
1.2
. Topological lands without magnetic fields : The quantum anomalous Hall effect

1.2.1
.
Preliminaries

be seek for models with the following poop - • ties :

* Lattice models of non-interacting fermion ,

* Band insulators

* Non - hero Cheon hunter
Bands Leith you - too Chern uvular

* No magnetic field (!) 4
Are there non - magnetic models with Chem band ?



Definition : Chain Insulator

Lattice model
*

(G-* ) = { Band inventorCheon Insulator
Chem bands

IÉEpe Hofstadter model

Lattice model

Cheon Insulator (CI ) = {3and insulator

Chem bands

Nou magnetic field

IEH.PE Haldane made/

Are there Chem insulators ?



Lattice models with two bands

1. $ Most general two- la- d Hamiltonian on a lattice : )
1-1=+0 ÑlÑ ) with HTÉ' / = eÑI+d→(u→ ) .

-81 l
Pauli creatures

iieT2

* T2 : Brillouin zone f- Torus )

* Ñ(Ñ ) : T2 → 1/23 : real
,
vector - valued function on BZ

2. Spectrum : E± (E) = e ± / Ñ4'll
→ Band insulator ift

min E-
+ ( Ñ ) > wax E- Ci

'

)
b-
'

c- T2 I' c- T2

✗



→ Dealer condition :

ltiietz : E-
+ I - E- 4+1=2%471 > 0 ~

→ Normalization possitle :

Ici, := sunhat T
'
→ {

2

unit sphere in v23¥
3

. Chem hunter of the lower band : }

^ iviy.didiixo.de ] die c- z
C =° - * J

TZ#_
Proof : Provence ' 4 integral



I

4. Geometric interpretation ;

*,Éd⇐^d%[ñÑñi×ñi¥
i

duxñ
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-

-

-

-
-
-

-

-
-

- -
-
- →

dÑ
"

¥÷÷d"×
→

a) ( counts how often Ñ # 1 covers 52

Wen sweep over Brillouin zone T2

b) C = Cfd ] c- 7L is a topological invariant

c) Hamiltonian Ha can be continuity deformed into Hb without

closing the gap iff ^da cause cautiously deformed into Ñs



c) ( labels dibbern topological phases

J
. Shyomi .eu interpretation :

=) See Script

feeney :_

* Shyrmioui are
"

twist
"

I and
"

live
"

on the BZ"
l '^dµ , = Sleyrmion

* Positive (negative ) Berry curvature
indicates a five 4 Conti - ) Saxonian
deuiity

* The Cheon number is the neuter of

Slrynnious minus he hunter of ttntiscyrcniceus



Note : T2 -Tory S2 - Sphere

÷:
→÷÷

÷:÷.

I : T ' → s
? d- : S2 →①ñ②⑤Tz

⇒ To .us ( Rt ) not important }
for definition of Cleon unter/ 2nd Homotopy group
Shynniou picture



Time - reversal Symmetry

setting :

* Single - paotiie (SP ) Hilbert space te = spa- { 14in > }i✗
spa# \ internalDOTH= I

'

Hia .jp/4iaXUjp/ (site) i - dex
✗ = r

, - . ,M
ix. jm i = 1. - - - -

N

NMXNM matrix

* Many - body (MD) Hillel space
Ñ = ④ NG) C- fermionic

u Foch siree )
with MB Hamiltonian :

y
-

fermionic creation operator for

state 14in )II - I cix His
.jp cjpix.jp

position of site i
* Translation symmetry → MXM matrix : Bloch Hamiltonian 1

+ - a

Ñ= It cñia Has #) cuts with Cia :-. #
Iie Cia

ii. xp i



SP Hamiltonian : H = ( HH)
spectrum

M

H@ 1=-2
,
Euciluuiixuuiil

n=n I
/

Bloch wavefunction
Band index

→ SP Hi / ist space 2L = ④I' HI ' Girl mode space

His = span {Mui > }u ⑨ i. Tax en

Es



1 . TRS : th - t is a Kz - symmetry and should act as

1- ✗ T
- ^
=

!
✗ but TPT

- ^
=

!
- p

⇒ T it T
- ^

= T Kip] T
- ^

= - [xip ] = - it

⇒ Tis anti unitary :

g
Complex conjugation

Tu = UK
s g

Oepresentation unitary operator
of TRS on the

SP Hiller pace

→ ST Hamiltonian H is time - reversal symmetric iff [14,1-4]=0

2
. Consequences of anticnitanrty ; * UU* is unitary

T2 = UU* = UCUT )
- ^

(1) * [H.ua#J-- 0

→ UU* is a symmetry of H



→ Assure H does not have any additional unitary symmetries

= Hamiltonian ioneducile → UU
#
=D#

C) → U = AUT ⇐ UT=Ud

=) U = My

=) A = I 1

→ Tu
>
= II

3. Examples :

TuOiTci= - Oi
* Spineless particles : To := 2T ⇒ Toh - 1- I

/ i=×iY, 7

* Spin - § particles : Ñ=§É : angular momentum operator :
TuÑTj^= -§

→ Solution : Ty := OYK ⇒ Ty
>
= - I



T Often : Tz= - io
" K from Spin Rotation

4. Consequence at Tcf - -1 :

Kramer 's theorem :

Every eifevergy of a time - oeversul symmetric Hamiltonian Lt

with Tui = -1 is at leait two-fold degenerate .

Proof i =) Puosieniet 4

F. Action on Foch Space :

a) ¢ Representation Tu of TRS on form . Foch space
Ñ :

Tuitii ' :-. - i and T.ua?xTii:--IYUIs*ci+s



b)
Tuli Tui = %

ia.jp ,
✗

' Max H¥✗ .jp Ufp .] Is .

-④-
1- it = I

,
d-
ix. HiFi cis .

is ' .jp '

→ [ÑiTu]=o ⇐ Tu HTu_^=H

with Tu = Ilk where Ñ := ④i Ui with Ui = U

I 4
NM ✗ TNM matrix M✗M matrix

c) Translation invariance :

Tucñx Thi -- Lm- § e-iiiE-guie.ci, = Is UI, c- is
→ Tu inverts woua.tn E- ilmixes internal Dots



ctTuittii ' = I
ii.µ

-
ñx . Clan HI.ci/UEifc-u-y ,
w④-

=

: II = It.im#Fc-iiviuix
:p '

→

[ ^HiTu3= 0 (⇒ Fu HCI ' / I = HH)

with Fu = Uk

In summary : HI, Ty ] = 0 ⇐ Tu It Tu-^ = It

⇐ , 4- a- * It = H

⇐ , Fu 1-14-11 Ii = HI- E)

⇐s UH
* (E) Ut = 11-(-4-1)



Fuotermore :

Tu2=t^ ⇐ If __ + I ⇐ Thi = + I

Ti = -1 ⇐ Ii = - I ⇐ , Tui = (a) Ñh
-

I Ñ= -2 Cilicia
P : fermions ix

parity operator

G. Consequence of TRI for V6 spectrum :

Iu Fifa Is
¥ETUuñ > = eucñjluuii )

} =)
Invention - ' Yume hic

Hfii )
band structure

Heil = eat"uY;;



7. Consequence of TRS for the Cheon number :

* $ Two bands from pseudo - spin -12 : Ño = K

1+1*(4-1)=1+(-4-1) ⇐ ix. 2- (E) = Ñ×
,HildyI = - digit

real
* $ Two bands from spin -12 : & = 04K

o
, ,+*µ , ,

,
, ,+⇐, ⇐ , g ,, , , .g,

Both cases →

IT IT

C. = - ⇐ fdhx / day eijydicildxdjliildydu.li/--o
- IT

- IT



→ Important :

System \ Leible Chern band / lnuzt bread time - reversal symmetry.

Troy : oh
- ooÉ '

-

¥ ¥
o= Oat 0s = o µ

-


