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Problem 1: Spherical oscillator (Oral, 4 points)

Learning objective

In this exercise, we diagonalize the three-dimensional, isotropic harmonic oscillator in two different
ways: i) We use its decomposition into three one-dimensional harmonic oscillators. ii) We adopt the
approach that was applied to the Hydrogen atom in the lecture.

The three-dimensional, isotropic harmonic oscillator is given by the Hamiltonian
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Here, x and p obey canonical commutation relations: [z;, p,;| = #id;;.
The simplest method to diagonalize Hjp is the following:
a) Show that Hsp can be decomposed into the sum of three one-dimensional harmonic oscillators.

Thereby derive the eigenvectors and eigenvalues of H5p and comment on the degeneracy of
energy levels.

In the remainder of this exercise, we follow an alternative route to diagonalize H;p in analogy to
the Hydrogen atom:

b) Show that [L?, H] = 0 = [L,, H]. Similarly to the derivation of the Hydrogen atom, show that
angular and radial dependence can be separated and write H5p in spherical coordinates with
angular momentum operators.

c) Make the ansatz

w(e) = "Dy, (6.0) ®

for the eigenfunctions and derive a differential equation for the radial component z;(r). Here,
Yim(¢, 0) are the spherical harmonics that were introduced in the lecture.

d) Define p = /mw/hr and € = 2F /hiw and show that the differential equation takes the form

I(l+1
—0Px + {% + pQ} Ty =€x. (3)

P 2
Consider the asymptotic behaviour of the latter for p — oo and p — 0 and show that this

suggests the ansatz

[e.9]

_ 2 n
w(p) = e "2y Janp" (4)

n=0
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Show that the recursion relation for the coefficients a,, reads

2n+1+1)—(e—-1)

ntl+3)n+l+2)—Ill+1)"" (5)

and explain why a,, = 0 for odd n.
Finally, determine the eigenvalues of H;p and comment on the degeneracy.

Compare your result with a).

Problem 2: Runge-Lenz vector (Written, 2 points + 1 bonus point (x))

Learning objective

We have learned that H, L?, and L, are conserved quantities of a particle in a three-dimensional,
rotational symmetric potential. In this exercise, we show that if the potential behaves as V' (r) o< 1/r,
M? is an additional conserved quantity where M is the quantized Runge-Lenz vector.

In classical mechanics, Kepler problems' feature a conserved quantity ("integral of motion”) called
the Runge-Lenz vector M. The latter lies within the plane of motion and is parallel to the major axis
of the elliptical orbit. Classically one finds

1 Q . — P2 ¢?
Mg=—LxP+ = with the Hamiltonian Hi=——-— (6)

me? Q 2m  Q
where P and () = ||Q|| are relative momenta and coordinates of the two constituents. If the theory is

quantized, P and Q become operators with canonical commutation relations: [Q);, P;] = iid;;. This
yields the Hamiltonian of the Hydrogen atom known from the lecture:

PZ  ¢?
_ _« (7)
2m  Q
There is, however, a subtlety in quantizing the Runge-Lenz vector M;: Simply replacing P, L and
Q by operators in M yields a non-hermitian operator, ML # M, (Why?). This clashes with the
requirement of a measurable conserved quantity:.

Thus one defines the symmetrized version

(L><P—P><L)+g (8)

Q
of the Runge-Lenz vector (operator) with M = M (Why?) and square

M :

2me?

2
MQZ@H(LQMH)HL ©)

ITwo bodies interacting via a radially symmetric inverse square-law force. For instance: planetary motion ruled by
gravitation, the Hydrogen atom with the Coulomb force, etc..
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a) Show the following:

M-L = 0 (10a)
[L>,M*] = 0 (10b)
[L.,M?] = 0 (10c)
[Li, Mj] = iheyny (10d)
[H, M] 0 (10e)

In conclusion, we found that H, L2, L., and M? define a set of pairwise commuting observables,
i.e., there is a basis in which all four operators are diagonal.

Hints: The following may be useful:
« Write (v X W); = &;;,vjwy, in terms of the Levi-Civita symbol ¢, ;.
« Use the relation &;;,€:1m = 0;10km — 0jm0r Where Einstein notation is used.
« Use that [L;, V}| = the;j;, Vi if V is a vector operator.
« Derive and use the commutator [1/Q), Py| = —ih%.
b)* Desperately looking for more commutators to evaluate? Then show that

2ih
[MZ',MJ'] = —@ 6iijLk . (11)

Hint: Prove and use the relation (L x P); = —(P x L); + 2ihP;. Relations derived in a) and
given in the previous hint may also be useful.

M
’
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