
Dirac fermions

. C) Dirac equation in 2D :

2

H☐4 =/suit I. ✗npn ) 4 = id
,
-4

u=n

4
Leith

2 dim . spinor
* Xn

,
✗2

, µ Hermitian matrices

* ✗i - ai =p
'
= I

* { ✗nail = m3 = b. a } = 0

→ Solution : 4--0×1 4--0
" and A = OZ

→ Fourier transform of Hd ( ÉE 1/22)
4- VF

H☐(É ) = kx 0×+4×0" + not = Ñ(ñ' ) . 8 with -415')=µÉ)
Spectrum E± CT ) = ± ☒471 = ± Vh2+Ñ → Crapped if we -1-0



2. Time - reverent symmetry :

* To = K → d× (E) =
!
dx -4

'
) → His not TRI ?

* Iz = 04K → da E
'
) É - da# I → Hp not TRI form -1-0?

→ Non - Zero Chem hunter .pos

3
. Berry curvature (of the lower band ) :

thy @
'

I E
m

2 ( 6^2 + ↳ 2)
312

4.
"

Chem number
"

:

•

ink

c= - ¥ ↳ Fx > E' Id 'k= - f
,

,@ + map,,
dh I - Sisulu )

2

Why c ¢-71 ? → stakes ' theorem not valid since

1122 not compact?



→ Change from me 0 to we >0 =) Change of Chem number ↳ C= -1

5. $ 2- Send lattice model Hp (E) = Ep @ 1. a + d→p @'

1. I

D: parameters of the model

→ Ñ c- T2 = Dirac point if

-
Fer- i velocity

H
,

+ I
' / = 4- [ 6×0×+6×04 + vi. Wipo

' ] + 044

mn = 0 → Band structure at Ñ : E±(Viti ' 1--1--4=14+1
t

8ñtnTu
of #

Dime cone



1.2.2
.

The Qi - Wu - Zhang Model

1. /deai_
"

Regularize
"

Dirac Hamiltonian on a lattice

→ Hauz (E)
= Ñ#1. oh ceitu

d×= sin @ × ) = 6×+0421

dy= sin (4) = 6
,

+ 0411

da = - wit 2- 1014×1 - cos @ , ) =
- wit 044

in C- IR : only parameter of the theory



2. Spectrum : e± (E) = 1--1%471=10 for all i' c- T
'

/ {MX.Y.ie }

with • • •
M= it)

*= @ it) ( we -- 4
he __ 2

m=2
-

⑥ •

r=@,o )
• ✗ = 0)

we __
0

• • •

3. Pleases

+ mao : C) in → - • → d→(E) = - inez → c(m< 01--0
→ Trivial band insulator

* in > 4 ¢ in → too → it @ I = - wie't → clue > ↳ 3=0

→ Trivial band ihiulafor



* 0cm < 2 :

C) Truuiitiun from me 0 to we > 0 → Gap closing at T :

H(Ñtñ ' ) = 6×0×+6×04 - bro ? + 0 (lez)

→

( (Oconor ) = ( (neo ) + OC ( tuco → we > 0 )

= o + f- "%In.it "¥"|u
WE To

=tf
→ Topological phase (I /



* 2cm < 4 : C) Transition from we > 4 to me 4 → Gap closer M:

H@ + is ) = - 6×0×-4>0" + (4-ml 07 + 042)

→

( ( 22h24 ) = ( (in > 4) + occur > 4 → m< 4)

= 0 + f- sisn¥ /
way

- ( -sisI| If
_É :#= -I

→ Topological phone #-)



→ Phone diagram :

C

÷

trivial top .

I trivial

I 1 )

0 2
4

~

top I

- a-

4. Real- space Hamiltonian :

SP Hilbert space : 14;✗ > → IX. y > ④ to>
- -

external internal
✗ = 11 . - .

, Nx : ✗ - politics

4--11 . -( Ny : y
- position

0--1=1 : spin



SP Hamiltonian :

Hoag
E
- I:{1×+1 > ✗ ×, -4 ④° + 4. c. }
Xy

- I:{ IX. xnxx.tl ④ 0"z + 4. c. }
✗ , y

- 4- 2) I, IX.xxx . -4 ④ OZ
✗ cy

→ Example of Spin - Orbit - Coupling
i. *

- ft
- in -no

.
-
* •→

- o÷o×



1.2.3
.

The Haldane Model

1. a) C) Graphene → 2 Dirac cones Cgapless )
in

b) Staggered chemical potentials → Gap but not TRS breaking → Tricia/

t

c) Complex NNN hopping → Gap ceiru Chen bands I

d) keep we cevdt
, map phone diagram

in W - t -plane

2
. Real space MD Hamiltonian on the honeycomb lattice : hopping phase

ssuslaltice dependent sign

•
-
9=1
☒ = -2,4

it
#
= I die; + in -2,4 ci + + IieiriiltG. = -11 Cicj

i niuN gci_
-

Kniss }
> > Staggered {•

i}n
zjÉ¥÷É= Yueareir

neighbours
Graphene potential next- direction -

hear - it dependent
•^( ^ ,•§•K heinous sign

-

§=+§p Hai ¥4
+61,4-6 . }p

Complex NNN hopping
=#



Note :

nQ=§p
&
# u Phares due to

• ' •

"

curled up
"

magnetic field ,

• ''

( Tfc •K → no net magnetic field

•¥



3. a) Brillouin zone oueycoinb lattice = Hexagonal lattice + 2-atom law
- -

→ Brillouin zone → 2 Sands

Hexagonal lattice : at = f- (⑦ in )T ,
Ñ=1(R,

- ^5

Reciprocal lattice ( = Hexagonal lattice) :

ñi • •

a 5? - a- (£ ,n)T, I' = 2- (Tg ,
-a)T

• O O

TI : B. ñ' c- 2+2
,
I> c- Kai + KEIñi

• 0
Brillouin done = Vigier - Seitz cell of

µ 5? 7 reciprocal lab 're

•

v. ⇒
•

•
Y

n n

• •

h '

rn →
U '

•

it
of



• cc •

>
•((>•µp-- fundamental polygon

→ A r a → r ⇒
7

⇒ ±
g,, 4

of Toros

• 111>• • = • • =

• ) •
~^= in ^= Sss Ma JJ

, I →
• cc • •

K,•*-_
Torus ? Torus I

b) Bloch Hamiltonian : 1+(4-1) = Eti
'

) It Ñ
>

(F) . -0
'

with

dx-0-cosfi.ee?)+coilii-ai)t1dy--siu(ii-oi.)+siu(iia-i)da--0mt2tsiu(
4) {siuliiii. ) - siuliiñil - since Cai - ñi ) ] }



→ Gap can only close at the comers of the BZ

vi. ¥ @ is )T and I"= (R
,
- s)

→ Dirac Hamiltonian , : i.j= 112
47

* It,+(Ñ+i
'

) ± kite oi +ÑiÑot + 044

with 4--3%(9-10)
- Liz

* Ha ti' ) kiliijoj +#ÉtiÑot + 0421

with n' = 3%(-9-8)
4. Gap closings :

in

@ K : hz=:O ⇐ zp-t-ts.int)

@ U
'
: n' 2- =:O ⇐ Y③+- = - since)



2

n Isnt T.lt#)--IKi4ijOi + 4+07
KI 7 - K i.j=1

⇒ ( = -
sign 4+1 sign[deth ]

2

IT P-1T

,
0

I >
of Proof : D- Set 4

Thus

- n
-

Cy =
- Iz sign@-3 + since ) ]

Cui = + I sign [ hi +3 ③ + since/]



6
.
Please diagram :

a) ur → too : it @ I = mÑz → Trivial puuie ceitu G- 0

b) in -1 → : it ✗ wet , →
- a -

VV

c) Let 01421T and 41 he > 3 taint)
m

-

-111+1
to (2) me 33Mt sing , } → Gap close,

at K nz☒t K
K '

K
' 1- ⇒ V

G- 0+441 - call hiii
Kuk ' K

= - Ith - f -Een] = +f- VV
-1T

,
O

+Inn it,
,

→ Topological phone (E)

d) - FLY 20 and (1) in > =-3 1- since) } Gap C- -1 C-+1

(2) me - 7Mt since)
"""

at 41

→
-

( = Ot Cuca - Cuca = [+1,1-4]-[+11+-1] = -I

-1 Topological phone (E)



7. Time - reversal symmetry : ¢ To -_ K

dx (4) =?d× -4) ✓

dy 41 É
- dy -41 ✓

dzlu ) =

?

dz(- 4 ✓ for 4--0,5 (mad 24-1 ✗ otherwise

(1--1-0)

→ GO for 4=0117


