
0 he Big Picture

0.1 .
Quantum phases and quantum Phule transitions

* Phases at F-0 → Ground state Is ) of Hamiltonians

* Quantum phone
transitions driven by quantum fluctuations

* Phase diagrams art . parameters of the Hamiltonian ( e. g. magnetic field)

Examples ,

* Superconductors
* Super fluids ( e. g. Sf. Helium . . . )

* Bose-Einstein condensates

* Fermi liquids

* quantum Hall states



Paradigmatic example : the toauiuerie field Ising model

C) Periodic ID chain of L spin -12 :
LL
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It = - ] Oi Oi , , - 42.
Of Transverse field king made /
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feivourag . coupling > 0
transverse field 30

7- 2-

EIÉI [Oioitn ,

OF ] -1-0 → quantum fluctuations

7- 2
→ Ground states ) = (eutaugeld ) superpositions at eigenstates of Oioitn

for 41=0
→ Two qualitatively different parameter regimes :

* Tech ( Jace ) : gappedphaie with unique ground state
1 ;- ji-soo

16+3=1 + + + .
- . .

+ > ⇒ 26+10702-16+3 → 0

i j

⇒ Paramagnetic phase ( disordered phase )



* Tss 4 (4--0) : yapped phone with 2-fold degenerate grand state :

16×3=11^7 . . - in] and 1Gt ) =/ t.tt . . .
E >

Ii - jl -so

⇒ CGI oito? Iq > → 1

b) = ✗ 1Gt > +s /Gd )

⇒ Ferromagnetic phone ( ordered phase )

• OF is a local order parameter for the ferromagnetic phase since
. -

* Iim (OF Oj
't
) = 0 in paramagnetic phase

Ii - jl- IN

*
Iim (OF Oj ?_? =/ 0 in ferromagnetic phase
Ii -JI -soo



0.2 . Spontaneous symmetry breaking

What happens between Tech and 7>34 ?

Schematic spectrum : Long range order

nlaug rang order lion 20T¥? >Energy ti-ji - so
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99pA's ⇒ Quantum phone fan
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→ Order parameter continuous af
phone transition



→ Continuous ( 2nd order ) phone trauiitiou :

gap closet at phone transition

* long - range fluctuations and self - similarity (
=

quantum fluctuation , ay
cell length scales )

* effective conformal field theory ¢7T) description

* algebraic decay of correlations

What happens at the phone trauiitiou ?

Lev Landau : Spontaneous Symmetry Breaching I CSSB)

$ Symmetry group of TIM Hamiltonian :

Gs =Zz= { 1 , X } with ✗ = IT
,

- OF
T
[Hix] -I



Itt . . .
- t )C) Symmetry group of the TIM ground states :

I

* Paramagnetic phone : G¥={1.x } = Gs since ✗ 16+7--19+3

→ symmetric phule ( = disordered phone ) ( trip .
-3 11-11--3

I /

* Ferromagnetic phone : 6%1=41? 4- Gs since ✗ IGN > =/ Gc )

→ Symmetry - brown pirate ( = ordered phase )

In the ferromagnetic phone ,
the ground states /Gp

, ,
) spontaneously

speak the symmetry Gs of the Mamikonian

→ Spontaneous Symmetry Breaking



Landau's paradigm ( SSB )

GE -- Gs GE ' GE ' GE ) . . . .

Lalels of phones = Subgroups GYE) of symmetry groups Gg

T 1Gt ) . 1Gt )

(G) + (Gd) =/TTP. -7+111 . . . )

①
•

01is"
⇐

⇐ 2-1+0 He



B Extending Landau's paradigm : Topological phase )

- annal definition at quantum phases :

Det
. Quantum Phases

C) Crapped ,
local Hamiltonians Ha and Hb with unique ground states Ma) and /9s?

They belong to the same quantum phone iff there is a family of yapped

and local Hamiltonians 1^1-41 that depends continually on ✗ C- foil]

such that Ha=Ñ0 ) and Its = lie )
.

C) Parameter space of local Hamiltonians ( without SSB
,
↳ ⇐

= Gg ) :

- gappedintrinsic

µ,
- gap

""

⇒
uotopolas .

•
- trivial

phases/ space
order in AD

!÷÷÷÷¥¥ gig.at/--gapp.asi-ius-oemsordered
←Yaple" Ybosonic

D >2 D= 1



• Trivial phone
: Ground state = disentangled product state

• Topological phone : Ground state = long - range entangled state

Note : Equivalent Definition

^
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First extension at Landau's paradigm : (Intrinsic ) Topological order

Ge=GsG¥Ge"Gi
Symmetric

,
① Symmetry - brown

short - rate ge=GgG¥GÉ)G'e
-

entangled

-
- -

- -

1/1/11 / /((/ /(/ /(/ /( (

topological order"
Lang -0mn / (// / /(/ /( / // ( C
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Topological order = Patterns of long-range entanglement

Examples : Fractional quantum Hall states

Interlude : Restriction on perturbations

C) Phase diagram of water :

AP ! ap !

i• son.
%
".

Solid
•

Gas Gas

>
T

>
T

⇒ Restriction , on allowed paths can be useful 8



Here we will reitriclt Hamiltonians by (protecting ) symmetries Gp C- Gg :

Det . Symmetry -protected Quantum phase ,

Crapped ,
local Hamiltonians Ha and Hb with unique ground states

☐ a) and Hs ) and symmetry group Gp with [Ha , , , g ] = 0

for all q c- Gp .

They belong 't to the same symmetry - protected topological phase ( SPT)

ift there is a family of gapped and local Hamiltonians 1-1^4)

that depends continuously on ✗ c- for ] such that Ha = CÑO ) and

Hs=ÑH and [1-1^41,9]=0 for all gf Gp and ✗ Edit ]
.

→ phases with the same entanglement pattern can sp furter :



⑤urine toy

%..
Short-range entangled ④polcyica
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Passive SPTS depend on the protecting symmetry Gp :

G" Gp
,

¥¥¥



Second exfeuiiou of Landau 's ' paradigm : Symmetry- protected topological order

Ge=GsG¥Ge"Gi
Symmetric

,
④ Symmetry - broten

short-range

entangled Ge=GsG¥GÉ)G⇐f
-

-
- -
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C- Landau theory >
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How to characterise SPTphase , ?

* Non- interacting fermions → Chapter I

* Interacting batons CAD ) → chapter I



Quantum phases
s

Broten mine tries No b.colon symmetries
Landau SSR , Group theory (disordered phone ;)

Quantum ferromagnet , Superfluid g Fermi liquids , Spin liquids

"

old
" coudeuled matter physics f. i. 1970)

[ChapÉMIGRÉ
L

Intrinsic Topological Order Additional

Tensor category theory , long-range entanglement symmetry constraints
FQHE

,
Tooic Code

, String -net condensates

J

Chapter 7 I
u

Fermionic constituents L Bosonic constituents

I ~ Chapter 22Non-interacting Interacting Interacting
Topological band theory Group supercohomology Group cohomologyNLoll E- K-Theory cobordism theory
Topological Insulator (1-1) Haldane chain , AULT

Topological superconductors (1-5)



Def . Nomenclature :

In this carrier quantum punter that (e) do not break symmetries and

are either Ku ) topologically ordered (1-0) ( with and without protecting

symmetries ) or Cs ) symmetry - protected & PT) will jointly be

referred to as topological plates X-P)
.

Hallmark of topological phases :

* TPS cannot be characterized by a local order parameter

* Some TPS can have topology -dependent, robust ground state degeneracies

* Some TPS can leave localised excitations that oley auyocsic statistics

* Mele excitations can carry fractionated charges

* In some TPS
,
( lattice ) defects can exliilit anyone statistics



* Some TPS feature robust , gaplell edge states on manifolds with

boundaries C- 1 Scattering free transport )

* The linear response of TPI can be quantized (
⇒ topological origin)

* Some Tps have an efficient low - every description in team , of

topological quantum field theories CTQFT )


