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Problem 1: Ideal wave guide, part 1 (Written)

Learning objective

The problem set deals with wave guides, i.e. structures which confine the propagation of electromagnetic
waves to one direction. We start with analyzing the ideal wave guide. Here, in the first part of the
problem, we calculate modes and prove that no transverse electromagnetic waves exist in this wave

guide.

We consider electromagnetic waves which are confined to an ideal, cylindrical wave guide and
propagate in z-direction. The term “ideal” means that the boundary surface of the wave guide is a
perfect conductor. The medium inside the cylinder is assumed to be homogeneous with permeability
i = pop, and permittivity € = €pe,. For this geometry, we can separate off the propagation in
z-direction:
E(xvya Z7t) - EO(xvy)ei(kz_wt) (1)
H(z,y, 2 1) = Hy(z,y)e" . (2)

The boundary conditions at the interior boundary 9V of the cylinder are El = 0 and H* = 0.
We distinguish between different type of electromagnetic waves: We define transverse magnetic
(TM) modes and transverse electric (TE) modes via
E.l,p =0, H.=0 (TM modes) , (3a)
OnH.|5, =0, E.=0 (TE modes) . (3b)

If both £, = 0 and H, = 0, we have transverse electromagnetic (TEM) modes.

a) Start with Maxwell equations and show that the z-components of the fields must fulfill the
eigenvalue equations

(Vi+7)E. =0, (4a)

(Vi+43) H. =0, (4b)
with 7)2\ = pp&w?/c? — k?\ (the index A labels the eigenvalues) and V,; = e, 0, + e,0,. Show
that the boundary conditions are E.|,, = 0 and 0, H.|,, = 0.

b) Show that the solutions for the transverse field components E;, = FE e, + Fye, and H; =
H.e, + H,e, are determined by the solutions for the z-components of the fields via

ik r
E, = Z—;VtEZ, H, = “Ye. xE, (TM modes), (5a)
5 chx
ik r
H, = Z_z)\thz, E; = L CL)ez x Hy (TE modes) . (5b)
YA C/f)\
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c) Solve the equations for the TE modes by taking into account that the wave guide is a cylinder.
Show that the solutions are given by Bessel functions.

d) Show that in an ideal wave guide, no TEM mode exist.

Hint: Use Gauss’ and Faraday’s law as well as the boundary condition for El to show that there
are no TEM waves in a single, hollow, cylindrical conductor.

Problem 2: Ideal wave guide, part 2 (Written)

Learning objective

Here, in the second part of the problem, we calculate the energy flow in the ideal wave guide.

2

¢~ allows us to write k3 = £ (w? — w}) for the wave

W= &
number that describes the propagation along the z-axis of the waveguide.

Introducing the critical frequency w) =

The flow of energy is given by the complex pointing vector
1

where * denotes complex conjugation.

a) Employ the solutions from the first part of the exercise to show that the pointing vector takes
the form

S_

= 7
ot (7)

why [elIViE.Pe, +iPEV,E], (M modes)
ur[|ViH, |%e, — iZ—iH;VtHZ} : (TE modes)

b) Which contribution in Eq. (7) determines the energy flow in z-direction? Integrate this part over

the cross section S of the waveguide for both TE and TM modes and show that the propagating
power is given by

Pl oL (@) e fe L)
{PTE}_QW(M) : wZ{ur}/sdA{!HzP ' ®)

Hint: Use Green'’s first identity for two scalar fields ¥ and ¢

/ dV [@V?T + V& - V] :j[ ara?? (9)
U U on

and the boundary conditions given in (3). Here, U C R" is some n-dimensional subset, OU its
boundary, and 9,V = n - VV is the normal derivative with respect to OU. Eq. (4) may be useful
as well.

c) Along the same lines, calculate the energy Uryye per unit length of the waveguide and show
that
Ui _1(w) [e / B
== — dA . 10
{UTE} 2 (W)\> Mo S |Hz|2 (10
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Hint: The time-averaged energy u per volume (energy density) is given by

u =

([EI* + plH[?) . (11)

1 =

d) Finally, combine the results (8) and (10) to derive an expression for the velocity of the energy

flux and compare your result with the group velocity v, = (ﬁg—i.

Problem 3: Coaxial cable (Written)

Learning objective

In this problem, we analyze the coaxial cable as another example of a wave guide. We show that a current
flowing through the cable gives rise to transverse electromagnetic waves.

A coaxial cable is a thin conducting wire (with radius a) surrounded by a conducting cylindrical

shield (with radius b > a). Write down solutions for TEM waves in the coaxial cable for a current /
flowing through the thin wire.

Hint: The problem can be reduced to equations of magnetostatics and electrostatics in two dimen-
sions.
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