
1.3 Topological bands with time - reversal symmetry :

The quantum spin Hall effect

We seek mode " with

* Lattice models

* Band insulator ( non-interacting )

* Tim - reversal symmetric (! )
\
,

* Topological band structure (! ) → De 'll need a new top . invariantI

Definition : Topological Insulator : Careful , there
are often

lattice model definition,

Topological Insulator ( T1) = and imitator { of
Topological bands

"

T/
"

t
Time -deuersal symmetry



Are there topological lulu/above ?

1.3.1
. Construction of the Kane - Mele model

1. Starting point : low - energy the out of goapleue we = 0=-1 :

a- (Eiu) = - %(k×o"- kyox )
It (4++5) =

- ¥ 14×0" t 4×0×1

Rotation by -2T : 6×1-1 hey , hey →
- Ux

Hii) :-. H (Eiu) = -7-(40×+4,0)

H
'

til :=H (4++5) =
- Eiko th>É )



→ 1%(4-1) := HE't ④ H' 4-
'

)

0

= 4- (
4×0×+4> Oy

0 -4×0×+6×04 )
= VF ( O× ④ Tt 4×1-04 ④ IT Uy )

= Up ( 0×+7 Ux t OY Ky )

Gi : band DOF (mixer upper/ lower bandit

Ti : ✓allay POF (mine , mode , letweeu It,Ñ )

VF = - ÑI : Fermi velocity



Time reversal symmetry : Titi' → - VT- I' = V5 '

- I
'

to s= 1o④T×R → I}= +1

→ III. Ñ To -' = Hiei 's

2. Add spin - 12 : Pauli bratticeMi , i -_ ×, -1,7

Ñ
,
(E) = Up ④ % ④ TZ Ux + OY④ Her ④ IT hey)

= Up ( 0×1-76×+0
" Uy)

→ Bloch space 2+4-11 = ¢2 ④ ¢2 ④ ¢2 = ¢8

→ Time oeve.eu/:~Tz=N-o ⑦MY ☒ T× K with T~z2= -I

→ Iz H :( i' IF;
'
=
Ñ
; I



3
.

Goal : Open topological gap by adding tens to Ñz(Ñ) :

a) Observation I : Must contain 078

Otberheiie we only shift the Dirac paiute :

CIE'
) = ✓

* ( 0×1-74×+0
" 6
,
) 1- Up @✗

0×1-7 + Jyo")

= Vp [0×1-7 ( 6×+8×1 + 0×6×+8×1 ]

= H (Ñ+É+i ' ) ④ H(Ñ+É + Ii )
-

Ffi 8=0×0×5
ii.

b) Trivial man term : SHI (E) = most

* TRI : In
,
slink, I =oÑmÉ

* Opens gap of 2cm



* B Bands are topologically trivial I

c) Haldane mail term @ = - Iz)

81+-1+(4-1) = 1-2-07 33Mt

→ HI := Ñ
;
+ JÑmt JÑH = too independent copies after

Haldane model

→ Not TRI :

T-yo.it ,+ IF
-
^

=/ SITH 1
I

d) Observation I: Must contain spin - coupling that anticommutes • it Ty ?

→ JH-un.ci' ) :=hsj OZ ☒ fit ④ Tt → TRI ✓

L l
→ Uaue -Mele mass term spin orbit coupling



4
.

Kane -Mele model

Looney description : 174m¢
'
) := Ñz(ñ') + JH~w.ci/tJlIuu(i'I

←→ "" "

"""°""ygfII ,
1-
✓

t

um
__ I ' Ciicjx + her I Eicitxcixtdso It iZj ; ci✗µFfj,
" is > ' {

spin ✗
Kiis ))

, dip

staggered potential#

Spiuful graphene Complex NNN hopping
with 80

coupling

1-
5. Observation II : [II 'm ,N✗] = O wit N✗:= ? Cixcix

→ Idun = two decoupled copier of
Haldane model Leible opposite complex plea ,e,

→ Not generic

→ Add term that break
,
the unitary symmetry generated by Na



6. Ra, Gta team :

Olin ( i' I :=d,# " it - OH ]

→ In
,
Sir IF = 51421-51

→

Ian :-. it '

un
+ in I. Cit Ri,?cj,

liij ) , ✗ in

gcu
it vector in 2 directions

ceitu

Rijn Ei#✗ Ñi;) - éz ]
4 ^^
vector from site i to site j

→ [Ñum , Na ] -1-0



Note : Kune -Mele Korn : I
iii.jn.a.sc?xHiFcj,

→

Hijos := e%iifuI, = - izij MI,
I izsrffdiuxduj )µ→]

→ as

°

;

1.3.2
. Phase diagram

z
gapletl

( from Haldane model
1

. Gap closing :

G
for f- - E)

-3 3

÷:EÉiÉ±÷÷.Nso
-if -2M



2. $ dR=O → Spin - sectors decouple

→ Chem hunter (✗ of spin - polarized sus - lands well defined

→

d-
*
:-,

Cti - Cd

2
mod 2 = {

^ in please B

0 in
plane A

TRI

↳ + (l= 0

→ Suggest , that phone 13 topological ( Phone A is trivial
. )

→ Not characterised by f-
*

→ What characterizes
.
place 13 ?



1.3.3 Vorticity of the Pfaffiau and the Zz index

1. ¢ TRI system Leith Ñ} = -1 → Band crossings at TRIMS

TRIM = Time - reversal invariant momentum

K→* c- 1-2 TRIM ⇐ - K!* = É* + Ñ
,

G→ : reciprocal lattice vector

→ Generic Land structure of TRI system in AD :

Note'sEu

Iu
2£

In HAITI '= It@I

IuH(u*1Ñ ' = Hfu! )
EF

^I = H(4*+6 )

.

" "
•

→ I Crapped system
-I 0 IT

TRIM → Ever www. 2h of
filled lands



Four TRIM of hexagonal lattice :

0 •

•

,

0 •p.EU •
~ 4 TRIMS

0 •

!
= span { Mili, > }2. C) Matrix at Fu ou occupied Bloch space 2T£ "'d

I
depend , ou

M
;j

(4-1) := (Vici
'

) / Fu / Uj (4-11) basis of Hualien
" ^

' "
-2 "

UT: -4 - 4
= (Uilul / U/U*j (6) >

III. ,
* Gauge depeudt

= - (6*4,14114*41) * Ma shew- symmetric

matrix of even dimension

= - (Uj (41144%41) ( 2u×2u )

=
- ( Uj 41 / Fu / Ui @IS

=
- M (4)



Det . Pfaffiau ! : 2u✗2u shew- symmetric matrix

is

1

Pfi] =
zig
II (e)

° IT MORI - e) ,
Oki)

• c- Sz,
i - i

* (PFM] )2=det (9)

* Pt ABT ] = def@ 1. PICA]
4
aosihran, wrath'x

→

P : T2 → !
,

Pii's = Pf (6) ]

have - Model : PÑ= Mm (4-1)--4^471 Tz / Udi
'

) )



3- Properties of Pci
'
) :

* Not gaze invariant : C) U c- U @4) and ( Ui
'

(4) 3 : = Uijlcejcs ))
/

Basis transformation on 2-1!
"'d

U=ei°Ñ with c- Saku) :

P' (a) = Tf ④ ilulltuluj 'KID ]
ij

= Tf [( 4¥ Hiiiii Ital Uji 41) Uj!i )
;;]

= Pf [ U*(Iuilultulujlul > Jiji /U* IT ]
= def @ * ) Plu )

= e-
in

pd )

→ IPLUI / is gauge
invariant



Nate :

1%
'

> = IT IT Citi 10 ) = II it Uijciij 107
u i

{diiidi;) -0
F- IT detail ii. i lo) = e''! II. II. Cut:O) = ei× 14oz

U

1125! 's -2%
.

* TRS

→ Cheon uvular of the valence bundle 2T£ ""
u

vanishes µYIsn
→ 2-1

"D= trivial uecfo .
Sandie 1 /

51!1/2
late space

1- 2

u
on T2→ 7- Continuous saris { leith > }i= , . .

.ru
of 2-1

""°

fn.ua,
→ PK) continuous ou T

'
if defined by { lei @I> }i= , .in €:

* leid )) : g locally continuous basis ( i.g. not eigeulaiis of HK))
-Ys > =/ ski

* Lui@1) : eiger Laois of Lt@) ( not uec. continuous out
'

)



unitary UFO* ! Two subspace l of Bloch Hamiltonians :

4

u

= 2-1
filled

- 2+1
""

even :⇐, Fu 2T! ""
u ÑlUi?⃝MijLUj4D

→ (TX ) I = lptCMKM-ldetluKDTE.tl

- 2+4%1
,
1- zf

filled
=

a odd : -4 Fu 2T! ""
y (Uj# T~ului.nl?--Mij-- 0

→ trust =/Picks] 1=-1 Reneau : 2fu=H%"°④H%
" "

* Observation :
K* TRIM → 2ft ""°

k*
is even since

Fu H(u* / I = It @ * )

→ |Pµ* / 1--1 at all TRIMS K*



* Effective Brillouin Fane = ED -2

Fu Hill = H(-u )

→ Defining Hill on halt the 138 is sufficient

→ ENZ = Subset T2 such that it never contain ,
he and -4

( except for V6 boundaries )

M3

Example :
o • Me

* EBZ not unique

* Topolosy of a cylinder
• •

Mzor

E-at

a @

M3

→ ( auiequeuce
for Pcl ) :

4
= 2+64ÑHÉii= It @ I ⇒ T-uzyh.ua

- U

⇒ leil - u) ) = WI.lu) .TT/ejlu1 >



Vij 4) = Lei full Fu lej 141 ) : unitary sewing
matrix

→

Ptu) = Pf fired ]

=

PfffLei-hllTTlRjC-ulDijJ-Pf@iilulfFueiK1lTIfI_u.e ji 41 > Yij(41 )
,
;]

*
= C- e)

"

Pt [ (Wi; 41
'

Leja ituleicui) Wii . @ 1)i;]
-

- C- e) 4 Pt float !
* (4) WTC , ]

*
0

= 1- it
"

deflect ) [Pill ]*

Phare since

Wwf = I



→ Two conclusions :

eio,e
" "

- t.ci/--oc--sP(-ci)-- 0

- The uavti cities u around 4 ' and -4
'

leave ?⃝
opposite signs :

Vortex

0Th ' ] =z¥§D1og[Pks] .de =
-Vfw] c- 2

oui
'

→ Vortices come in pains of opposite vorticity

* Observation : Zeros of P(4) with v41) are topologically stale



→ Generic picture : 1
.

Two situations :

* Even # vortices ~

• (pull 1--1 I=0
0 @inert "

to ⇐ • of
• lP!l=0 ,

! !

• ⑥ -É•÷ •

M3
i 1

.

0
( @ Mr

•

'

£
-

"

"

o @

> •Q
• t.fi - •

Ma * Odd # vortices

E-at in Enz 1,1741=1
i⑧ 01

"
'

'⑤

.yI=1i.•

gc
•

M3 i. ⑧
'

:

voracity • !Ö
.

§
,

I •°?•r:

④*
'

i. :

•

"
"

*
-

" "⑥



→ Two cases are topologically distinct (as long as TRS ice not Goole - )

→ Odd hunter of vortices = Topological phase
B protected by TRS

5. Def . Topological 24 index :

I = II § Play Is] IT
'

mod 2

OERZ

=

^ dlogf.PE's ] mod 2
⇒ ¤

9--437

y
closed path that encircles an E-c) 2-

Note : I is
gauge invariant under globally continuous gauge transformation ,



6- Example :
Have - Me'e model

~
DR

'

?⃝'
- r

• • g¥ • )
M

B Tso

A

-5-



1.3.4 Edge modes

.
C) H^um am a cylinder :

periodic boundaries
i¥ •
; 3°F

" boundaries
"

• é
'

(
"

zigzag edge
"

)

µ•
- -

- -

µ•
•- - - - • •

• - - - - • •÷÷É
.

• - - •÷÷÷.
.

&
,

<

(✗
s

✓



2. Edge modes :

✗ un



* Topological : Gqpleis edge modes ( 2
per edge )

Trivial : No edge mode,

Have - Mele model realizes the Quantum Spin Hall Effect .


