
A. 6 . Classification of non-interacting fermionic topological please,

1. 6.1 .
Generic symmetries and

"

tenfold way
"

1. Goal: Clarify TPS of non-interacting fermion,

Approve : Use SP Hamiltonian H to des crile G classify MD Hamiltonian -Ñ

2. Ukiah symmetries of Ñ to use ?

Remember : X symmetry of IT :⇐ , [11,1^-1]--0

Wigner 's → ✗ unitary
or autiuuituy

theorem



→ Four peseiiilitiel on Foch Space :

• Unitary : UiU→=+i
,
Uci 2L

-
^

= Uijcj

Luuitan, MB⇒[U ,
4^7--0 ⇐ [6,1-1]=0 (SP uuitur sym .)

• TRS : TiT-^= - i , TCIT
"
= Uijcj

(auitiuuitar, [T
,
1-1^3=0 ⇐ [UK

, H ]
= 0 ( antiunion SP Sym )

MR Gym . )

+
• PHS : Eié? + i

,
Eci e-

'
= Uijcj

Knit -Y ce , II ]=o ⇐ s {UK , 1-17=0 Caution.hn/SPpseudoi-cm.)MT3
.
Son. /

• SLS : Ji f-
'
= - i

,fcifm-Uijcjt@utiwtmfg.H] = 0 (⇒ {U.lt } = 0 (unitary SP pseudo .ca .)
MR Sym

.)



Using unitary symmetries of H^ ( H ) is possible but not universal!

→ ✗ TPS , PHS and SLS

and only SP Hamiltonians without unitary symmetries :

H irreducisle : -4 It , 1+7--0 ⇒ U= e'
"
I

3. For a given ioreduciiie SP Hamiltonian H cheech

2 Tu=UK
7- Ut ? : [UTK, 1+3=0 audit so : 4+4*-2+-1

T -
- UTK

7- Uc ? : { Uck ,H } -0 audit so : UeUe*?=±k
C. = Uck

7- Us ? : { Us .tt } - o S : Us

→ Define :

TRS : F- UTK

PHS : C- Uche

SLS : s= Us



→ Labeling scheme :

→ Triple (TGS) clarifies
[Tilt ] =/ 0 ⇒ T=O

the symmetries
[1-14]--0 with 1-2=+1 ⇒ T - +1

④ 1+2=0 with 1-2=-1 =) T - -1

{ c. it } -1-0 ⇒ C - o

{ C. 11-1--0 with (2--1-1 ⇒ C- +1

{ cult} :O coin CE - e ⇒ C- - y

{Sik } -40 ⇒ 5=0

[S.lt/-- 0 ⇒ 5=7



4. Important : TRS Tu
,
PHS Cu

,
SLS Sce are unique Cifpoeseut) :

¢ Tun and Tuz different :

[Tu
,
,H]=0 and CTUz.lt ] :O

Then Ñ := Turtle
,

= UnUz* is unitary symmetry of H:

[Ñ ,H ] :O
"

ñ=e
"
#

⇒ Tune Urk = eid Uz*tK -4 Tui
"

J
.

Sublaltice symmetry :

S = To C = UTHE uniform operator

6. t.org .

52=+11

⇒ TRS : [TiH]=O

PHS:{c.a }=o } ¥ {5,1+1--0



→ C cannot be eliwated in favour of T since S is not unitary

symmetry ( lot pseudocycnuetn )

→ keep T, C, and S



6. The
"

Tenfold way
"

:

* (Teo ✓ Cto) ⇒ 5=11-4

* F- on o_0 ) ⇒ s={9
→ 3×3+1--10 symmetry dares

A

AII 0 0 ^

1-6.2 The periodic taste of topological AI + ^ 0 0

insulators and superconductor, BDI th th 1

☐
a. go.m.a.a.in. . . . . * * ✗ i. aim... . ,,-1 +1 1 £

AI -1 0 0
Question : How to La 61 the topological phase,

CI -1 -1 1
that can be realised by these systems ? C 0 -1 0

CI +1 -1 1
2. Answer : Periodic falle of top .

incubators § fyseroudvcfooi :



Symmetries Dimensions >

Class T C S . . .

O y

^" 2D 3D

A 0 O O Z O Z O z . . .

Complex 0 0
2-periodic

0 Z Z 0 . . .""= f. µ
"

(WIOTGC)
AI +1 O O Z O O O { complex Z • • •I.BDI 1-1 + 1 1 22 I 0 K - groups 7<2 . . .

☐ & ozazaz ⇒* % . . .

☐* & + , , z.z.zp.n.ua, . . . .

a., ±i. 1(w/ Torc) AI
-1 0 0 22 22

} real
2% . . .

CI -1 -1 1 0 22 0 Zz K- groups 0 . . .

C O -1 0 zz 8-periodic . . .

>

CI +1 - 1 1 22 . . .

This course :

Chem www.ser Pfaffiau Index Winding number Endpoints -_ Poles

• /AHE
• Kane - Mele model • SSH - chain

• Majorana chain

Remember,
• QWZ

No Kramers pairs 8 All paths contracting Winding numberremember • • °
• Haldane ( Kane - Mele model ) (Majorana chain) • Majorana chain



→ /u even,
diweuiion

, 5 out of 10 symmetry claire, support TPS .

3. Recipe :

a) Cheech whets the SP Hamiltonian H feature , TRS, PHS ,
and/or 84

and (it so ) whether TRS/PHI Square to en → (IC , 5) → Clair ✗

b) Use the periodic taste to check whether ✗ support TPS in

the spatial diweniioudof Your iii.ten Ref. in

c) (004 up the associated topological invariant I for ☒ • d)
→ ScriptI

d) Compute 1- = ITH] as a function at the control parameter,

and chech Whether it is non - tree in ( some of ) the phonies.



1. 6.3 .

Framework for clarification

* Anderson localization on the boundary }
no trans. invariance

boundary - Loved
* Quantum anomalies on the boundary

* V1 - Theory : } Trani . Murnane

1014 - haired

1. $ Crapped system u filled (we empt, ) bands descried Sy

Bloch Hamiltonian It (F)

2
. Spectral flattening :

H (g) 1
Continuously defo.cn

> 441

with o(UÑ ) - ( -^i._ it ^ )



3. § Simple it care : Class A →

Uci ) = Nii) (
"w ° ) Uto Uli 's e Uinta
0 - In

☒4.
"

Gauge symmetry :
"

-

'

Uru
'
:* U -

- U
'

. ( % %) go .
Un c- U@ 1

Uz e Ll (b)

since

hlñ
' )=UÑ☒UtÑ = K'4-

'1×14%-4

→

Uluru )
h : Td > I'm h(ñ) I [UH]~ c-

u# ✗ up
= Gym ,u+m④
complex Grassmann iau

→ Gm
,n+m

(e) is the clarifying ST" " ↳ {← up to supbtleh.es
for symmetry class A



Class T C S classifying Space Name

A O O O Ulmtu ) / UK /✗ Uh) Co
complex classes / >A,I o o n Ulu )xU(u) /UK) 4
UHU+=- H

>AI +1 0 0 04+41/041×06, Ro

UH*Ut=H BDI +1 +1 1 041×041/041 Re

☐ \o/ • &man, &DUI -1 +1 1 Uku ) / Spla) R }
Real daises

AI -1 0 0 Splutter)/ Spk) ✗ Spin) Re,
CI -1 -1 1 Spd ✗ Spin/spa Rr

C 0 -1 0 Sph) /UK) Rs
CI +1 -1 1 UCI /041 Rz



8. Simplification : Td → Sd graumann
.
-

an for sy. A

{ Topological gases } = Id (G)

Example for d=2 : it (G) *= 72 → Chem nurser

6
.
Undo simplification Sd-1 Td & Include symmetry constraint :

llitaeu →

§o(X ) = Connected

{Topological phone , of IX. d) } = components of ✗

K- theory
d- 1

* lid
, Rq ) = To /Rg - d) to ④ (9) To g-s )
- 4

sound8
Kited) e- Deals topological indices(Strang) topological

index

→ Computing 1To@q.d ) for 9=01 . . .it and D= 0,12
. . . .

. yield

the periodic take .



Example : g=4 (AI ) and
D= ? ( e.g .

Claire - Mele inode ) :

it Re
, ) = To @2) ④ 1×11-042,1 ④ 2 ✗ To (Rs)
- -

= 74 ④ 7€ ④2✗¥
in no -

I
Pfaftian index

# Valene,
No weak top . indices

↳and)

6.4 Consequences of interaction,

uesfiou : What happens to 86 periodic fake if interactions are included?

Quids airier : Known for quartic interactions ; No complete clarification known

for arlsitran
, interactions.



1. $ Majorana chain of 030 and µ=O :

u

rn s
⑨ - r - r . @ ② - r - - @ Of - - r - @ @ - r - r • @ - r - -@ @ - r - r ⑥

I'ri init the
TRS qPHf → Symmetry class BDI in d- 1 → 22 index

2. Time - reversal symmetry : ( Tci T - ^ = Ci ,
1-2=+1 )

Tip-1 -_ - i and Toki .,T
- ^

= + Mi - n and Tait"= - Ni

→ Only couplings between even cred ) and odd ( Sl-e) Majorana, I



3. Stach 8 Majorana chains ;

KiYi TRS Chain 1 § ? I

• . . . . -00 • . - - . .CO 00 . - - - - - OO Oo . - . . -00 00 - - - - -00

TRS - irish
chain 2

• . - - - - OO Oo . . - . -00 Oo. . . - - OO Oo . - . . .co @ - - - - -00 8 Zero
model

hi . .
'HE

' a

HE : Chain 8 : 72? 0--801
(
00 - - - - - OO Oo . . . . -00 @ . . . . . 00 @ - - - - . 00 @ - i - - -00

a a
→ 2- index = # dangling Majorana hero modes Ñ
¢ topological chain → BDI index 0--8



4. Connect topological to trivial phone via quartic interaction :
2L

HIM .co.il = Ñmµiw) + ✗ I, Wu
U= 1

with Wu= Him NITI t . . . . many more quartic terms

Protocol :
On this path . . -

re^w
* the bulb gap remains open

* and TRS is not broken

0--8 0=0

>
F. 0=0 and 0--8 are the

t
o o o o o o o o o o o o o o o o o • Same PUGU

: : :

: :
: : : :

o o o o o o
o o o o o o o o o o o . → 2L - index of BMI in d--1

reduces to 2cg - index


