
1. 1.3 Berry connection and Remy lrolououny

Setting : C)

* Continuous family of gappel Hamiltonian , HCÑ) with k parameters

F) = ( Thi Thi .- . Pu ) and u - fold degenerate ground state space

ULÑ ) = 011+411

Lu Hee following : HCÑ) 143=0 143 c- UCÑ ) for all r

e compared to the euneigenggpnasoue
VCÑ)

* ELEV aviation of parameters
Ñct) for 04 C- ← T

* Initial ground state 140 ) C- U # (o ) )

Question : What happens with 14. > us H ( PTO ) ) evolves to HCÑ
'

1) ?



Adiabatic theorem

A physical system remains in it 1 instantaneous eigenstate if a given

perturbation is acting on it slowly enough and if there is a gap between

the eigenvalue and the rest of the Hamiltonian 's spectrum
.
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1
.
Pich a basis Ivi (Ñ ) ) of 0 /Ñ) for every R ( i --1,2 , . . . ,n)

2. Time - dependent Schrodinger equation :

it 0+144-13 = 1-1%(+31144-1) = 0

3. Adriatic theorem → 1441 > = I 4. (+114%-1) >
i

→

do 144 ) ) = (0+4.tl/1vi(Ñt,) ) + 4- G) (drilvi @ (1-117)-(8+941)
= 0

4. Apply⇐ ☒ 1+11 from the left :

0+141+1 = - Yi 11-1 Nj Ñltildr
,
/viÑH) ) ) - (0+0,1+1)

8
.

Define the

Berry connection (1-45))j ; := - i ⇐ (F) Ida
,
/ vicñ's > c- uh



6. Then

8+47+1 = - ilctriti) - it
,
@a) I'⑦

can be solved with the time- ordered (F) or path - ordered
(B) exponential :

ECT)=Te×p{ - if? -1,4%+11 - Arendt } Tio

=Pe✗p{-ifÉcr⇒) dñ }%→
-E

7- Change local basis by unitary D. (F) c- U (b) : Ivi 'T) ) : - Dijk / IVJLÑD
→

1-I = rant - i effort



-0s U're = RCÑCT)) Up rtcrcoi )

→ For an open path M
, Up is gauge dependent and does not contain

physical information !

→ c) Closed loops P in paoaweteo space ( UCÑ@1) = UIÑCT)))

8. The

Deny hnou.my Um - Pexp{-i§ÑdÑ } c- UK ,
r

-

s
gauge covariant

:

U'
•
=rlÑ@1) Up rTr4)

☒ gauge invariant : Uh - Ups



9. date

of
- i Eti

.
Am] c- ne,Berry curvature Trym := gpz-

-

DAM

is gauge covariant
as well :

*
'

ij
F) = r(Ñ) Fri

;
(F) → +

(Ñ ,

Berry phase and Chern number

4 Special case U=^ : UH ) = span {v(Ñs}

Berry connection : A,
I = - i d(Ñ) Idp

,
/ ✓ (Ñ ) > c- UH, = IR

Berry holonomic : Un = exp { - i §nA→dÑ}=ei
""

c- Ud

Otc
Berry curvature : Fran = gn-m

-

d -14

dot c- Uk ) =D



Gaye transformations : r@ I = ei{ ☒ I →

AT = A-
'

+ Tfi }

U 'm = Un (gaye invariant )

Tim = Fim (
gauge invariant)

Definition : Berry phone

For u=1 ,
the exponent of the Berry holouousy is called Berry phase :

✗ (a) = - §¥dñ' = i §
,

4411 doe
,
I v15 's > dn

,
c- R

r

Examples :

mm mm

* Spin - ¥ in a variable magnetic field * Focault pendulum

* Aharon or - Rohm effect



Gauge transformation :

n' f) = - § It 'dñ
'
= - § + Don } )dÑ=r(r ) - [{ (re))

r r
- { 1rad]

Continuity of the gauge transformation : R(ÑÉ, )=D(
ÑCT) )

→

(1) { ( ÑCT) ) - { (a) = Zim for week

→ ✗ (D) is gauge invariant up to wevltiple ) of 25



Computation of the Berry phase for K=2 on a compact manifold µ

( sphere ,
torus ) :

C) Closed path P on sphere M
= 52 and submanifolds ceitb

FUJI =M and II. =P = 93T :

¥¥÷¥ÉÉ:#
52

Important :

general it is not possible to choose a gauge
that is continuous C- non - singular)

everywhere on M I



$ Continuous
gaze
☒ on E. → TA = 1- ✗ dxtdtydyt - - - .

(2)
Stones

T- = It - dxndx

§pA? do = fz.fm do
'm

* = dyTdx

C) Continuous
gauge

A→z on IT → + dxndyt . . . .

Stoles

(3) §pA→, dr = - ⇐ Fundo" = (
dA✗ 0¥ ) dxndydI-dI_-
Fxx doxy

combine 41 , 1,3C ) :

G) +41 §A= fdA=fF
fandom = §AIdñ - § , dot # z.im/- I 2:

M
p week



Definition : Cheon winter

For a compact , cloned two - dimensional parameter space µ with

Berry curvature F
,
the Chem hunter is an integer and defined as

C = f Fandom c- K

M

Aside : Observation of the Berry puuie

C) Spin - polarised particle , :

• •T_ ☒ iron . |¥•T → §] Detector

\
,

^ ^ a * ^ ^
17I 1

Particle Source Solid angle R

P- Seta ⇒ e.im/--eid/2COEreuu- ) → Interference f- = ✗ te
""

}



Aside : Geometric interpretation of the Berry curvature

I. 14^7 ④
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