs and a Z stabilizer extraction (pastel orange). To
detect erasures in the DUs, another set of DUs is implemented following
Tool 2. On code block B, the X stabilizers are additionally extracted
and coherent feedback is subsequently implemented (pastel pink).

syndrome qubit of block B, the correct X feedback is applied to block B. The
feedback operation is represented by the light blue arrows in the flow chart and the
light blue box labeled ‘FB’ in the circuit in Figure 4.4. The procedure to correct
erasures on code block B works similarly. Such erasures potentially propagate to Z
errors on code block A. For their detection, X stabilizer extractions of code block A
are required. Again, we use syndrome qubits flagging Z errors. Finally, the detection
qubits of code block B and the syndrome qubits of code block A act as control qubits
of the coherent Z feedback.
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However, Tool 0 is not enough to provide FT of the logical CNOT, gate. To detect
and correct erasures on the syndrome qubits of the X stabilizer extraction of code
block A, we need to fall back to Tool 1. Additional DUs on the syndrome qubits
and a Z stabilizer extraction on block A are required to apply correct X feedback on
block A. This is indicated by the pastel orange boxes and arrows representing the
feedback operation in the flow chart in Figure 4.4(b).

Furthermore, DUs flagging erasures on data qubits may introduce Z errors themselves
in case a detection qubit is erased during the operation. Tool 2 prevents such errors
from spreading to logical errors on the code blocks. Hence, we implement additional
DUs on the detection qubits of the DUs acting on the data qubits (pastel pink boxes
in Figure 4.4(b)). For the feedback, X stabilizer extractions on both code blocks
are needed. For the feedback of code block A, we use the syndrome qubits of the
already implemented X stabilizers Si and S% as control qubits (pastel pink arrows
in Figure 4.4(b)). As code block B is so far missing X stabilizer extractions, we
need to add them to be able to implement the required Z feedback. However, the
newly implemented X stabilizers may again introduce X errors on code block B.
Analogously to above, we need Tool 1 to compensate for these errors. After the X
stabilizer extractions, DUs are implemented on the syndrome qubits. Combined with
the information from the Z stabilizer extraction, they allow us to correct the Z errors
as depicted in pastel pink in Figure 4.4(b).

In the circuit of Figure 4.4(a), we have included these operations into the three main
building blocks. For Tool 0, the DUs and the stabilizer extractions on the data qubits
are required. As DUs on data qubits usually require additional DUs, we include the
additional ones in the pink box labeled ‘Det.”. All needed stabilizer extractions of
each code block are represented by one orange box per block. The various feedback
operations are grouped together in the light blue boxes. The arrows in the flow
chart represent feedback operations, indicating which syndrome and detection qubits
control the feedback.

To efficiently simulate the logical CNOT, gate, we focused on minimizing the number
of necessary qubits and gates in the circuit. Our circuit requires eight data qubits
forming the two code blocks. With clever reuse and reset of ancilla qubits, seven
additional qubits are needed for the F'T and MF implementation. For pedagogical
reasons, we are showing clearer circuits with more qubits here. Furthermore, the
circuit consists of 65 two- and multi-qubit gates. Figure A.1 of the Appendix A.2
shows a detailed circuit implementing an FT logical CNOT, gate on the erasure-
correcting [[4, 1, 2.

4.4.2 | Fault-Tolerant Logical Hadamard Gate

As explained in Subsection 3.4.3, we use a protocol based on logical state teleportation
to implement the logical Hadamard gate on the [[4, 1, 2|] code as it is not transversal.
The resulting FT circuit of the logical Hadamard gate is shown in Figure 4.5.

In the first step, we use the FT encoding designed in Section 4.1 and depicted in
Figure 4.1 to fault-tolerantly prepare code block B in the logical state |+,). To
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Figure 4.5: Schematic circuit of the FT logical Hadamard gate. The logical state
encoded in code block A is teleported to code block B initialized in the
logical state |+,). First, the joint logical operators X;*Z7 are mapped to
the auxiliary register a, and coherent feedback is applied to code block
B (dark blue box). In the second half, feedback is applied (dark green
box) based on the extraction of operator Z;'. For FT, DUs flagging
erasures are implemented on the ancilla qubits (yellow) and code block A
(pink). Combined with stabilizer extractions (orange) on both code blocks,
feedback (light blue) is implemented on code block A and B. To intercept
error spread and accumulation, additional operations, represented by the
gray boxes 1 and 2, are needed at the beginning and after the first half
of the circuit.

achieve F'T of the logical state teleportation, we use Tool 3 from the toolbox presented
in Section 4.3. The auxiliary register a consisting of two ancilla qubits is prepared
in the Bell state |®*) = (]00) + |11))/v/2 as depicted in the circuit of Figure 4.3(a).
When code blocks A and B are coupled to register a, erasures on the ancilla qubits
cannot propagate to logical errors. In addition, we always map two representations of
logical operators with fully disjoint support to register a, according to Tool 4. First,
we map the logical operators X;' = X, X, and Z7 = Z,Z, to register a, as shown in
Figure 4.5. This step is now repeated with an equivalent representation of the logical
operators X! = X, X, and Z? = Z;Z,. The information about each of the joint
logical operators is mapped to an ancilla qubit of register a. The coherent feedback,
consisting of two CX gates acting on the code block B, is then controlled by the two
ancilla qubits. The feedback is represented by the two dark blue boxes in Figure 4.5.
Next, the logical operator Z7 is read out, and the corresponding coherent feedback
is applied to code block B as shown in the dark green boxes. For the extraction of
the operator Z#, Tool 4 is sufficient to ensure F'T, such that the auxiliary register a
reduces to a single qubit as shown in Figure 4.3(b).

So far, we have only ensured that various erasures remain distinguishable as they
spread to different errors on different data qubits. To detect erasures and correct the
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resulting Pauli errors fault-tolerantly, we will use the toolbox, similar to the CNOT,
gate presented earlier. We start by using Tool 0 and apply DUs to the data qubits
(pink boxes in Figures 4.5 and 4.6) of code block A encoding the input state, followed
by extracting the X and Z stabilizers (orange boxes). Figure 4.6 illustrates the flow
of information to apply feedback as a flow chart. Since the auxiliary register stores
information about extracted joint logical operators, additional DUs are needed to
detect erasures on these ancillas. In Figures 4.5 and 4.6, they are represented as yellow
boxes. Consequently, the detection qubits of the auxiliary register combined with
the syndrome qubits of the stabilizer extraction of block A control the corresponding
feedback operation (light blue box) on the same block as indicated by the light blue
arrows in the flow chart in Figure 4.6.

Figure 4.6: Flow chart of the F'T logical Hadamard gate. The black circles represent
the code blocks A and B, each encoding one logical qubit. The dashed
circle represents the auxiliary register a needed for the state teleportation.
To achieve FT, we use Tool 0: DUs flagging erasures on code block A
(pink) and register a (yellow) are combined with stabilizer extractions on
code blocks A and B (orange) to implement corresponding feedback (light
blue arrows). The extraction of X stabilizers might introduce errors on
both code blocks. Additional DUs allow for correcting them accordingly
(pastel orange) as stipulated by Tool 1. The interception of error spread
and accumulation requires additional operations, summarized in gray.

As a consequence of the state teleportation, the output state of the logical Hadamard
gate is encoded in code block B. Thus, feedback on block B is required to prevent
errors from spreading and accumulating. To determine the specific type of required
feedback, a full stabilizer extraction is implemented on code block B. Afterwards,
based on these stabilizer extractions and the state of the detection qubits of the
auxiliary register a, X and Z feedback is applied to code block B. Again, this is
indicated by the light blue boxes and arrows in Figures 4.5 and 4.6, respectively. As
we extract X stabilizers on both code blocks, we need to implement additional DUs
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(pastel orange box in Figure 4.6) on the syndrome qubits as stipulated by Tool 1. If
they flag erasures, corresponding feedback will be applied to the code blocks.

Since the code blocks and the auxiliary register are entangled via several consecutive
operations, we need to handle incoming erasures (gray box 1) and those that occur
between them (gray box 2). Data qubits that are lost or corrupted by one of the
correctable Z errors, even before implementing the logical H, gate, can lead to
error propagation. Suppose data qubit A, is erased starting from the beginning.
Consequently, the first gates of the logical X;* and Z;' operators will not be applied.
This may lead to errors on the ancilla qubits of the auxiliary register a. But as
the logical operator Z is mapped to the same auxiliary qubit as operator X;', the
first CZ gate might introduce a Z error on the first data qubit of code block B.
Furthermore, the CNOT gate of the feedback (dark blue box) is controlled by the
same ancilla qubit of register a, introducing a potential X error on B; as well. In
total, this accumulation of Pauli errors is non-correctable, resulting in a logical error
on code block B.

To prevent this spread and accumulation, we need to apply several operations at
the beginning of the circuit of the logical Hadamard gate. These operations are
grouped together in the gray box labeled ‘1’ in the circuit in Figure 4.5 and will be
deduced in the following. Similar to the QEC circuit, we want to detect and correct
incoming correctable errors. To ensure that none of the Z,, Z,7,, and Z, errors enter
the circuit, we extract the two X stabilizers of code block A. In addition, a DU is
implemented on each data qubit A,. Using the same feedback operations as in step 5
of the QEC circuit, shown in Figure 4.2, we achieve this first goal. However, erasures
on the detection qubits might introduce Z errors on the data qubits. According to
Tool 2, we need to implement additional DUs on the detection qubits and X stabilizer
extractions on code block A to correct for the resulting Z errors. We follow Tool 1
as well and implement another set of DUs on the syndrome qubits. The information
encoded in those detection qubits will be carried along until a Z stabilizer is extracted.
It is sufficient to apply the corresponding X feedback at a later point in the circuit.
After mapping the logical X, operator of code block A to the auxiliary register a, the
logical Z, operator of block A needs to be mapped to register a as well. Furthermore,
based on this information, feedback is applied to code block B as depicted in the
dark green box. Hence, we need to guarantee that erasures and resulting Pauli errors
do not spread from the first part of the state teleportation into the second part.

If data qubit A, or A, is erased during the first part, the read-out of operator X
might lead to an error on the auxiliary register. The subsequent feedback operation, a
physical CNOT gate, potentially spreads an X error onto code block B. To intercept
this error before it can spread even further via the feedback operation depicted inside
the dark green box in Figure 4.5, X feedback on code block B is required. In the
spirit of Tool 0, a Z stabilizer extraction needs to be implemented. In combination
with the DUs, the correct X feedback can be applied to code block B, intercepting
the spread of errors. Above, we noticed that the X stabilizer extractions belonging
to the first gray box in Figure 4.5 may introduce X errors in code block A. In the
second part of the state teleportation, we map the logical operator Z;* to the auxiliary
register a. Before doing this, we must correct the X errors to prevent further error
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spread. Hence, we also need to extract the Z stabilizer of code block A and apply X
feedback controlled by the syndrome qubit and the detection qubits introduced in
the gray box 1. These operations prevent the propagation of X errors to the second
part and are represented by the gray box 2 in the circuit in Figure 4.5.

The resulting circuit of the FT logical Hadamard gate requires 21 qubits and 162
two- and multi-qubit gates. A detailed circuit on the erasure-correcting |4, 1, 2||
code is shown in Figure A.2 of the Appendix A.2.

4.4.3 | Fault-Tolerant Logical S Gate

As presented in Subsection 3.4.4, we use magic state injection to implement a logical
S, gate on the [[4, 1, 2]| code. In the following, we will design an FT version of this
implementation.

In the first step, we use the FT encoding constructed in Section 4.1 and shown
in Figure 4.1, to prepare code block B in the magic S state |Ms). The goal is to
fault-tolerantly inject its phase to the logical state encoded in code block A. Next,
code blocks A and B are entangled via a logical CNOT, gate. Fortunately, we
already designed an FT circuit for this operation in Subsection 4.4.1. Afterwards,
we apply Tools 3 and 4 from the toolbox presented in Section 4.3: Similar to the
construction of the logical Hadamard gate presented above, an auxiliary register a is
prepared in the Bell state |®+) = (|00) 4 |11))/v/2, see Figure 4.3. To ensure FT,
we again successively map two representations with disjoint support of the logical
operator ZP = ZPZ? = ZPZ[ to the two auxiliary qubits. These operations are
depicted in the circuit in Figure 4.7(a). Each of the two ancilla qubits then controls
a physical CZ gate, forming the coherent feedback on code block A as depicted by
the dark blue boxes.

In the next step, erasures are detected, and the resulting Pauli errors on the involved
code blocks are corrected. The following procedure is schematically depicted in the
flow chart in Figure 4.7(b). Following Tool 0, we implement DUs on the data qubits
of code block B indicated in pink in Figure 4.7. As single erased data qubits in
code block A do not spread to non-correctable errors, DUs are not required here.
A later QEC circuit would be capable of correcting these erasures. However, as we
map important information to the auxiliary register a, DUs on the ancilla qubits are
urgently needed. The yellow boxes represent them.

To apply the correct feedback to the two code blocks, we need to extract their
stabilizers. Since only physical CZ gates are needed to extract the logical operators
as explained above, erasures only spread to Z errors. Hence, we extract the X
stabilizers of both code blocks (orange). Based on the stabilizer extraction and
detection qubits, Z feedback is applied to code block B. This is shown by the
light blue boxes and arrows in Figure 4.7. Extracting an X stabilizer from code
block A can lead to non-correctable X errors on the output state, as the S gate
implementation encodes the logical state in code block A. Using Tool 1, we add DUs
on the syndrome qubit and extract the Z stabilizer of code block A as indicated by
the pastel orange boxes in Figure 4.7(b). When the DUs flag an erasure, we correct
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Figure 4.7: (a) Schematic circuit and (b) flow chart of the FT logical S gate. The
phase of the magic S state |Ms), in which code block B is prepared,
is injected onto code block A. After entangling codes block A and B
(black circles in (b)) via a logical CNOT, gate, the logical operator Z7
is mapped to the auxiliary register a (dashed circle in (b)). Based on the
outcome, coherent feedback is applied to code block A (dark blue box)
to inject the desired phase. To make this procedure FT, DUs flagging
erasures on code block B (pink) and the auxiliary register a (yellow) are
implemented. Additionally, stabilizers of both code blocks are extracted
(orange), such that feedback can be applied accordingly (light blue). (b)
To correct errors resulting from erased syndrome qubits, additional DUs
and a Z stabilizer extraction are required on code block A (pastel orange).

the X error based on the state of the syndrome qubit (pastel orange arrows). Lastly,
the different Z feedback operations on code block A are controlled by the detection
qubits of register a, the detection qubits of the DUs on code block B, and the Z
stabilizer extraction on block A. This feedback is depicted by the second light blue
box in the circuit in Figure 4.7(a) and by light blue arrows in Figure 4.7(b).

The logical S; gate can be implemented using 15 qubits and 131 two- and multi-qubit
gates. A detailed circuit implementing an FT logical S; gate on the erasure-correcting
[[4, 1, 2|| code is shown in Figure A.3 of the Appendix A.2.

4.4.4 | Fault-Tolerant Logical T Gate

To finally complete the FT universal gate set, we design an FT and MF circuit
implementing a logical T gate on the [[4, 1, 2|] erasure-correcting code in the following.
In Subsection 3.4.5, magic state injection is used to implement the logical T gate in
an MF-manner. In the first paragraph, we present the explicit implementation. The
circuit construction to achieve F'T follows analogously to the logical S gate, with the
difference that two magic state injections need to be done. In the second paragraph,
we explain the basic structure of the F'T circuit. Lastly, we prevent errors from
spreading across the two parts of the circuit.
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Magic State Injection

Code block A encodes the input state onto which the T gate will be applied. Using
the FT encoding from Figure 4.1, code block B and C' are prepared in the magic T
state | M) and magic S state | M), respectively. Similarly, as for the logical S, gate,
code block A and B are first coupled via the logical FT CNOT, gate designed in
Subsection 4.4.1.

Next, we want to implement a CNOT gate controlled by block A acting on code
block C' that only takes place if block B is in state |1,). This would correspond
to a logical CCNOT gate. However, we cannot implement a transversal CCNOT
gate on the [[4, 1, 2|| code. But, since code blocks B and C' are discarded after
the magic state injection, coherent feedback can be realized by first extracting the
logical operator Z7 onto an auxiliary register a as shown in the circuit of Figure 4.8.
As in the previous chapter, we use Tools 3 and 4 to achieve FT: Equivalent logical
operators Z7 = Z7Z7 = Z?Z? are subsequently mapped to a Bell pair of ancilla
qubits initialized in |®*) = (]00) + |11))/v/2. Afterwards, since the logical CNOT
gate can be transversally implemented via four physical CNOT gates, we can do the
desired CCNOT-like feedback by just controlling the transversal CNOT gate with
the auxiliary qubits of register a (dark blue box).

For the second part, Z feedback on code block A, controlled by the states of the
blocks B and C| is needed. Hence, we extract the logical operators Z? and Z¢. The
information about each operator is again mapped to one of the ancilla qubits of
register a. These two ancilla qubits control the physical CCZ gate applied to A, in
block A (dark green box). This step is repeated with equivalent logical Z operators
having a fully disjoint support to ensure FT. The feedback is applied to the data
qubit A,, such that combined with the previous CCZ gate, the coherent Z feedback
on block A is completed.

Basic Structure to Provide Fault-Tolerance

So far, we have only presented a possibility to implement the magic T state injection
on the [[4, 2, 1]] code. The next task is to detect and correct erasures and resulting
Pauli errors. Since we only apply feedback to code block A and do not entangle
it directly with the other code blocks, DUs to detect erased data qubits are not
needed. However, erasures on ancilla qubits might propagate to logical errors on
the code blocks due to feedback operations that entangle register a with different
code blocks. Hence, we implement DUs on the ancilla qubits of register a, raising
a flag in the case one gets erased, as illustrated in yellow in Figures 4.8 and 4.9.
If ancilla qubits are erased during the first part of the magic state injection, the
CCNOT-like feedback in the dark blue box may not be applied correctly, leading
to potential X errors on code block C'. Since the logical Z¢ operator is extracted
during the second part, X errors must be corrected before that. Using Tool 2 of the
toolbox, we extract the Z stabilizer of block C' (orange boxes). In case a previous
DU was triggered, the corresponding X feedback controlled by the syndrome qubit
is implemented, represented by the light blue box in Figure 4.8 and the light blue
arrows in Figure 4.9. Analogously, erased ancilla qubits in the second part of the
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Figure 4.8: Schematic circuit of the FT logical T gate. The gate is implemented using magic state injection. Code blocks B and C'
are initialized in the magic T state |M;) and the magic S state |M), respectively. Afterwards, code block A is entangled
with code block B via the FT logical CNOT, gate presented in Subsection 4.4.1. Next, the logical operator Z/ is mapped
to the auxiliary register a, to subsequently apply the coherent feedback to code block C' (dark blue box). In the second
part, the joint logical operator Z”Z¢ is mapped to register a and coherent feedback is applied to code block A (dark
green box). To achieve FT, DUs flagging erasures on register a are implemented (yellow boxes). Furthermore, stabilizers
are extracted for code blocks A and C' (orange boxes), controlling the feedback operations depicted in light blue. To
inhibit the spread and accumulation of errors, additional operations at the beginning and between the two parts of the
circuit are required and represented by the two gray boxes with labels ‘1’ and ‘2’. The gray box ‘3’ contains all still
pending feedback operations correcting Z errors on code block A.
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circuit may spread to Z errors on code block A. As Tool 1 dictates, we implement
DUs on the auxiliary register a and extract the X stabilizers of code block A (yellow
and orange boxes). Combining the gained information, feedback is applied to code
block A as shown by the light blue boxes and arrows in Figures 4.8 and 4.9. Tool 2
instructs us to catch errors resulting from erasures occurring during the extraction
of the X stabilizers. Hence, DUs on the syndromes and an additional Z stabilizer
extraction on code block A are required in order to implement the corresponding X
feedback (pastel orange boxes and arrows in Figure 4.9).

Inhibiting Erasure Propagation and Accumulation

The previously discussed building blocks provide the basic structure of the FT
implementation of the logical T gate. However, to achieve full FT, additional and
more complicated operations between the two parts of the circuit are required. We
map four representations of the logical Z7 to the auxiliary register, but only two
representations have fully disjoint support. Consequently, erasures on data qubits
of code block B arising during the first two extractions of the circuit of Figure 4.8,
may spread to dangerous errors on the other code blocks via the auxiliary register.
To prevent this kind of error spread, we implement some detection and correction
operations grouped together in the gray box with label ‘1’. Similar to the QEC
circuit constructed in Section 4.2, we convert such erasures with TUs. Afterwards,
we use Tool 1 to correct the resulting X errors in code block B based on information
from subsequent DUs and a Z stabilizer extraction.

The X errors on code block C' are corrected after the coherent CCNOT-like feedback
operation (dark blue box) controlled by the syndrome qubit of the already extracted
Z stabilizer. This is included in the second gray box with label ‘2’ in Figure 4.8. This
box also comprises another group of operations preventing the spread of errors to the
second part of the circuit. As blocks A and C' are entangled via the CCNOT gates
of the feedback operation inside the dark blue box, erasures on block A may spread
to X errors on code block C'. During the second part of the magic state injection,
the logical operator Z¢ is mapped to the auxiliary register. Thus, X errors must
be corrected prior to that. To achieve this, DUs are implemented on code block A.
Based on raised erasure flags, corresponding X feedback controlled by the syndrome
qubit of the Z stabilizer extraction is implemented on block C'. Erasures on code
block B spread in an analog manner via the CCNOT feedback operations onto code
block C'. We detect and correct those errors in the same way as before. Tool 2 states
that DUs acting on data qubits may introduce errors themselves. To prevent their
spread, we add additional DUs to the detection qubits of the ones flagging erasures
on code block A. It is sufficient to save the information and use the final stabilizer
extraction for correcting those errors at the end of the circuit. Erasures on block
C' arising before the feedback operation in the dark blue box introduce potential Z
errors on code block A. The DU on code block C' flags erasures and, combined with
the X stabilizer extraction of block A, enables feedback implementation accordingly.
Lastly, all still pending feedback operations correcting remaining Z errors on code
block A are collected in the third gray box with label ‘3" at the end of the circuit.
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4 FAULT-TOLERANT CIRCUITS

The full MF and FT implementation requires 36 qubits and 303 two- and multi-qubit
gates. A detailed circuit implementing an FT logical T, gate on the erasure-correcting
[[4, 1, 2]] code is shown in Figure A.4 of the Appendix A.2.

The construction of the FT logical T, gate completes the universal logical gate set
{CNOT,, H,, S;, T,}, which we can now implement in an FT and MF manner
on the [[4, 1, 2]] code. This code allows the correction of up to one correctable
error. The primary goal of this initial round of QEC is to lower the error rate of the
logical operations below the threshold needed for a scalable and FT QEC protocol by
detecting and correcting erasure errors. In a second step, the logical qubits encoded
in the [[4, 1, 2|] code with suppressed error rates can be used as building blocks of
other QEC codes, like the Steane code [15], in order to perform universal Quantum
Computation. In such an example, erasures are corrected with the [[4, 1, 2|] code
on the lowest level, while the Steane code corrects Pauli-X and -Z errors on higher
levels.

In Chapter 6, we will analyze the performance of the F'T logical universal gate set
constructed above. But before that, we dedicate Chapter 5 to the numerical methods
developed to efficiently simulate erasure errors.
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4.4.4 FAULT-TOLERANT LOGICAL T GATE

Figure 4.9: Flow chart of the FT logical T gate. The black circles represent the code
blocks A, B, and C, each encoding one logical qubit. The dashed circle
represents the auxiliary register a needed for the magic state injection.
The feedback applied to code block A and C, represented by the light
blue arrows, is, on the one hand, controlled by the syndrome qubits of
the X stabilizer extraction of code block A and the Z stabilizer extraction
of code block C' (orange). On the other hand, it takes the information of
the DUs flagging erasures on the auxiliary register a into account. As
the X stabilizer extraction may introduce Pauli errors on code block A,
additional DUs and a Z stabilizer extraction are implemented on this code
block (pastel orange) as stipulated by Tool 2. Besides that, to intercept
the spread and accumulation of errors, further operations depicted in
gray are required: Based on another set of stabilizer extractions on code
block A combined with DUs on code block C, feedback is implemented on
code block C. Furthermore, DUs triggered by erased qubits of code block
A, combined with the stabilizer extraction, allow feedback on the same
block. Lastly, DUs and TUs detect and convert erasures on code block
B, such that errors on all three code blocks are corrected accordingly.
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Chapter 5 | Numerical Methods

This chapter provides insight into the numerical methods used for simulating circuits
with erasures throughout this thesis. We will refer to a circuit with at least one
erased qubit as a faulty circuit. The simulation of erasure errors does not follow
straightforwardly. In principle, a third level |e) in addition to the computational
basis states |0) and |1) is required to account for leaving the subspace. Such
qudits drastically increase the size of the system’s Hilbert space, making numerical
simulations costly. A few different approaches to model erasure errors do exist. They
are, for example, based on tensor networks or using only Clifford gates for numerical
simulations. In our work, however, we rely on non-Clifford gates, and in addition,
our circuits consist of many qubits. Hence, we develop our own strategies to simulate
erasure noise with Qiskit. The main idea is to remove all gates in a circuit in which
the erased qubit would be involved after the erasure has happened. The resulting

faulty circuit is then numerically simulated with the exact statevector simulator of
Qiskit [99].

In the first Section 5.1 of this chapter, we introduce the basic principles of our numer-
ical simulations and explain how our noise model can be implemented numerically.
Section 5.2 outlines how we verify the FT of all presented circuits. The challenge of
randomly placing erasure errors in a circuit based on different error probabilities is
addressed in Section 5.3. The simulator developed here can, in principle, be used to
determine the logical error rates of the logical operations. However, a more efficient
procedure will be presented in Section 5.4. Designing the logical operations to be
FT ensures that a single erasure occurring during the operation does not corrupt the
output state. Hence, we avoid simulating faulty circuits with fewer than one erasure
to speed up the numerical calculations. As mentioned in the previous chapter, imple-
menting the FT logical T, gate in an MF manner, in principle, requires more than
30 qubits. However, such a classical simulation would blow the memory of common
servers. In Section 5.5, we therefore develop a strategy to reduce the number of
required ancilla qubits to classically simulate the logical T, gate. Instead of encoding
the information on whether an erasure occurred in the state of detection qubits, we
temporarily store this classical information in a bit string until the corresponding
feedback is implemented. This way, the number of ancilla qubits needed for numerical
simulations can be significantly reduced.
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5 NUMERICAL METHODS

5.1 | Implementation of the Noise Model

As a starting point, the complete circuit implementing the logical operation under
consideration is created with Qiskit. An exemplary code implementing the circuit of
the FT encoding of the logical state |0,) is provided in Section A.2.

Our noise model is inspired by erasures occurring on Rydberg quantum computing
platforms, which naturally support single-qubit operations and two-qubit CZ gates
[57]. These operations have been experimentally implemented with state-of-the-art
fidelities reaching 99.9 % and 99.5 %, respectively |7, 8]. Moreover, as discussed
in Subsection 2.2.2, generalizations to multi-qubit operations have already been
proposed as well. Controlled-X operations can easily be implemented on Rydberg
platforms by applying Hadamard gates before and after performing the corresponding
controlled-Z operation. Hence, we break down all two- and multi-qubit gates of the
circuits into CZ, CCZ, and CCCZ gates and apply Hadamard gates accordingly.

As our noise model, discussed in Section 3.1, assumes that qubits are only erased
during the implementation of two- and multi-qubit gates, we add the label “ideal”
to all single-qubit gates. Later, we will use these labels to determine where in the
circuit erasures may arise. To reduce the number of required qubits, we strategically
place reset operations. Qiskit then replaces the state of the reset qubit with |0). We
consider the reset operation to work ideally.

To build faulty circuits with erased qubits based on the ideal circuits, we use the
simulators which are discussed in the following Sections 5.3 to 5.5. The basic idea
is that gates acting on erased qubits do not take place. In the case of two- or
multi-qubit gates, no operation is applied to any of the involved qubits if at least
one of them is erased. This effect is explained in Section 3.1. In principle, we throw
a dice to decide where erasures are placed in the circuit and store this information
classically, e.g., in a list or an array. When building the faulty circuit from the ideal
one based on such a list, we remove all gates involving erased qubits. The reset
operation brings erased qubits back to the computational subspace, since we assume
that it corresponds to replacing or reinitializing the qubit in state |0). Thus, the list
encoding information about erased qubits needs to be continuously updated. Let us
now present concrete ways to simulate faulty circuits to analyze the performance of
the proposed FT logical operations. Before that, we explain how to check whether a
proposed circuit is F'T.

5.2 | Fault-Tolerance Check

In Chapter 4, we claimed that the designed circuits are F'T in the sense that one
arising erasure does not lead to errors on the encoded logical state. For our noise
model, defined in Section 3.1, we verify the FT of those circuits by simulating all
possible faulty circuits, where one qubit gets erased after applying a two- or multi-
qubit gate. In the first step of this F'T check, the complete circuit implementing the
logical operation under consideration is built as described in the previous section. If
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a logical operation is FT, all errors corrupting the output state should be correctable
by a subsequently applied ideal QEC circuit. Hence, we implement the QEC circuit
with all gates labeled as “ideal” directly after the logical operation acting on the
logical output state. This way, F'T is verified when all faulty circuits, followed by an
ideal QEC circuit, produce the desired output state.

Next, we explain how to simulate all faulty circuits one after the other, where in each
of them, a single erasure is placed at a different possible location. As a preparatory
step, lists of the gate names and labels are created. The elements are listed in the
order of the corresponding gates appearing in the circuit. Additionally, we create
a list encoding on which qubits each gate is acting. The qubits of the circuit are
numbered starting from 0. The elements of this qubits list are lists themselves
containing the numbers of the qubits involved in the corresponding gate. As an
example, consider the non-FT circuit implementing the encoding of the logical state
|0,) depicted in Figure 3.4. For that simple circuit, the gate_name_list could look
like

[th7, (h?) Lh?) ‘CZ’, (h?) Lh?) ‘CZ’, (h?]

as we compile CNOT gates into CZ (‘cz’) and Hadamard (‘h’) gates. Since all
single-qubit gates are assumed to be ideal, and two- and multi-qubit gates are not
ideal and thus not labeled, the gate label list would read

[ideal’, ‘ideal’; ‘ideal’, None, ‘ideal’, ‘ideal’, None, ‘ideal’].
The corresponding qubits list defining on which qubits the gates are acting, reads

(1), B3], [0], [1,0], [0], [2], [3,2], [2]].

Based on these three lists, we next build all possible faulty circuits with one erasure
and simulate them. We loop through all n gates of the circuit and for each gate
through the involved qubits. We create a list including n empty lists to later
determine the location at which a certain qubit is erased. If a gate is not labeled as
‘ideal’, we create such a list for each involved qubit with the number of the qubit
at the position corresponding to the gate to keep track of erased qubits. For the
example above, the erasure [list encoding the case in which qubit 0 is erased during
the first CZ gate would read

0.0 0, [0 0, 0,0, 1

Another list keeps track of erased qubits. This list includes the number of all qubits
that are not erased at that point in time. We refer to it as the clean qubits list. In
case the erasure list indicates that qubit ¢ is erased, we remove the number ¢ from
the clean_qubits list. If a reset operation is applied to an erased qubit, we need to
ensure that the qubit is re-added to that list.

For explicitly building a faulty circuit, we loop through all gate operations of the
complete ideal circuit constructed at the beginning. Reset operations are always
appended to the faulty circuit. In case the reset qubit was erased before, its number
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is again added to the clean qubits list. For all other operations, we only append
the gate to the faulty circuit if the numbers of all involved qubits appear in the
clean_ qubits list. To determine the location of the erasure error, we analyze the
erasure_list for each gate. If the list encodes an erasure occurring on a certain
qubit during the considered gate, we remove its number from the clean qubits  list.
Consequently, all following gates involving the erased qubit will not be appended to
the faulty circuit until a reset operation brings the qubit back to the computational
subspace. After simulating the faulty circuit followed by an ideal QEC circuit with
Qiskit’s statevector simulator performing 1000 shots, we measure the data qubits to
verify that the output state is correct.

For a better understanding, we illustrate the structure of the code, building all
possible faulty circuits in the following, using pseudo-code on the next page.

66



5.2 FAULT-TOLERANCE CHECK

encode input state (all gates have label ‘ideal’)
build complete circuit
append ideal QEC circuit (all gates have label ‘ideal’)

create gate name list
create gate label list
create qubits list

for gate in circuit:

« for every qubit involved in gate (encoded in qubits _list):
create empty erasure list
o if label of gate is ‘None’:

insert number of qubit at the position of gate into erasure list
create clean qubits list

. for gate in circuit:
. if gate is reset operation:
append gate to faulty circuit
o if qubit of gate (reset operation) is not in clean qubits list:
append qubit to clean qubits list
. else:
. if every qubit of gate is in clean qubits list:
append gate to faulty circuit

. if entry of erasure list corresponding to gate includes qubits
(indicating erasures):

remove qubits in entry from clean qubits list

simulate faulty circuit with Qiskit’s statevector simulator

analyze output state

For all the circuits presented in Chapter 4, this FT check was successful. We can
therefore proceed to calculate the error rates and analyze the logical noise model.
To this end, erasures must be deterministically placed in the circuit. How this can
be done will be discussed in the subsequent sections.

67



5 NUMERICAL METHODS

5.3 | Simulating Circuits with Multiple Erasures

After verifying F'T for all designed circuits, we proceed with the determination of the
logical error rates p,. This rate describes the probability that the logical operation
fails and introduces a logical error in the encoded state. We calculate the logical
error rate depending on the probability p that a two- or multi-qubit gate introduces
an erasure. In this section, we explain how to place multiple erasures and simulate
the resulting faulty circuit.

As for the FT check above, we start with building the complete circuit under
investigation, followed by an ideal QEC circuit. The input state is prepared ideally
as well. Then we continue with listing the names, labels, and qubits of the gates
forming the circuit. Next, we construct the erasure list similar to above. This time
we list the erased qubits in the erased_ qubits list. Analogously, we now loop through
all gates and their qubits, corresponding to looping over all possible erasure locations.
For reset operations, the corresponding qubit is removed from the erased qubits list
in case it was erased before. For all non-ideal gates, we randomly generate a number
q € [0,1]. If ¢ < p is smaller than the probability p that the gate fails, an involved
qubit will be erased. To decide which qubit gets erased, we need to differentiate
between the CZ, CCZ, and CCCZ gates. Since p is the probability that the whole
gate fails, p/n is the probability that a certain qubit of the n-qubit gate is lost.
Consequently, for all qubits involved in a non-ideal gate, we check whether ¢ falls in
the interval [(m — 1) - p/n, m - p/n| corresponding to the m'™ qubit of the gate. If
this is the case and the corresponding qubit is not already erased, the erasure list
encodes that the qubit will be erased in the remainder of the circuit or until it is
reset. Furthermore, we add the number of the erased qubit to the erased qubits_list.
In addition, we count the erasures placed in the circuit. After the erasure list is
generated, we check whether the total number of placed erasures is larger than one.
Since the F'T checks were successful, the output state of a circuit with fewer than
two erasures is always correct. Thus, we only simulate circuits with more than
one erasure. The faulty circuit is built and simulated based on the erasure_list
analogously to the F'T check in Section 5.2.

To determine the logical error rates for the encoding, QEC circuit, and universal gate
set, we each time simulate 10¢ faulty circuits with randomly placed erasure errors.
For each faulty circuit, we check if it produces the desired output state and count
how many circuits fail to do so. The logical error rate is then determined by dividing
this number by the total number of shots, in this case 10°. We numerically determine
the logical error rates for eight different probabilities p € [2-107*, 3-1072].

Unfortunately, this simulator is not highly efficient because at each location, a random
number is generated to determine whether an erasure occurs. In the following, we
will refer to this simulator as the full simulator. However, it is unlikely that for a
small error probability p, many gates fail. Hence, the goal of the following section is
to program a more efficient simulator, building erasure_lists only encoding faulty
circuits with more than one, but fewer than a given maximum number of erasures.
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5.4 | Simulating Circuits with a Restricted Number
of Erasures

In this section, we adapt the simulator presented previously to speed up the run
time of simulating large circuits with many qubits. For determining the error rates
or the logical noise model of a logical operation, the simulation of circuits with more
than one erasure is required. Due to FT, all operations work correctly if fewer than
two qubits are erased during their implementation. Furthermore, the contribution
of faulty circuits corrupted by many erasures is small. Consequently, we introduce
a maximum number of erasures n,,, we want to simulate. We assume that the
contribution of circuits with more than n,,, = 7 erasures is negligible. We will
refer to this simulator as the effective simulator. We compare the performance of
the full and effective simulator when simulating different logical operations. The
numerical results of both simulators coincide, indicating that the assumption that
the contribution of circuits with more than seven erasures is negligible is valid. For
a more detailed discussion, refer to Section 6.1.

For simulating circuits with only two to n,... erasures, we first build the complete
circuit with an ideal encoding of the desired input state. Then, the ideal QEC circuit
is appended. Next, we create lists with the names, labels, and qubits of the circuit
under consideration in the same way as in Sections 5.2 and 5.3. The goal of this
effective simulator is to only build erasure lists encoding circuits with two to n,,..
erasures. In principle, each qubit can only be affected by one erasure before it is reset.
In order to use the effective simulator, we temporarily replace the reset operations
by appending new qubits at the end of the original qubit register. A mapping needs
to be defined to assign these additional qubits back to the reset qubits in the original
circuit when building the faulty circuits. Consequently, we get new lists storing the
information about the gate names, gate labels, and qubits involved in the given gate.
Furthermore, the circuit effectively consists for the moment of more qubits.

We use a minimal example to show how the efficient simulator, used to build and
simulate the faulty circuits, works. The example circuit consists of two qubits and
is shown on the left in Figure 5.1. After bringing qubit 0 into the superposition
state |+), a CZ gate entangles both qubits. After resetting qubit 1, another CZ
gate is applied. The effective simulator, however, interprets the reset operation as
introducing an additional qubit 2, resulting in the circuit shown on the right in
Figure 5.1. We define the dictionary reset qubit dic mapping the additional qubits
back to the original qubits being reset. For the example circuit, the corresponding
dictionary reads

f2:1},

indicating that the additional qubit 2 in the effective circuit corresponds to the first
qubit of the original circuit after it is reset. The list of the gate names of the effective
example circuit reads

[L},177 ‘CZ77 4id7’ ‘CZ’],
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Figure 5.1: Example circuit for the effective simulator. The original circuit shown on
the left consists of two qubits. A Hadamard gate brings qubit 0 into the
superposition state |+), and afterwards a CZ gate entangles both qubits.
Next, qubit 1 is reset and again entangled with qubit 0 via a CZ gate.
The effective simulator interprets this circuit as the circuit on the right.
To replace the reset operation, an additional qubit 2 is appended to the
circuit, increasing the effective number of qubits to 3. The second CZ
gate thus entangles qubit 0 and 2.

where ‘id” marks the position of the reset operation of the original circuit. The list
of gate labels is given by

['ideal’, None, ‘new qubit’, None|,

where ‘new qubit’ is the label of the reset operation. Since an n-qubit gate fails with
a probability of p, the probability for each qubit to be erased is p/n. For the gates
used in the circuits under consideration, we thus find the following probabilities that
a certain qubit of the gate is erased

p p p
Pcz = 5’ DPccz = ga Pcccz = Za Pideas = 0. (5'4'1)

Next, we generate the error on_ qubits list. 1t itself consists of lists, each cor-
responding to one of the qubits of the effective circuit. All of those lists contain
exactly as many elements as the effective circuit has gates. Each element describes
the probability that the given qubit is erased after the corresponding gate. For the
example circuit, the error on_ qubits [ist contains three lists, each corresponding
to one of the three effective qubits. Each list has four elements belonging to the four
gates of the circuit. It is given by

H cz id Cz
[f/o\v pCZ ) 0 ’ pCZ ]7\[07 pCZ7 07 Olv \07 Oa 07 pczl]-
% ar PS

Based on this list, the total probability that the given qubit is erased after a specific
gate is determined and stored in the p_error list. A certain gate can only introduce
an erasure if the involved qubits were not erased before. As an example, consider
qubit 0 of the example circuit in Figure 5.1. As all single-qubit gates are assumed to
be ideal, the Hadamard gate will not introduce an erasure. Hence, the first entry of
the list characterizing qubit 0 in p_error_list is zero. The second gate is the CZ
gate introducing an erasure on qubit 0 with probability p.,. Lastly, the second CZ
gate can only lead to an erasure if the first CZ gate worked out faultlessly. As a
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result, the probability that qubit 0 is erased after the second CZ gate amounts to
(1 = pcz) - pez. The complete p_error list of the example circuit follows to be

H o7 id Cz
A~ —m———
[(0/0\’ DPcz s 0 ) (1 _pCZ) 'pCZla [07 DPcz,s 07 0l7\07 07 07 pCZl]'
a a @

With the help of the p_error_lists, the probability that no erasure occurs in the
whole circuit is determined. Furthermore, for each qubit of the effective circuit,
the total probability that it is erased at some point during the implementation is
calculated and appended to the tot prob_erase qubit list. This list reads

[p1 = Pcz + (1 - pcz) *Pczy P2 = Pcz, P2 = pcz]
\ -— 7/ e, e’ N, e’

q0 q1 q2

in our example. Subsequently, we use the dictionary sorted _errors to keep track of
which qubits are erased and with what probabilities p,. For our example, we find

{pz : [17 2]7 D1 [0]}

indicating that both qubit 1 and 2 are erased with probability p, = pc,. On the
other hand, qubit 0 gets erased with a total probability of p, = pe, + (1 — pez) - Pez-

The next part of the algorithm collects all possible combinations in which up to n,,..
erasures happen on the qubits of the effective circuit. Each pattern is stored in a list,
and afterwards, all lists are collected in the faults sorted dictionary according to
the total number of erasures affecting the circuit. The lists have as many entries as
different total probabilities p; exist. The first number indicates how many erasures
with probability p, occur, and so on. In the example illustrated above, qubits get
erased with two different probabilities p, and p,. Hence, the lists have length two. If
only one erasure corrupts the circuit, there are two possible ways this can happen.
Either the erasure occurs with probability p, or with p,. These two cases are encoded
in the two lists [1, 0] and [0, 1], respectively. The faults sorted dictionary collects
all these lists and sorts them according to the total number of erasures. For our
example, the dictionary is of the form

QT 0 [0, 1] 22, OLL 1, 0,2]] 8¢ ey mas ).

one erasure

In the next step, the faults sorted dictionary is used to calculate the probability
that no erasure happens in the whole circuit. Making use of the faults sorted and
sorted_errors dictionaries, another dictionary is generated stating the probabilities
Do eris P1oerss ++os Prmax o, that 0, 1, ... m.. erasures happen. Additionally, we determine
the probability that more than n.., erasures happen and append it as well. This
prob_n__errors dictionary is of the form

{O: pO er.) 1 : pl er.y *°° 7/Lmax: pnmax er.) > nmax: pabove}'

71



5 NUMERICAL METHODS

Next, we determine the number of effective shots n .4 . That would be the shot
number if circuits with zero and one erasure were simulated as well. However, the
number of shots n,,. is the actual number of simulations of faulty circuits that will
be run in the end. The following step is to determine how many shots are needed
each time to simulate circuits with 2, 3, ..., nya erasures. For example, the number
of shots simulating circuits with exactly two erasures is given by p, o * 7 og. shots-
Moreover, we normalize the probabilities included in the lists of p_error list. For
each of these lists, the normalization is given by the sum over all list elements. Based
on these probabilities, we will generate erasure lists encoding one faulty circuit for
each shot. The locations of the erasures are decided randomly. Similar to the F'T
check and the full simulator discussed in Sections 5.2 and 5.3, each erasure list
consists of lists each characterizing one gate of the circuit. On the one hand, empty
lists represent faultless gates. On the other hand, list entries correspond to the
involved qubits that get erased after the gate implementation.

Before the effective simulator builds the faulty circuits encoded in the erasure lists,
we map the additional qubits of the effective circuit back to the original ones using
the reset qubit dic. Finally, the faulty circuits are built and simulated analogously
to Section 5.2. Suppose a faulty circuit of our example above is encoded in the
erasure__list

o al, 0y 2
WY

This corresponds to the case in which qubit 1 is lost after the first CZ gate and qubit 2
after the second CZ gate of the effective circuit. With the help of the reset qubit_dic
{2 : 1}, the additional qubit 2 can be mapped back to qubit 1, which is reset in the
original circuit. As a result, the revised erasure_ list reads

o a0,
R

The corresponding faulty circuit is illustrated in Figure 5.2.

,

Figure 5.2: Faulty example circuit corresponding to the erasure list [[], [1], [], [1]]
with two erasures generated by the effective simulator. Empty lists
correspond to faultless gates, while numbers indicate the qubits getting
erased after the faulty gate represented by the red starburst.
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5.5 | Simulating Circuits with More than 30 Qubits

Although the effective simulator can significantly speed up the simulation of large
faulty circuits compared to the full simulator, another problematic issue arises. The
number of qubits that can be simulated classically is fundamentally limited because
quantum states grow exponentially with the number of involved qubits. Consequently,
the needed memory and computation time of such systems grow exponentially as well.
Although the AerBackend of Qiskit has 36 qubits [99], in most cases, the classical
upper bound for realistic and efficient state vector simulations is ~ 30 qubits. To
store the state vector of an n-qubit system, 2" complex amplitudes are required.
Qiskit Aer uses 16 bytes per amplitude, resulting in a needed memory of 16 GB for
30 qubits [99]. Furthermore, our simulations start to significantly slow down for
circuits with more than 20 qubits, but the F'T' circuit implementing the logical T,
gate contains 36 qubits. Thus, we developed a workaround to reduce the number of
qubits required for the simulation of large MF circuits.

The goal is to design circuits fault-tolerantly, implementing logical operations with-
out measurement-based feedback. Consequently, several detection qubits storing
the information about erased qubits are required to control conditioned feedback
operations. Especially, in the case of the logical T, gate, the number of ancilla qubits
is large. In many cases, the information stored in an ancilla qubit is only needed
long after it has been encoded. Since the information about whether a qubit has
been erased is classical, we can store it in a classical form. To effectively simulate
circuits with more than 30 qubits, we encode the states of several detection qubits
into classical bits. If the DU flags an erasure, the detection qubit is flipped to |1),
and we store this information as a classical bit 1. If no erasure was detected, the
corresponding classical bit remains 0. After this measurement, the qubit is directly
reset such that it can be reused. The measurement outcomes are classically stored in
a bit string until the corresponding feedback is applied.

Before the feedback implementation, a new detection qubit is initialized in |0). If
the associated bit is 1, we flip the fresh detection qubit to state |1) with a Pauli-X
gate. This new detection qubit is now in the same state as the detection qubit
before the measurement and controls the feedback operation accordingly. This
strategy has the advantage that the information for the feedback operation is stored
in classical bits rather than qubits, as long as it is not needed. These measurements
are just a tool to reduce the number of qubits that encode information, but do not
take part in operations over a longer period of time. It does not conflict with the
idea of MF implementations, as it is only used to implement and simulate the MF
circuits numerically. The feedback operation is not chosen based on the measurement
outcomes. In contrast to measurement-based strategies, the feedback operations are
always implemented as conditional gates. Only the detection qubits controlling the
feedback are reinitialized in the state prior to the measurement. This way, the total
number of qubits needed simultaneously can be significantly reduced. After building
circuits with a reduced number of effective qubits, we simulate faulty circuits with
two to n,,,, erasures in the same manner as the effective simulator does.
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As an illustrative example, consider the first gates of the logical T, gate depicted in
the upper half of Figure 5.3. Four DUs, illustrated in purple, detect erasures on the
logical code block and flip a detection qubit if triggered. The four detection qubits,
combined with a syndrome qubit of a subsequent stabilizer extraction (orange),
control the corresponding feedback operations. In this scenario, four detection qubits
are required to store the information about erased data qubits until feedback is
implemented. To reduce the number of qubits, we measure the detection qubits
directly after the implementation of the DU, as shown in the lower half of Figure 5.3.
If the DU detects an erasure, it flips its detection qubit. The subsequent measurement
of the detection qubit stores the outcome in a corresponding bit of the classical bit
register represented by the double line in Figure 5.3.

Consider the first purple DU. If the first data qubit of code block B is erased, classical
bit ¢, is set to 1; otherwise, it remains 0. Immediately afterwards, we reinitialize
the detection qubit in state |0) and reuse it for the second DU in the circuit. We
repeat the measurement and again store the outcome, but this time in classical
bit ¢,. Finally, we reset the detection qubit as before. The same procedure is now
repeated as often as necessary. The classical bit string is stored until the feedback
is applied. Before implementing the feedback operation, we initialize a fresh qubit
representing the original detection qubit in state |0). Next, we check the value of
the corresponding classical bit. In case no erasure was detected earlier, the bit is 0,
and no operation is applied. If the classical bit is 1, indicating an erasure, the fresh
detection qubit is flipped by a Pauli-X operation. Following this, the conditioned
feedback is applied, controlled by the detection qubit and possibly a syndrome qubit.
Afterwards, we reset the detection qubit and prepare it either in |0) or |1) depending
on the next classical bit. In the first circuit shown in Figure 5.3, the information
whether erasures occurred is encoded in the state of several qubits. The feedback
operation is then directly controlled by these qubits. In contrast, the lower circuit
only needs one qubit acting as a detection qubit, being repeatedly reset, and a
classical bit string encoding the information about erased data qubits.

This strategy allows us to significantly reduce the number of qubits required for
the numerical simulation of large circuits. By storing information about erasures in
a classical bit string instead of encoding it within the qubit states, we drastically
decrease the necessary memory. Hereafter, we will refer to this as the semiclassical
simulation. This procedure serves as a valuable tool for numerically simulating large
FT circuits that, in principle, do not require mid-circuit measurements. The original
circuit implementing the logical T, consists of 36 qubits. With the strategy above,
we express this circuit using only 21 qubits and 20 classical bits, temporarily storing
information about erased qubits, thereby enabling numerical simulations. We ensure
that the results of this semiclassical simulator match those obtained with the full
and effective simulator®.

We have finally laid the groundwork for analyzing the performance of the proposed
logical FT operations on the erasure-detecting [[4, 1, 2|] code. In the subsequent
chapter, we will use the numerical methods presented here to determine the error
rates and the logical noise model of the proposed F'T circuits.

'More details are provided in the subsequent Chapter 6.
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Figure 5.3: Example circuit for the semiclassical simulator. Both circuits correspond
to the first part of the logical T, gate. The upper circuit shows the conven-
tional implementation where erasures are detected and this information
is encoded in detection qubits controlling the subsequent feedback. In
the lower circuit, detection qubits are measured after each DU to reduce
the number of simultaneously required qubits and afterwards reset. If an
erasure is detected, the corresponding classical bit is set to 1; otherwise,
it remains 0. The detection qubit is then reset and reused for the next
DU. Before feedback is applied, a fresh qubit initialized in |0) represents
the original detection qubit and is flipped to |1} if indicated by the stored
classical bit. The feedback is controlled by this qubit, which is subse-
quently reset and reused. Storing erasure information temporarily in a
classical bit string reduces the number of required qubits and enables the
simulation of circuits with effectively more than 30 qubits.
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Chapter 6 | Logical Performance

This chapter combines the results and methods derived in the previous chapters.
We use the numerical methods developed in Chapter 5 to analyze the performance
of the circuits designed in Chapter 4. First, we calculate the logical error rates of
all presented circuits in Section 6.1, simulating them with the different simulators
introduced above. Furthermore, we derive the break-even points below which the
failure of a logical operation is less likely than the occurrence of physical errors.
Section 6.2 forms the second part of this chapter. Here, we present the characterization
of the logical noise model for the encoding, the QEC circuit, and the logical gates.

6.1 | Logical Error Rates

We start with numerically determining the probability p, that the implemented
logical operation fails depending on the physical error rate p. We randomly place
erasures as discussed in Chapter 5, assuming that two- and multi-qubit gates fail with
a probability of p, introducing an erasure on one involved qubit. Next, the resulting
faulty circuits are built and simulated with the appropriate simulator. Thereafter,
we check whether the output state is correct and determine the probability that
the logical operation failed. The latter is given by the fraction of faulty circuits
producing the wrong output state. We calculate the logical error rate p, for eight
different physical error rates p € [2-1074, 3-1072].

For single-qubit operations, we average over the failure probabilities for the input
states |0,) and |+,) to determine the averaged logical error rate p, of the logical
operation under consideration. In literature, this is commonly done as these states
are sensitive to logical Pauli-X and -Z errors, respectively. The analysis of the logical
noise model of all presented logical operations in Section 6.2 will reveal that this
method is reasonable for the logical single-qubit operations.

Furthermore, we fit the numerical data with a function oc p? being quadratic in the
physical error rate p as we designed the circuits to be FT. The linear order p should
not contribute to the logical error rate, and for small physical error rates p, higher
orders should be negligible. For larger values of p, the contributions of higher orders
o« p?,p3, ... cannot be neglected. Thus, a quadratic fit is only suitable in the regime
of low error rates. Based on the fit of the logical error rate, the break-even point,
below which logical errors are less likely than physical errors, will also be evaluated.
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6 LOGICAL PERFORMANCE

For logical two-qubit gates entangling logical code blocks, like the CNOT, gate, an
analogous consideration is not straightforwardly applicable. Erasures during the
implementation lead to correlated logical errors in both code blocks. Consequently,
it is not clear which input states are sensitive to the arising correlated logical errors.
Hence, we will refrain from determining an averaged logical error rate of the logical
CNQOT, gate in this section. Nevertheless, we will carefully analyze the logical noise
model in Subsection 6.2.2.

6.1.1 | Encoding

First, we present the performance of the encoding constructed in Section 4.1. For
the numerical determination of the logical error rate, we simulate faulty circuits with
the full and the effective simulators presented in Sections 5.3 and 5.4, respectively.
We check how often the encoding of the logical states [0,) and |+,) fails to derive
the logical error rate p, given by the average.
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Figure 6.1: Logical error rate of the FT encoding. For the numerical calculation of the
logical error rate p,, we use the full as well as the effective simulator. The
resulting values are depicted in orange and green, respectively. The results
are in great agreement with each other as well as with the quadratic
fit shown in blue over a broad regime of physical error rates p. The
break-even point is determined by the intersection of the fit function
with the physical error rate, represented by the gray dashed line. The
break-even point is found to be at p,. = 3.7 - 1072,

In Figure 6.1, we plot the logical error rates determined with the full and effective
simulator in orange and green, respectively. The numerical results of both simulators
coincide nearly perfectly. In addition, we fit the numerical data with a quadratic
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fit function o< p? depicted in blue. For the whole plotted regime of physical error
rates p, the numerically determined logical error rates are in great agreement with
this quadratic increase represented by the straight fitting line in the log-log plot.
The break-even point is determined by the intersection of the fit function with the
physical error rate, represented by the gray dashed line and marked with a black
cross. Its value is found to be p,, = 3.7- 1072 Compared to the current values
of physical rates ~ 1072 — 103 of erasure errors of two-qubit gates on Rydberg
platforms [7-9], the break-even point is quite high.

6.1.2 | QEC Circuit

Next, we determine the logical error rate of the QEC circuit, which was discussed in
Section 4.2. The numerical results are shown in the log-log plot in Figure 6.2. Again,
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Figure 6.2: Logical error rate of the QEC circuit. For the numerical calculation of the
logical error rate p;, the full as well as the effective simulator are employed.
The resulting values are depicted in orange and green, respectively. These
results exhibit substantial agreement with one another and with the
quadratic fit illustrated in blue across a wide range of physical error
rates p. The break-even point is determined by the intersection of the
fit function with the physical error rate, represented by the gray dashed
line. The break-even point is found to be p,, = 1.1 - 1072

we use the full as well as the effective simulators. The resulting logical error rates
exhibit substantial agreement with one another. As for the logical encoding, the
quadratic increase with the physical error rate p is confirmed. Almost all numerically
determined data points align closely with the fit function depicted in blue. For the
lowest values of p, we observe small discrepancies between the results from the two
different simulations. However, this can be attributed to numerical inaccuracies.
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Since the number of shots in the full simulator is smaller than the number of effective
shots in the effective simulator, the statistical errors are larger when using the full
simulator. Additionally, we observe that higher-order terms in the physical error
rate p begin to contribute in the regime of very high values. The last two logical
error rates lie slightly below the fit function, indicating a small deviation from the
quadratic relation.

The break-even point, determined by evaluating the intersection of the fit function
o p? with the physical error rate p, yields a value of p,. = 1.1 - 1072, This value is
slightly lower than that of the F'T encoding analyzed above. Given that the QEC
circuit is both more complex and larger than the F'T encoding circuit, the lower
break-even point of the QEC circuit is expected. More gates and qubits increase the
number of possibilities that a gate fails, resulting in a logical error in the output
state more often.

6.1.3 | Logical Hadamard, S, and T Gate

In this subsection, we evaluate the averaged error rates and break-even points
of the FT logical Hadamard, S;, and T, gates. The corresponding results are
shown in Figure 6.3. As the circuits implementing the Hadamard and T, gates
are large and include numerous qubits, we use the semiclassical simulator for the
numerical simulations. For the S, gate, including fewer qubits and physical two- and
multi-qubit gates, we benchmark the performance of the three different simulators
presented in Chapter 5. The results obtained with the full, effective, and semiclassical
simulators are in excellent agreement with each other, as shown in Figure 6.3(b).
This consistency validates the assumptions and approximations used to program
both the effective and semiclassical simulators, as they successfully reproduce the
results obtained with the full simulator.

The logical error rates of all three single-qubit gates are accurately modeled by a
function that is quadratic in the physical error rate p. Particularly for lower values
of p, the numerically determined logical error rates align well with the quadratic
fit function shown in blue. For higher error probabilities p, the deviation of the
numerical values from the quadratic fit function increases. Especially, for the logical
T, gate, a flatting is observed for p ~ 1072. As explained above, for large error
rates p, it gets more likely that several erasures occur during the implementation
of a logical operation. Hence, in this regime, the contribution of higher orders is
not negligible anymore, explaining the deviation from the fit function that only
models the quadratic dependence of the logical error rate. Furthermore, when using
the effective or semiclassical simulator, the data points for high probabilities p
underestimate the logical error rate p, due to the chosen cut-off at ny., = 7.

The break-even points of the three logical single-qubit gates are again determined
by the intersection of the fit function with the physical error rate p. A break-even
point at p,. = 2.9 - 1073 can be taken from Figure 6.3(a) for the logical Hadamard
gate. For the logical S, gate, a value of p,. = 5.6 - 1072 is found, see Figure 6.3(b).
Finally, as shown in Figure 6.3(c), the value of the break-even point of the logical T,
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Figure 6.3: Logical error rate of the logical single-qubit gates. The numerically
determined values of the logical error rates p, are depicted as points,
while the straight lines represent quadratic fits. The gray dashed line
corresponds to the physical error rate p and indicates the break-even
points marked with a black cross. For (a) the logical Hadamard gate H,
as well as (c¢) the logical T, gate, the semiclassical simulator, indicated
in red, is used for numerical simulations. For (b) the logical S, gate,
all three simulators, full, effective, and semiclassical, are employed as
indicated in orange, green, and red, respectively.

gate amounts to p,. = 1.4 - 1072, These values are significantly lower than the ones
obtained for the encoding and the QEC circuit. However, the number of involved
qubits, but especially the number of gates, is notably higher. While the QEC circuit
includes 83 two- and multi-qubit gates, potentially introducing erasures, the S, gate,
the smallest logical single-qubit gate, already contains 131. For the T, gate, the
difference is even more drastic, since the number of two- and multi-qubit gates is
more than three times larger than for the QEC circuit. As a result, we find a clear
dependence between the number of two- and multi-qubit gates and the break-even
point: The more two- and multi-qubit gates a circuit has, the lower the break-even
point is. Consequently, the logical S; gate, as the single-qubit gate with the shortest
circuit, has the highest break-even point. The low break-even point of the logical T
can be traced back to its considerably large circuit.

Although the break-even points of the large circuits fall within the range of physical
error rates of some current experimental setups, those of the logical encoding and
the QEC circuit are promisingly high. We can conclude that our simplified noise
model serves as a toy model allowing us to prove that Measurement-Free Quantum
Error Correction of Erasure Errors is, in principle, possible.
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6.1.4 | Faulty Physical Single-Qubit Gates

The noise model presented in Section 3.1 assumes that erasures only occur during
the implementation of two- and multi-qubit gates. However, in general, single-qubit
gates might also introduce erasure errors, and idling qubits might be erased as well.
Therefore, we perform FT checks of all presented circuits under the assumption that
all gates of the circuits might introduce an erasure error. We verify that all circuits
presented in Chapter 4 are F'T under the assumptions that all gates are faulty and
that one qubit involved in the gate might be erased after its implementation.

In addition, we determine the logical error rates averaged over initial states |0,) and
|+,) for the encoding, the QEC circuit, and the logical S, gate which are shown in
Figure 6.4. As the number of potential erasure locations significantly scales up under
the assumption that all gates might introduce erasures, the run time of numerical
simulations increases drastically. Due to their excessive run times, we skip the
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Figure 6.4: Logical error rates p, of (a) the encoding, (b) the QEC circuit, and (c)
the logical S, gate under the assumption that physical single-qubit gates
might fail with probability p as well. The numerical data is calculated
with the full simulator and shown in orange. The quadratic fit function
is depicted in blue, while the physical error rate p is represented by the
gray dashed line. Their intersection determines the break-even points
marked with a black cross.

numerical determination of the logical error rates of the logical CNOT,, Hadamard,
and T, gates.

For the numerical simulation, we assume for simplicity that all gates, single as well as
two- or multi-qubit gates, introduce an erasure on one of the involved qubits with the

same probability p. In real experimental setups, however, different gates may have
varying failure rates. For the numerical determination of the logical error rate, we
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adapted the full simulator to include erasures introduced by single-qubit gates as well.
The results are depicted in orange in Figure 6.4. Similar to before, the increase of the
logical error rates in p is accurately modeled by a quadratic fit function o p? depicted
in blue. For higher physical error rates, the data points show slight deviations from
the fitting line, as higher orders in p become more relevant. The break-even point
of the encoding is at p,. = 3.2 - 1073, as shown in Figure 6.4(a). Compared to the
value p,. = 3.7 - 1072 from Figure 6.1, it is one order of magnitude lower. A similar
observation for the QEC circuit is obtained when comparing the break-even point of
Py = 9.6 - 107 taken from Figure 6.4(b) with the value of p,, = 1.1 - 1072 found in
Figure 6.2. The break-even point of the logical S, gate obtained in Subsection 6.1.3
amounts to p,. = 5.6 - 1073, while in the case that all gates could introduce erasure
errors, it drops to p,. = 5.4 - 1074, see Figure 6.4(c).

6.2 | Logical Noise Model

In this section, we now analyze the effective noise model of the logical operations
constructed above. The goal is to identify the effective logical errors on the logical
qubits described by Kraus operators. To achieve this, we use the effective or
semiclassical simulator to simulate faulty circuits with randomly placed erasures. We
do standard quantum process tomography (SQPT), introduced in Subsection 2.1.3
for the encoding, the QEC circuit, and the logical universal gate set. We choose
the common n-qubit input states {|0), [1),|+),|i+)}®". After simulating the faulty
circuits, we compare the output state of the numerical simulation with the final state
obtained after performing the ideal logical operation. From that, the Choi matrix x
defined in Equation (2.1.21) is determined, characterizing the full Kraus channel of
the logical operation.

In order to extract the Kraus operators, we take two different paths for the logical
single-qubit operations and the logical CNOT, gate. Since the latter acts on two
logical qubits, correlated errors may arise, and the analysis of the logical noise
model is notably more complicated. First, we will determine the Kraus operators
describing the noise channel of the logical single-qubit operations in Subsection 6.2.1.
Afterwards, the Kraus channel of the logical two-qubit CNOT, gate is derived in
Subsection 6.2.2.

6.2.1 | Logical Single-Qubit Operations

For the single-qubit operations, namely the encoding, the QEC circuit, the Hadamard
gate, the S, gate, and the T, gate, the logical noise model can be characterized by a
general single-qubit Pauli channel

Epauti(P) = pilpl + p, XpX +p,YpY +p.ZpZ (6.2.1)

with p, =1 — (p, + p, + p.). Correspondingly, the Kraus operators are given by

Ki=Vil, K.=ViX. K,=ypY. K.=viZ (622
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and the logical errors corrupting the output state are the logical Pauli-X,, -Y,, and
-7, errors. Applying SQPT allows us to evaluate the rates p; of these errors, which
are plotted in Figures 6.5 and 6.7.
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Figure 6.5: Characterization of the logical noise model for the encoding. The points
show the numerically determined rates of the three logical Pauli errors
X., Y., and Z, in the output state of the encoding. The rates were
determined with SQPT. The gray dashed line represents the physical
error rate p, and its intersection with the rates indicates the break-even
point. The numerical data is fitted by functions that are quadratic in p
and shown in blue.

For all logical operations, we verify that the resulting Kraus channel correctly models
the logical noise. Assume the logical state |0,) is initially prepared and used as an
input state of the logical operation under consideration. According to the Pauli
channel, the output state may be corrupted by one of the Pauli errors X,, Y, , or Z;.
Logical state |0,) is sensitive to only X, and Y, errors, as a Z, operation does not
have any effect on this particular state. Consequently, the logical error rate of the
logical operation with the input state |0,) should equal the sum of the error rates
p. + p, for Pauli-X, and -Y, errors. Analogously, the logical error rate determined
for input state |+,) should agree with the sum p. + p, of the error rates of Z, and Y,
errors. We perform this consistency check for all logical single-qubit operations. As
a result, we can verify that the Pauli channel in Equation (6.2.1) is an appropriate
logical noise model of the encoding, the QEC circuit, the Hadamard, the S;, and the
T, gate. Exemplarily, we plot the results of the consistency check for the encoding in
Figures 6.6. The sum of error rates p, + p, (orange) aligns perfectly with the logical
error rate determined for encoding the logical state |0,) (blue) which is shown in
Figure 6.6(a). The sum of error rates p.+p, (orange) exactly matches the logical error
rate for encoding the logical state |+,) (blue) as well, see Figure 6.6(b). In addition,
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we conduct the consistency check for an arbitrary input state. We choose the state
|W,) =1/v2(|0) + €™/ |1)) with density matrix p = |¥,) (¥,| and determine the
logical error rate p, with the full and effective simulator. The results are depicted
in blue and green in Figure 6.6(c). To check whether the Pauli channel defined in
Equation (6.2.1) reproduces these results, the infidelity 1 — F between the input
state |U,) (¥, | and the output of the Kraus channel &;,,;(|¥,) (V,|) is determined.
The resulting data points are illustrated in red. These results produced by the Pauli
channel &;,,; are in excellent agreement with the numerically determined logical
error rates. This confirms that the Pauli channel correctly describes the logical noise
model of the encoding.
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Figure 6.6: Consistency checks of the logical noise model for encoding the logical
states (a) [0,), (b) |[+,) and (c) [¥,) = 1/v/2(|0) +€™7|1)). These
results verify that the Pauli channel correctly describes the noise model.
(a) The sum of rates for X, and Y, errors (orange) matches the logical
error rate for encoding the state |0,) (blue). (b) The logical error rate
for encoding the state |[4,) (blue) coincides with the sum of error rates
for Z, and Y, errors (orange). (c¢) The logical error rate determined for
the input state |W,) with the full (blue) and effective (green) simulator
coincides with infidelity of the input state |¥,) (¥, | and the output state
Epaui(|V,) (¥,]) of the Pauli channel (red).

For the other logical single-qubit operations, we conduct the consistency check for
the input states |0,) and |+,) as well. The excellent agreements confirm that the
general Pauli noise channel fully characterizes the logical noise model of the logical
single-qubit operations.

The characterization of the logical noise model for the QEC circuit, the Hadamard,
the S;, and the T, gate is shown in Figure 6.7. The numerically determined values
of the error rates of the three Pauli errors X,, Y,, and Z, are plotted for eight
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Figure 6.7: Characterization of the logical noise model for (a) the QEC circuit, (b)
the logical Hadamard gate, (c) the logical S, gate, and (d) the logical
T, gate. The numerical rates for the three logical X;, Y, and Z, Pauli
errors were determined with SQPT and are represented as points. The
straight lines correspond to quadratic fit functions. The gray dashed line
represents the physical error rate p and indicates the break-even points
Dy at the intersections with the error rates.

different physical error rates p € [2- 1074 3 - 1072 and are represented by points.
The straight lines correspond to quadratic fit functions oc p?> modeling the leading
order. Furthermore, to indicate the break-even points, the physical error rate p
is represented by a gray dashed line. The break-even-points for the encoding are
given by p,. = 6.6 - 1072 and p,. = 8.0 - 1072. For all considered logical operations,
we find that Pauli- X, and -Y, errors occur at the same rate. For the encoding,
the logical noise model effectively reduces to a depolarizing noise channel, since
p. = p, =~ p.. Due to the simple, highly symmetric circuit implementing the encoding,
the probability that one of the logical Pauli errors occurs on the output state is
almost the same for all three types, as shown in Figure 6.5(a).

The rate of logical Z, errors corrupting the output state of the QEC circuits is lower
than the rates for logical X, and Y, errors, as seen in Figure 6.7. The reason for
that could be that there are significantly more conditioned NOT feedback operations
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6.2.2 LogicaL CNOT GATE

than bare Z operations in the circuit, see Figure 6.7(a). Thus, the probability that
several of these X feedback operations are not correctly implemented, accumulating
to logical X, errors, is higher compared to the accumulation to Z, errors. The
break-even points are determined to be p,, = 1.9-1072 and p,. = 7.4 - 1072.

The characterization of the logical noise model for the logical Hadamard gate is
presented in Figure 6.7(b). First of all, since the circuit contains significantly more
gates than the QEC circuit, the error rates are notably lower. In contrast to before,
the rate for logical Z, errors is higher than the rates for logical X, and Y, errors.
The values of the break-even points amount to p,. = 3.5- 1072 and p,, = 7.5 - 1073.

The logical S, gate introduces significantly more logical Z, than X, and Y, errors.
The rate for Z, errors is approximately one order of magnitude higher than the one
for X, and Y, errors as seen in Figure 6.7(c). The corresponding break-even points
lie at p,, = 3.3-107% and p,, = 3.3- 1072

For the logical T, gate, the difference between the rates of logical Z, and X, or Y,
errors is even more pronounced, see Figure 6.7(d). While the break-even point of X,
or Y, errors lies at p,. = 1.7 - 1072, it only amounts to p,. = 7.9 - 10~ for Z, errors.
Furthermore, the Z, rate is about 1.5 orders of magnitude larger than the rate for
X, or Y, errors.

Similar to the analysis of the averaged logical error rates presented in Section 6.1,
we find lower error rates for larger circuits. While the rates for logical Pauli errors
on the output states of the encoding and the QEC circuit are high, the rates of the
logical gates get worse with increasing number of gates and qubits, as expected.

6.2.2 | Logical CNOT Gate

The goal of this subsection is to characterize the logical noise model of the logical
CNOT, gate. More specifically, we determine the Kraus operators of the noise
channel as defined in Equation (2.1.12). As a two-qubit gate, the logical CNOT,
operator acts on two code blocks encoding a logical two-qubit state. Erasures on
one logical code block may lead to errors on the other block. Consequently, the
errors in the final code blocks are most likely correlated. Following that, the logical
noise model of the CNOT, gate cannot be described by a general two-qubit Pauli
noise channel, like in the case of the single-qubit operations. To determine the Kraus
operators characterizing the logical noise model, we analogously proceed with SQPT
as before. As a result, the Choi matrix y, defined in Equation (2.1.21), is evaluated.
Analyzing the most dominant elements x,,.., we begin with guessing the structure
of the operators F, from Equation (2.1.19). The entries with the largest weights
indicate the most relevant errors and suggest the structure of the dominant Kraus
operators. Based on these entries, we choose one by one an operator E, whose matrix
pattern matches these strong components and whose amplitudes reproduce some
main features of matrix y.

We assume that the m most dominant operators E, approximate the noise channel
of the form

E(p) = Eup(p) + AE(p) (6.2.3)
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6 LOGICAL PERFORMANCE

characterizing the full logical noise model of the logical CNOT, gate. We truncate the
noise channel after the most dominant contributions, such that it can be approximated
by

Eun(p) =i 1pl + Z c. B pE!. (6.2.4)
k=1
Let x.,, characterize the approximated Kraus channel &, ,(p), while Ay describes
the remaining part AE(p). For Equation (6.2.4) to be a consistent approximation
of the Kraus channel, &,,,(p) and AE(p), as well as x,,, and Ax must meet certain
requirements:

Condition 1: &,,,(p) should describe a proper Kraus channel with some Kraus
operators K, see Equation (2.1.19), such that the completeness relation defined in

Equation (2.1.15) is satisfied.

Condition 2: Condition 1 implies that AE(p) needs to define a proper Kraus channel
as well. Consequently, Ax needs to be positive-semidefinite.

Condition 3: The contribution of AE(p) must be significantly small, such that it
holds AX < Yu(p):

Condition 2 translates to
AX = X - Xapp # 0 (625)

To fulfill Condition 3 and minimize the contribution of A&, we recursively guess the
structure of the operators E,. For each step 7, we set up an equation of the form

A, — B, =0, (6.2.6)

where B, corresponds to the Choi matrix of the guessed operator E, with the
coefficient ¢,. The operator A; — ¢, B; describes the remaining part of the Kraus
channel, which we want to minimize.

In step 0, we set A, = y and B, = diag(1,0,...,0), since we assume that in most
cases, the logical CNOT, does not introduce any errors in the output state. This
corresponds to the first term p;1p1 in Equation (6.2.4). The goal of each step i is to
find the maximum ¢, such that Equation (6.2.6) is still fulfilled. This way, we aim
to fulfill Condition 3. In step ¢ 4+ 1, it holds A,,;, = A, — ¢;B;. Operator B,,, is then
defined by the next operator E, ., we are guessing.

Again, we solve for the maximum c,,,, fulfilling Equation (6.2.6). We repeat this
procedure m times for all dominant contributions until Condition 3 is fulfilled, and

we find a Kraus channel approximately characterizing the logical noise model of the
logical CNOT, gate.

To find the maximum ¢; in each step, we make use of the fact that Equation (6.2.6)
in principle defines a generalized eigenvalue problem

Ad = BOA (6.2.7)

of two symmetric matrices A = AT, B = BT [100]. In the following, we will drop
the index ¢ indicating the step of recursively finding all Kraus operators for clearer
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6.2.2 LogicaL CNOT GATE

notation. However, for each guessed Kraus operator, the following steps must be
performed. The columns of matrix ® are the eigenvectors ¢;, whereas the eigenvalues
are given by the elements \; of the diagonal matrix A, such that Equation (6.2.7)
can be written

A¢p;, = \;Bo, (6.2.8)

for all n eigenvectors j = 1,...,n. A rigorous solution of the generalized eigenvalue
problem is shown in References [101, 102]. To determine the maximum c,,, in
Equation (6.2.6), we can make some additional assumptions. As matrices A and B

are n X n Choi matrices, both are positive semidefinite and symmetric. For c,,., we
can formulate the generalized eigenvalue problem of matrices A and B
(A= cCpxB)z =0 (6.2.9)
for eigenvector x.
In the first step, we diagonalize the matrix B such that it holds
B = diag(b,0, ...,0) = UL BU, (6.2.10)

with a unitary transformation U,. Since B is a Choi matrix of one single Kraus
operator, it has only one non-zero eigenvalue b. Secondly, matrix A needs to be
expressed in the same basis such that Equation (6.2.9) is still fulfilled. For that
purpose, matrix A is transformed in the same manner, such that

A=UlAU,. (6.2.11)

In this basis, both matrices have the same block structure

~ a A ~ (b 0
im(e 4, 5=( ) 62
with real numbers a and b. Blocks A,, and A,, are an (n — 1)-dimensional row and

column vectors, respectively, while A,, is an (n — 1) x (n — 1) square matrix. We
express Equation (6.2.9) in matrix form

a Ay,\ [z, b 0\ [z,
IR T

with components z; and x, of vector . In the block structure notation, z, is a
number, whereas x, is an (n — 1)-dimensional column vector. Subtracting al on
both sides of Equation (6.2.13) gives

0 A12 T4 o Cmaxb —a 0 T, . (Cmaxb — a) T,
(AQI A22 —CLI]_) (ffg) N ( 0 —CLI]_) (xQ) - ( —alwx,. ) . (6214)

This defines a system of linear equations, which needs to be solved to determine the
value of ¢,,,.. In order to find the solution of Equation (6.2.14), we apply the Schur
complement [103|, which naturally arises when solving systems of linear equations
[104]. Suppose

[: Au+Bv=f

6.2.15
II: Cu+Dv=g ( )
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6 LOGICAL PERFORMANCE

defines the system of linear equations with the matrix notation

¢ 20-0)

M

Under the assumption that matrix A is invertible, the Schur complement S of the
first block A in M is defined as

S=D-CA'B. (6.2.17)

The Equations (6.2.15) can be solved with the help of the Schur complement S as it
follows

I: Au=f-Bv
- . (6.2.18)

Im: Sv=g—-CA'f.
To efficiently solve Equation (6.2.14) for c,,., using the Schur complement, the upper

left block matrix needs to be invertible. However, in our case, this is not always the
case, such that we identify

[: (Ayp—al) z, + Ay x, = —alux,
N A \B,./v Rf/_/
A u v
II: A, x, = (Comb—a)z,
u f

(6.2.19)

and Dv = 0. We assume that A = A,, — al is invertible. The value a should
be significantly larger than the entries of matrix A,, since it characterizes the
contribution of the dominant Kraus operator currently under consideration of the
Choi matrix. In this case, the Schur complement is then given by the number

S=—A,(Ay—al) " A, (6.2.20)

Furthermore, the row and column vectors A,, and A,, are invertible as well. Solving
Equation (6.2.19) I, gives
r, = —A Ay, (6.2.21)

In this case, Equation (6.2.18) II reads
Sy = (Cpaxbd — @) 21 + Ay (Ayy — aIL)_1 alz,. (6.2.22)

Inserting Equation (6.2.21) into Equation (6.2.22) allows us to cancel x, as we assume
that z, # 0 is not zero. Solving the resulting equation for c,,, finally gives us the
desired value T

“IA, AT — 1

O = 22002 & (6.2.23)

AQI A22A12 b
of the coefficient describing the rate of the operator F; in Equation (6.2.4) currently
under consideration.
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6.2.2 LogicaL CNOT GATE

As mentioned before, this procedure is recursively repeated, extracting in each step i
the contribution B, of the dominant operator F; from the remaining Choi matrix A,.
Besides the identity operator, we determine the coefficients ¢, of the m = 5 most
relevant operators F, for the logical CNOT, gate. With this procedure, we identify
a set of Kraus operators

K =11+ XX +YY +27),
K, =\&(1Z+21), K, =\c(XY -YX),

K. = ve 1X +X1), (6.2.24)
K,=\c; YZ-ZY)

defining an approximated Kraus channel in the form of Equation (6.2.4). Here, the
identity matrix for one qubit is described by 1, while X, Y, and Z are the single-qubit
Pauli operators. The numerically determined rates ¢, are shown in Figure 6.8(a) as
points. The quadratic fit functions are represented as blue straight lines in the shown

(a) logical noise model (b) consistency check
107! 4 < * -
. e *
5 107 T : - F
= 1"// x * T #*
3] - ] -
= 10 en X - +
8 el e Sl +
E 107‘1" o & i
= o b xp’  -mp + o
Eﬁ 1075 5 ¥ e o ¢ +  full sim.
< ¥ I o + eff. sim.
10704 % C3 ¢ Eplp)
1073 1072 1073 1072

physical error rate p

Figure 6.8: Characterization of the logical noise model for the logical CNOT, gate. (a)
The numerical rates for the five different Kraus operators are determined
with SQPT and are represented as blue, orange, green, red, and purple
points. The straight lines correspond to quadratic fit functions. The gray
dashed line represents the physical error rate p. (b) The logical error
rate for the input state |¥,) = [1/v2 (|0) + /7 |1>)}®2 is determined
with the full and effective simulator, depicted in blue and green. To
verify that the Kraus operators are a reasonable approximation, we plot
the infidelity between the input state |¥,) (V.| and the output state
Eupp(|¥1) (¥,]) of the approximated Kraus channel in red. The excellent
agreement with the logical error rates validates this.

log-log plot, while the physical error rate p is depicted as a gray dashed line. The final
errors in the two logical code blocks encoding the logical output states are complex
combinations of correlated Pauli errors in each code block, as Equation (6.2.24)
clearly shows. Figure 6.8(a) illustrates that the Kraus operator K, contributes the
most to the final errors. The rate ¢, is almost two orders of magnitude larger than
the coefficients ¢, to ¢;. The corresponding break-even point at p,, = 2.3 - 1073 has a
similar magnitude to the S; gate. This Kraus operator K, x 11+ XX +YY + ZZ
describes the contribution where the same final Pauli error affects both code blocks
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6 LOGICAL PERFORMANCE

simultaneously. The rates of Kraus operators K, and K, as well as K, and K,, are
almost identical, where the latter is slightly lower. Furthermore, the break-even
points, pye = 7.9 - 1072 and py. = 1.1 - 107!, are very high, indicating that their
contribution to the final error on the two-qubit output state is small. Operators
K, to K, consist of the sum of two two-qubit Pauli operators and are of the form
x AB + BA. This describes operators being a symmetric superposition of Pauli
errors on both code blocks. For example, K, is the symmetric superposition, where
the identity 1 is applied to the one block, while a Pauli-X error affects the other.

To verify that the approximated Kraus channel &,,,(p) in Equation (6.2.4) aligns
with the logical noise model of the logical CNOT, gate, we conduct a consistency
check similar to that in Subsection 6.2.1. For that purpose, the two code blocks
encode an arbitrary logical two-qubit state that is sensitive to Pauli-X, -Y, and -Z
errors. We choose the state [¥,) = [1/v/2(]0) + e™/7 |1))]®2 with density matrix
p = |¥,)(V,|. Then, the logical error rate p, for this input state is determined
with the full and effective simulator. The numerical results are depicted in blue
and green in Figure 6.8(b). As before, we recognize the excellent agreement of the
data produced by the two different simulators. To check whether the approximated
Kraus channel reproduces these results, the infidelity 1 — F between the input state
|W,) (V.| and the output of the Kraus channel &, ,(|V,) (¥, |) is determined. The
resulting data points are illustrated in red in Figure 6.8. These results produced by
the approximated Kraus channel £,,, are in excellent agreement with the numerically
determined logical error rates. This confirms that the found Kraus operators in
Equation (6.2.24) of the approximated Kraus channel &,,, are a valid approximation
of the logical noise model of the logical CNOT, gate.
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Chapter 7 | Conclusion and Outlook

In this work, we have analyzed Measurement-Free Quantum Error Correction of
Erasure Errors. We focused on constructing logical operations on the [[4, 1, 2]]
erasure-correcting quantum code without mid-circuit measurements to offer a first
step towards fault-tolerant universal Quantum Computing. Furthermore, we have
analyzed the performance of the proposed circuits by using our developed numerical
methods. Let us give a brief summary of the preceding chapters:

Chapter 2 set the stage for our studies and provided a short introduction to the basic
concepts. We outlined the relevant aspects of Quantum Computation and Quantum
Information, Quantum Computers with Rydberg platforms as a promising example,
as well as Quantum Error Correction. Furthermore, we introduced the [[4, 1, 2||
stabilizer code, which encodes one logical qubit in four physical ones. This way, the
code is able to correct one erasure error. We explicitly considered this four-qubit
code with two X stabilizers and one Z stabilizer as illustrated in Figure 2.5.

Chapter 3 serves as a conceptual overview of the main goal of this work, namely,
fault-tolerantly constructing the universal gate set {CNOT,, H,, S,, T} on the
[[4, 1, 2]] code. After introducing our noise model, we discussed how to detect and
convert erasure errors occurring during the implementation of logical operations.
Following that, we defined fault-tolerance in the context of erasure errors. Afterwards,
we presented strategies to implement the logical operations on the [[4, 1, 2]|| code at
a high level. First, we showed a circuit that is able to encode any arbitrary logical
single-qubit state. While the logical CNOT, gate is the only transversal gate on the
[[4, 1, 2]] erasure-correcting code, more complex strategies needed to be employed
in order to design the remaining logical gates. For that, we excessively made use
of the ability to prepare any arbitrary single-qubit state on the logical level. More
specifically, we implemented the logical Hadamard gate via measurement-free state
teleportation, as shown in Figure 3.6. The implementation of the logical S; and T,
gate was based on magic state injection. For the S, gate, an auxiliary register was
prepared in the magic S state, defined in Equation (3.4.1), such that the desired phase
can be injected onto the logical qubit. The high-level circuit of the measurement-free
magic S state injection is displayed in Figure 3.8. Similarly, combining a magic S
state injection with injecting a magic T state as defined in Equation (3.4.2), the
desired phase of the logical T, gate was transferred onto the encoded logical qubit.
The measurement-free implementation of the logical T, gate is shown at a high level
in Figure 3.10.
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Chapter 4 formed the consecutive step and presented the explicit fault-tolerant
construction of the previously proposed logical gate operations on the [[4, 1, 2|| code.
Firstly, we designed a measurement-free implementation to fault-tolerantly encode
any arbitrary state on a logical level. Secondly, we comprehensively discussed the
construction of a Quantum Error Correction circuit detecting and correcting erasure
errors to achieve fault-tolerance in Section 4.2. We also presented fault-tolerant and
measurement-free implementations of the universal gate set {CNOT,, H,, S,, T,}.
To this end, we used recurring strategies, which we collected into a toolbox for
constructing fault-tolerant logical gates, as presented in Section 4.3. These tools may
also apply to other erasure-correcting codes.

In Chapter 5, we illustrated the numerical methods used to build and analyze the
proposed circuits. We started by explaining how we numerically implemented our
noise model and then developed a strategy to verify the fault-tolerance of the logical
operations. Afterwards, we presented the simulators, which we programmed to
simulate faulty circuits and determine logical error rates.

Finally, we combined the results from Chapter 4 and 5 to numerically analyze the
proposed fault-tolerant circuits from Chapter 6. First, we numerically calculated
the logical error rates of the single-qubit operations to determine the break-even
points. For the encoding and the Quantum Error Correction circuits, these points
are of the order of ~ 1072, Compared to current error rates on neural-atom quantum
computing platforms, these values are promisingly high. However, the larger circuits
of the logical CNOT,, Hadamard, S;, and T, gates lead to one order of magnitude
lower break-even points. In the second part of this chapter, we characterized the
logical noise model of the encoding, the Quantum Error Correction circuit, and the
universal gate set with corresponding noise channels. We numerically determined
the logical rates of the associated Kraus operators. The logical noise model of
the single-qubit operations simply broke down to general single-qubit Pauli noise
channels, defined in Equation (6.2.1). However, as the logical CNOT,, gate entangles
two code blocks, logical Pauli errors on each block of the two-qubit output state
were correlated, leading to a more complex Kraus channel. We derived a method
to extract the five most dominant Kraus operators, defined in Equation (6.2.24), to
find an approximated noise channel as in Equation (6.2.4).

Putting all results together, this work serves as a proof of principle for Measurement-
Free Quantum Error Correction of Erasure Errors. The proposed fault-tolerant
implementation of the encoding, the Quantum Error Correction circuit, and the
universal gate set {CNOT,, H,, S., T.} pave the road towards fault-tolerant
Quantum Computing. This work offers a starting point for correcting erasure errors
while simultaneously avoiding challenging and costly mid-circuit measurements. This
could be beneficial for different Quantum Computing platforms, such as Rydberg
platforms. Although we work with the [[4, 1, 2|] code, we expect that the proposed
strategies and the presented toolbox, introduced in Section 4.3, can be extended
to other quantum codes to correct erasure errors and achieve fault-tolerance. The
logical qubits of the [[4, 1, 2|] code with suppressed logical error rates can be used
in the lowest step of Quantum Error Correction to achieve fully fault-tolerant and
scalable Quantum Computation protocols.
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Our work shows that Measurement-Free Quantum Error Correction of Erasure Errors
is a field worth further research. An interesting follow-up question could be, how the
proposed circuits perform if we allow that Pauli noise affects two- and multi-qubit
gates in addition to erasure errors. Another task could be to refine our noise model
to describe the occurrence of erasure errors on different platforms more realistically.
Furthermore, one might investigate how to concatenate the [[4, 1, 2|] code with
other quantum codes. The [[4, 1, 2|| code could be used to encode erasure-free
logical qubits on the first level of the concatenation. On the next level, other well-
studied error-correcting codes like surface or color codes could be used to correct
Pauli-X and -Z errors. Finally, it might be interesting to compare the results of the
measurement-free implementation with results from measurement-based protocols.
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Appendix

A.1| The Pauli Group

The Pauli group G,, of n-qubits plays a crucial role in QEC based on the stabilizer
formalism. It contains the n-fold tensor products of the Pauli matrices multiplied
with the factors +1 and =+:

G, = {*1, +il, + X, +iX, £Y, +iY, £ 7, +iZ}*". (A.1.1)

The Pauli group forms a group under matrix multiplication. This can be straightfor-
wardly shown by utilizing the commutation and anti-commutation rules

(0%, 0°] = 2ie 5,07,  {0o%,0°} =20, (A.1.2)
of the single-qubit Pauli operators' with the Levi-Civita symbol €,,, and the Kron-
ecker delta d,,. Pauli operators acting on different qubits ¢ and j always commute.
Thus, the commutator can be generalized to
0,07, (A.1.3)

07, 07] = 2ic.s,

lot=X,0°=Y,0°=27
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APPENDIX

A.2 | Explicit Circuits

Here, we show the explicit circuits of the FT logical gate set {CNOT,, H,, S,, T,}.
We group certain operations together in one box, as introduced in the previous
chapters. Black gates are needed for the implementation of the logical operations on
the [[4, 1, 2]|] code, while colored operations provide FT. The feedback is depicted in
the same color as the DU controlling the operation. Furthermore, operations of the
same type are drawn in the same color. The reset operation is represented by the
box with label ‘|0)’. Data qubits of the relevant code blocks are labeled accordingly.
In addition, we indicate in which code blocks the final output state is encoded.

Figure A.1 shows the full circuit encoding the logical CNOT, gate without any
mid-circuit measurements. The circuit of the MF implementation of the F'T logical
Hadamard gate is depicted in Figure A.2. The FT logical S, gate can be constructed
with the circuit shown in Figure A.3. As the circuit of the FT logical T, gate is
extensively large, as seen in Figure A.4, several operations are summarized and
represented as different boxes. Figures A.5 to A.8 show the detailed implementation
of these operations.

In addition, Table A.1 lists the number of CZ, CCZ, and CCCZ gates as well as the
number of qubits required for the different circuits of the encoding, the QEC circuit,
and the logical universal gate set {CNOT,, H,, S,, T.}.

Table A.1: Number of two- and multi-qubit gates as well as qubits required for the
different circuits. For the logical T, gate, we list the number of qubits
required for the full circuit and the reduced number required for the
simulation with the semiclassical simulator.

circuit CZ CCZ CcCcCz qubits
encoding 16 13 0 9
QEC 44 19 20 17
CNOT, 50 15 0 15
H, 114 46 2 21
S, 96 35 0 15

T, full (red.) 210 93 0 36 (21)

98



A.2 ExprLiciT CIRCUITS

"SPUOUWIRINSLIUT JIMDID-PIU AUR Jnoyjm pajusweiduar 93es [,ON [BOLSO] I, 2U3 JO HNoIm IdXH 1y 9InSI

(74l (Y| "LOND : gV

ot

1
| —
ey L

(
(ol e H
1=

{ol
{ol

[
g

Kk,
o

(ol o=
IA (ol

a

5]

zg

Xg

Xg

zZg

Xg

Xg

sl

(“al 1 g

(Val 1 v

99



APPENDIX

A |,

B: [0)®

A (7]

a E_i

_____

1
=
—
=

g linE pallnalli B> unaups : e i L I Y B ERENENAINU

i
CITT.T] [‘I]
1
E

|
[1]
[LLLIEL

Figure A.2: Explicit circuit of the F'T logical Hadamard gate implemented without any mid-circuit measurements.
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Figure A.4: Explicit circuit of the FT logical T gate implemented without any mid-circuit measurements.
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Figure A.5: Explicit implementation of (a) Dy, (b) Da, and (c¢) D3 in the logical T,

gate.
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Figure A.6: Explicit implementation of (a) FB;, (b) 2FBs, and (¢) zFBj in the

logical T, gate.
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Figure A.7: Explicit implementation of (a) zFB; and (b) zFBy in the logical T, gate.
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Figure A.8: Explicit implementation of (a) D&FB; and (b) D&FB; in the logical
T, gate.
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A.3 | Exemplary Code to Build Circuits with Qiskit

To numerically simulate circuits, we use Qiskit and its statevector simulator. As an
example of how circuits are built in Qiskit, the code for constructing the circuit of
encoding the logical state |0,) is shown below.

# load needed packages

from qgiskit import QuantumRegister,
QuantumCircuit

; import numpy as np

from qiskit import *

5 from qiskit.circuit.library import Reset,

ClassicalRegister,

ZGate, HGate, CCZGate

7 # build circuit

num_q = 13

o num_c = 4
qubits = QuantumRegister (num_q, ’q’)
clbits = ClassicalRegister(num_c, ’c’)
circuit = QuantumCircuit (qubits, clbits)

# non-FT encoding of the logical state

106

circuit.append (HGate(label=’ideal’), [1]1)
circuit.append (HGate (label=’ideal’), [3])
circuit.append (HGate (label=’ideal’), [5])
circuit.cz (4, 5)
circuit.append (HGate (label=’ideal’), [5]1)
circuit.append (HGate (label=’ideal’), [4])
circuit.cz (1, 4)
circuit.append (HGate (label=’ideal’), [4])
circuit.append (HGate (label=’ideal’), [5])
circuit.cz (3, 5)
circuit.append (HGate (label=’ideal’), [5])
# TU
circuit.append (HGate (label=’ideal’), [0])
circuit.cz (4, 0)
circuit.append (HGate (label=’ideal’), [0])
circuit.append (HGate (label=’ideal’), [4])
circuit.cz (0, 4)
circuit.append (HGate (label=’ideal’), [4])
5 circuit.append (HGate (label=’ideal’), [0])
circuit.cz (4, 0)
circuit.append (HGate(label=’ideal’), [0])
circuit.append (HGate (label=’ideal’), [2])
circuit.cz (5, 2)
circuit.append (HGate (label=’ideal’), [2])
circuit.append (HGate (label=’ideal’), [5]1)
circuit.cz (2, 5)
circuit.append (HGate (label=’ideal’), [5])
circuit.append (HGate (label=’ideal’), [2])
circuit.cz (5, 2)
circuit.append (HGate (label=’ideal’), [2])
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19
50

51

79

80

93 # swap state onto code block A if erasure

A.3 EXEMPLARY CODE TO BUILD CIRCUITS WITH QISKIT

# DU

circuit.
circuit.
circuit.
.x(4, label = ’ideal?)

.append (HGate (label=’ideal’), [6])
.cz(4, 6)

circuit.

circuit
circuit
circuit

circuit

circuit

circuit.
circuit.

circuit

circuit.
.cz(5, 7)
circuit.

circuit

5 circuit

7 circuit.

circuit

circuit.

circuit
circuit

circuit.
circuit.

circuit

append (HGate (label=’ideal’), [6])
cz (4, 6)
append (HGate (label=’ideal’), [6])

append (HGate (label=’ideal’), [6])

.x(4, label = ’ideal’)

.append (HGate (label=’ideal’), [7])

cz(5, 7)
append (HGate (label=’ideal’), [71)

.x(5, label = ’ideal’)

append (HGate (label=’ideal’), [7])

append (HGate (label=’ideal’), [7])

.x(5, label = ’ideal’)

append (Reset (label=’new qubit’), [4])

.x(4, label = ’ideal’?)

append (HGate (label=’ideal’), [4])

.ccz(7, 6, 4)
.append (HGate (label=’ideal’), [41)

append (Reset (label=’new qubit’), [5])
append (Reset (label=’new qubit’), [6])

.append (Reset (label=’new qubit’), [7])

# encode second code block B

circuit.
.append (HGate (label=’ideal’), [8])
circuit.

circuit

circuit.
.append (HGate (label=’ideal’), [7])

circuit

5 circuit.
; circuit
circuit.
; circuit.
circuit.
.append (HGate (label=’ideal’), [7])

circuit

append (HGate (label=’ideal’), [6])

append (HGate (label=’ideal’), [71])
cz(5, 7)

append (HGate (label=’ideal’), [5])

.cz(6, 5)

append (HGate (label=’ideal’), [5])
append (HGate (label=’ideal’), [71)
cz (8, 7)

# swap O, 5

circuit.
.ccz(4, 5, 0)

circuit

circuit.
circuit.
.ccz(4, 0, 5)
circuit.
.append (HGate (label=’ideal’), [0])
circuit.

circuit

circuit

; circuit.

append (HGate (label=’ideal’), [0])

append (HGate (label=’ideal’), [0])
append (HGate (label=’ideal’), [5])

append (HGate (label=’ideal’), [5])

ccz(4, 5, 0)
append (HGate (label=’ideal’), [0])

happened
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111

113

114

115

116

119

2 circuit

7 circuit

APPENDIX

# swap 1

5 circuit.

circuit.
circuit.
circuit.
circuit
circuit.
circuit.

circuit.

# swap 2
circuit.

circuit.
circuit
circuit.
circuit.
circuit
circuit.
circuit.

; # swap 3

circuit.
circuit.
circuit.
circuit.
circuit.
circuit
circuit.
circuit.

5 circuit.

108

.ccz (4,

.ccz (4,

, 6

append (HGate (label=’ideal’),
ccz (4, 6, 1)

append (HGate (label=’ideal’),
append (HGate (label=’ideal’),
1, 6)

append (HGate (label=’ideal’),
append (HGate (label=’ideal’),
6, 1)

append (HGate (label=’ideal’),

, 7
append (HGate (label=’ideal’),
.ccz(4, 7, 2)

append (HGate (label=’ideal’),

.append (HGate (label=’ideal’),

ccz(4, 2, 7)
append (HGate (label=’ideal’),

.append (HGate (label=’ideal’),

ccz(4, 7, 2)
append (HGate (label=’ideal’),

, 8

append (HGate (label=’ideal’),
ccz (4, 8, 3)

append (HGate (label=’ideal’),
append (HGate (label=’ideal’),
ccz (4, 3, 8)

.append (HGate (label=’ideal’),

append (HGate (label=’ideal’),
ccz(4, 8, 3)
append (HGate (label=’ideal’),

(11

(11
[61)

[61)
(11

(1

(21

[21)
(71>

(71>
[(21)

[(21)

(31

(3
(81

(81
(31

(3



Abbreviations

CSS codes

DU
FB
FT
GB
LDU
MF
NMR
PhD
QEC
QPT
SQPT
SU(2)
TU
e.g.

Calderbank—Shor—Steane codes
Detection Unit

Feedback

Fault-Tolerance, Fault-Tolerant
Gigabytes

Leakage Detection Unit
Measurement-Free

Nuclear Magnetic Resonance
Philosophiae Doctor

Quantum Error Correction
Quantum Process Tomograpy
Standard Quantum Process Tomograpy
Special Unitary Group of degree 2
Transformation Unit

exempli gartia (= for example)
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